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A convex subset Q of topological vector space is called stable if the midpoint map Q X Q3
3 (x, y)—> %(x -+ ») € Q is open with respect to the inherited topology in Q. The purpose of the
paper is to discuss stabiliy of the unit balls of spaces /(E) and £(/*, E) (E is a Banach space).

For a Banach space E by B(E) we denote the unit ball of E. By I°(E) we denote
the Banach space of E-valued bounded sequences equipped with the norm |(x,)| =
= Supyay| |-

A convex set Q of a real Hausdorff topological vector space is called stable if the
midpoint map Q x Q€ (x, y) - 4(x + y) € Q is open with respect to the inherited
topology in Q. Stable compact sets have been studied by Vesterstrem [13], Lima
[8], O’Brien [10]. But the interesting properties of the stable sets were presented by
Clausing and Papadopoulou [2, 11, 12]. In particular a full description of stable
convex subsets of finite dimensional topological spaces can be found in [11]. It
also known description of stable unit balls in Orlicz spaces [6, 3, 14]. Note that
stability is also a useful tool in studying extreme operators between Banach spaces.
Stability arguments can be applied to the description of extreme points of the unit
ball of the space of vector valued continuous maps C(K, E), K being a compact
Hausdorff space, namely, applying the Michael selection theorem [9],

feExt B(C(K, E)) <> f(k) € Ext B(E) for every keK
provided B(E) is stable.
The aim of this paper is to continue this investigation providing some additional

facts and examples.
Let

0, = conv {(0, 1,0), (0, —1, 0), (1,0, 1), (1, 0, —1), (=1, 0, 1), (1,0, —1),
(1, 1/n, 0), (1, —1/n, 0), (=1, 1/n, 0), (—1, —1/n, 0)} .

*) Institute of Mathematics, Technical University of Wroclaw, Wybrzeze Wyspiafiskiego 27,
50— 370 Wroclaw, Poland.
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Obviously Q, in a stable convex symmetric compact subset of R* and can be con-
sidered as a unit ball of some three dimensional Banach space. The norm on this
space (generated by the Minkowski functional) we denote by |-[|,. Therefore we
have B(R?, | |,) = Q..

Let E; = @ (R%, ||+|.); be the I' — sum of (R?, ||+|,). Namely E, consist of all
n=1

real sequences whose norm |- | is finite, where

”(xz)” =..21 "(x3n-—2’ X3n—1> x3n)”n

The unit ball of E, is stable.

Indeed, fixe > Oand x = (x;), ¥y = (), 2 = (z;) € B(E) such that x = (y + z2)|2.
We need to find 6 > 0 such that for every x’ € B(E;) with [x — x'|| < & there exist
v, 2 € B(E,) with |y — y'|| <e¢, |z — 2| < ¢ such that x’ = (y' + 2')[2. Let N,
be such that

@

Z 1”()63,'_2, X3n-1> x3n)"n < 8/4 s

n=No+
Lo}

> ”()73,,_2, Y3n—1,.}’3,.)",, < 6/4,

n=No+1

@®
Z ”(2371—2, ZSn—l; Z.‘an)”n < 8/4 .

n=No+1

By stability of Q,, let 4, > 0 such that for every
(X3n=2> X3n—15 X3,) € Q, With
”(x;n~29 Xyn— 15 X3n) — (x3n—2’ X3n-1, x3n)”n <,
there exist (V3n—2> Yan-15 ¥3n)> (Z3n=15 Z3n—25 Z34) € @, With
[(V3n=25 ¥3n—1> Y3n) = (Van=25 Y3u—15 Yau)|lu < &f2n+1,

”(len—z: 23015 Z'3n) - (an—z, Z3n-1> ZSn)”n < 3/2n+l
such that

(x;n—-z’ x;n—h xén) = %[(y;n—h y;n—l’ y’3n) + (z;n—Z’ zsn—l’ zlsn)] .

Put § = min,y, 8, Take x’ € E; with |x' — x| < 6. Then from the above we

choose y,, z, forn < 3N,and we put y, = z, = x, forn > 3N,. Wehave ||y’ — y| =
No

Z ”(y;n-zy y’3n—1’ ylsn) - (y3n—2’ YV3n—1 y3n)"n +

n=1

©
+ Z H(y;,,..z, ys::—la y'3n) - (y3n—25 y3n—1, y3n)”n é
n=No+1 N
[
<Ye2* +eld+efd<e.
n=1

Similar by we get |z’ — z|| < & what ends the proof that B(E,) is stable.
Now we show that B(I°(E,)) is not stable though B(E,) is stable. Indeed, let
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/5 91, 92 € B(1°(E,)) be defined by

f(n) = e;,_2 and gy(n) = e5,_; + (—l)iesn .
(we denote e; = (1,0,0,...), e, = (0,1,0,...),....).

We have f = (g1 + gz)/2 Now we consider a sequence f € B(I*(E,)) defined by
fi(n) = es,_, + min(1/k, 1/n) es,_,. Obviously |[f, — f| = 1/k. Suppose that
fi = (hy + hy)[2, hy, hy € B(1°(E,)). Because es,—, + 1[nes,—, € ext B(I”(E,)) we
have hy(n) = hy(n) = fi(n) for n 2 k. Therefore |g; — h;| = 1 (i,j = 1, 2). This
shows that B(I*(E,)) is not stable.

Now me make a small modification of the above example. Let Q, be a symmetric
compact strictly convex subset of R* such that ext 9, < ext @,. We denote by H”;

the corresponding to Q) norm. And, for pe (1, ), let E, = @ (R, |+[.), be the
n=1
1P — sum of (R, ||*||,). The space E, is equipped with the norm

61 = 35 (a2 Fmss 22

The space E, is strictly convex with B(E,) stable but B(I°(E,)) is not stable. To get
it we use the same arguments as before.

Let E, F be Banach spaces. By £(E, F) we denote the linear space of all bounded
linear operators from E into F. Note that the following spaces are isometrically
isomorphic:

1°(E) = £(I, E)
(and £(E, I°) = 1°(E*) = £(I', E*), E* denotes the dual space of E).

Now we present some positive results.

J. A. Clarkson [1] has introduced a very important class of Banach spaces. Recall
that E is uniformly convex if for every ¢ e (0, 2) there exists 6(¢) > O such that
[|x — »| > & implies that |(x + y)/2| < 1 — &(e).

Theorem. Let E be uniformly convex Banach space. Then B(L(1', E) [B(I*(E))]
is stable.

Proof. Let E be uniformly convex.

And let T, R, S € B(2(1", E)) be such that T = (R + S)/2. Fix ¢ > 0. Let 6(¢) > 0
be corresponding to & with respect to the strict convexity of E. In particular the ine-
quality [(Re; + Se;)[2] = 1 — &() implies |Re; — Se;|| < e.

Put 8, = min (¢/2, ¢5(¢)/4) and put A = ¢/4. Let T’ e B(2(I', E)) be such that
|T" — T|| < 8,. Weneed to find R, S’ € B(2(I', E)) with |[R" — R|| < ¢, |[T' — T| <
< g such that T’ = (R’ + §)/2.

If |Te,] = 1 — 6(g) we put R'e; = S’e; = T'e;. Then, be the strict convexity, we
have

|R’e; — Rei| = | T’e; — Te;| + |Te; — Re;| < 6o + ¢f2 <.
Similarly, |T’e; — Te;| < e.
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Now, if |Te;]| < 1 — (¢) we put
R'e;=(T' — T)e; + (L — ) Re; + ATe; and
S'e; = (T' — T)e; + (1 — 1) Se; + ATe; .
We have
[Re| =T = T] + (1 = 2) + (1 — 8()) < 6o + 1 — &d(e)/4 < 1
and "S’ei” <1.

And IR R)e] = [T~ T| + AT - R| <5, + 2 5 ¢
what ends the proof. and (8" - S)ef <, O
Corollary. Let 1 < p < co. Then B(L(I", I?) [B(I*(I?))] is stable. O

Point out that B(2(I%, I?)) (1 < p < 0, p # 2) is not stable because ext B(2(I?, I?)
is not closed (see [4, 5]). Moreover in [4] is shown that B(2(IZ,12)), n,m < oo,
is stable. The problem if B(2(H, H)) and B(R(H, H)) are stable for infinite dimen-
sional Hilbert space H is still open (R(H, H) denotes the set of all compact operators
on a Hilbert space H equipped with the operator norm). It is more so interesting as

feext B(C(K, &(H, H))) <> f(k) € ext B(2(H, H)) forevery keK

(see [7]).
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