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SMAR UNIFCRM SPACES (1977)

paire class ©f completely additive systems of Baire sets
: David-Preiss

‘Let ¥ be any set and let 63, be any femily of subsets of
1. Let B =U{ @, ,u<w,] be defined as follows:

. @, is the collection of all countable unions or intersee-
tions of elements of U{ﬁg‘;/ﬂa} according to as o is
0dd or even,

For Bed3 put classCB)zmin{a;Be/ﬁ“},

As en example we can have X a topological space and (3,

the family of zero sets.

It was mroved in [P] that if a disjoint family {X; a¢ A}
of subsets of X 1is completely additive (i.e. if the unian of
each subfamily of {X } belongs to 63 ) then tre family {X.§
ranges in same 03,‘ . This, together with a result of Hansel,
implies that the femily of all unions of { X } ranges in some
V), mrovided that X 1is a metrizable absolute Souslin space
@d 03, is the femily of zero sets (cf.[F]).

In this note we prove that the last result holds, uncder so-

e cardinality assumptions, even without the hypothesea that X

Reecall that accessible cardinal rumbers are defined as foll-
s X, is accessible

the successor of an accessible number is accessible

the sugremm of an accessible number of accessible numbers

accessible.
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Theqrem. let {X; a€ A} be & completely additive femily
of disjoint subsets of X. If cmrdA is accessible then the fami-
ly of a1l unions of subfamilies of {XJ renges in same ﬁ,‘.

Proof. For CC A put _m(C) =0 if the femily of all
wnions of subfemilies of {X ; &€ c} renges in some 03,
and _#s(C) =1 otherwise. The map «« fulfils the countahle
chain condition (far disjoint C; ( &€ < wy ) with s (Cg) =1
one could choose a; € C; with class(xai)zf: ; the existence
of the fa:i.].y {xat; £ < ivy§ contradicts the result of [P] )
and ,«(H C;) £ 3 p (C;). Now the method of Ulam’s proof
[U] shows tat ) =o.

Corollary. Assume 24 accessible. If {x; ac A} is a di=-
Joint completely additive family of subsets of X then the femi-
ly of all unions of subfemilies of {X, } renges in some O, .

Proaf. Suppose, on the contrary, that for same campletely
additive disjoint family of subsets of X the family of all uni=
ons of subfamilies of {Xa} ranges in no 53« . For every €<,
let C, c A such that claas(a%‘xa)z £ o« For a,be A let

a~b if ae Cg is equivalent to be C; and let D be the

set of all classes of this equivalence, Then card D < 2

and
one obtains a contradiction with the preceding Theorem conside-

ring the family {Yy; d¢ D} where ¥, = U 4y
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