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HOMOGENIZATION FOR VARIATIONAL AND QUASI-VARIATIONAL INEQUALITIES
Marco Biroli
Politecnico di Milano , Milano (Italy)

1. Introduction.

In this lecture we are interested in convergence and estimates in homogeniza-
tion for variational and quasi-variational inequalities .

Roughly speaking we have a medium with a known microscopical behaviour and
we want a medium with a known macroscopical behaviour ( homogeneous in the
case of classical homogenization) which approach the initial medium .

We state now the problem in the case of 2° order linear elliptic equations.
Let be Y -1'!:: [0,y1] e/, a € L*” (Y) , 1,3=1,...,N , such that

v 2
é‘i aij(y) I §J- 2 2IE]" ae.tny, A50,
and we extend the atj by periodicity .
Let ) beabounda'dopensetinl!“viththbwmhryandhtfrcm
Hy(S ) to B'(£L) defined by
~
(1,1 <Afuv> =2 S 8 (F) S Lwax, £>0.
4jet Ja *y 1

3
We tndicate A (y) = Lagy 0], A w = [ayy¢ ).
We consider the problem

(1,2) afuta g fer ).

We have at least after an extraction of subsequence

(1,3) w-lim u® = uo in Bé(n )
E>0

‘Problems: (1) Is uo a solution to a linear 2%rder elliptic equation

(1,4) P

,V £, where the coefficients A" . ¥ agj] don't depend
on the boundary conditions ?
(2) There are some estimates on | uf - uollL_ ?
The second question has a relevant interest for Numerical Analysis , why ,

47



for highly oscillating coefficients the Numerical Analysis of (1,2) can be very
difficult ; if we have some estimates on jut - uou we can substitute the
problem (1,2) by the problem (1,4) . v

The answer to problem (1) is affirmative , (1) (8) , and there are also scme
explicit expression for the coefficients ag j of Ao + which are constants ; the
main tool to study the problem (1) is the "energy method" .

The answer to problem (2) is affirmative if a _ e !:l (Y) are Y-periodic and

i3
£fe Lr( f.L) , ¥~ N; in this case we have

(1,5) Buf-Op 2 ce™.
i

The main tool to study the problem (2) is the " multiple scales " method, (1) .
In 2. we give now some results concerning problems (1) (2) for variational and
quasi-variational inequalities .

2. Results .
Let H(y,u,p) be a function measurable for y ¢ Y and continuous in (u,p) such
that

(2,1) TH(y,up) = K (1412 +ip12),
(2,2) H(y,u,p)u > =K (1 +|u|2 ) =K |p|2 ' K€ A,
(2,3)  [H(y,v,pr) - Bly,up) < €M) (p) +pljaiti)’ ) + Syl )

for ful,lvf ¢M, lv.ul<wm , 0 <c1(H), C2(‘VI ) bounded and %iin’Cz(»)) =0 .
We extend H(y,u,p) to y RN by periodicity and we define

(2,9 H, (x,up) = H (3:- +9,p) -

Let 4 be a measurable function and

(2,5) kT = veﬂé(ﬂ).v{f a.e. in n }.
Let 9‘ (y) be defined by the problem

2,6 - A “(n =
2,6) divy (y) qrady 9%y divy A (y) qrady v

2 (y) Y-periodic

and P& (x) -qradyf)'(-:v) +I.
¥We have , in I.z(.i'L) ’
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, - WK -
- = = : £
; ii:: v (x,u,p) H, (u,p) 3 H(y,u, grady Y (y)+1,p) dy.

Y

1
1Yy
We consider now the variational i-nequalities

r

<ab ut, veuty o+ \ o H, (x,uf , grad u® )( v-uf) ax > o,
(2,7) { -

LN
¥V ve K¥aL™ (L), as KTAL™ (4u),

{<Aou°, v-uo> + j Ho(uo, grad uo) ( v-uo ) d&x > 0,
n

(2,70) "

YvekfnL™ (L) , ue k¥4 L™ (1),

Suppose now aij (y) & (:1 (Y) and Y-periodic then P E (x)e L' (Y).
Theorem 1 - Suppose w ¢L"® (L) and
(al) v is one sided Holder continuous and K N H(l,’ ) 7! P

or

@) v ¢ 59 n) withq>2.

Let ué be solutions of (2,7) ; there exists a subsequence {uf '}
such that

w-lim u&’ = uo in Hé(.n.)

€0

€]}-)o -"4: grad u?’ grad wt’ e A° grad W grad @ in V‘Z(ﬂ\
where u is a solution of (2,70), (5) (6) .

The result of convergence of Th. 1 can be also easily extended to the case

of the quasi-variational inequality of the impulse control , (5) .

We observe that the result of Th. 1 can be extended in the more general frame-

work of G-convergence .

Existence results for variational inequalities like (2,75) (2,70) are given

in (7) for hypothesis (ai) and in (6) for hypothesis (a2) .

Let be now H= 0 ( linear case) , we have :

Theorem 2 - (A) If [Avy| £ £€C, r >N, o is the De Giorgi~-Nash exponent
. S
fuf- O | sc € #-2e3x -
g
i,r
(8) If ~yen ' () , r> N,
Nué - O | <«c ¢ b Ers el
g
© 1f we c¥ (A), ¥e (1),

|1} o - “O\IL..SC € W% (2) (3) .
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A known function f can be also considered ( in the case (A) we suppose f &

£H1

'T(51) , in the cases (B) (C) we suppose £ & LT(4L) ) ,(2) (3) .

The case of the quasi-variational inequality of the impulse control can be
treated by the result (B) of Th. 2 and the Caffarelli - friedman method and

we obtain an estimate as in (B) , (4) .

(1)

(2)

(3)

(4)

(5)

(6)

(7)

(8)

50

References

Bensoussan A. , Lions J.L. , Papanicolau G. - Asymptotic Analysis for

structures - North Holland 1978 .

Biroli M. - G-convergence for elliptic variational and quasi-variational
inequalities - " Recent methods in Nonlinear Analysis " Roma , May 1978 ,
Pitagora 1978 .

Biroli M. - Estimates in Homogenization for variational and quasi-varia-
tional inequalities - " Free boundary problems" Pawia 1979 , vol. II ,
INAM 1980 .

Biroli M. , Marchi S. , Norando T. - Homogenization estimates for quasi~
-variational inequalities . Boll. U.M.I. in print.

Biroli M. , Mosco U. - Stability and homogenization for nonlinear varia-
tional inequalities with irregular obstacles and quadratic growth -
CEREMADE , University Paris IX-Dauphine , pub. 8 110.

Boccardo L. , Murat F. - Homogeneisation de div at grad ut = fe(grud ut )-
To appear .

Frehse J. , Mosco U. - Irregular obstacles and quasi-variational inequa-
lities of the stochastic impulse control - Ann. Sc. Norm. Sup. Pisa , to
appear .

De Giorgi E. , Spagnolo S. - Sulla convergenza di integrali dell’ energia
per operatori ellittici del 2° ordine - Boll. U.M.I. . 8, 391-411, 1973.



		webmaster@dml.cz
	2012-09-12T22:44:14+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




