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For a given partial ordering P we consider the generic extension V[G] of the uni-
verse V of set theory. If X is a compact Hausdorff space in ¥, then, in general, X is
not compact in V[G]. There is a natural procedure which assigns to X a compactifi-
cation X; of X in V[G]. The general question here is, which topological properties Q
are absolute in the following sense:

X satisfies Q in V[G] iff X satisfies Q in V.!

All topological spaces in this paper are assumed to be Hausdorff. We denote by
RO(X) the regular open algebra of a topological space X. Undefined topological
notions can be found in the book of Engelking [8].

1. In this section we describe X; and discuss the behaviour of this construction

under the most important operations on topological spaces. V[ G] is always supposed
to be a generic extension of the universe V.
Let X be a compact space in V. We consider X in V[G] as a topological space with
the topology generated by all open subsets U < X, U € V. If S denotes the family
of all continuous functions f : X — I on X into the unit segment in ¥, an embedding
i : X — I°is given in both Vand V[G] by i(x) = (fx),.s for every x € X. X is nothing
but the compactification of i(X) in the Tichonov cube I® in V[G]. Remark, that for
each f € S, there is a continuous function f;; : X — I in V[G] with f = fq/x.

1.1. Lemma. X is the smallest compactification of X in V[G] such that cly (A) N
N cly,(B) = @ for arbitrary disjoint nonempty closed subsets 4, B < X, 4, Be V.

Proof. It is obvious, that cly (4) N cly,(B) = 0 for arbitrary disjoint nonempty
closed subsets A, B X, A, Be V.

*) Ernst-Moritz-Arndt Universitit Greifswald, Fachbereich Mathematik, 0-2200 Greifswald,
Jahnstrasse 15a, Germany.

L This notion is due to Prof. S. Fuchino (FU Berlin) and was given in his lecture on the
conference ,,Topology and Measure’> (Rostock— Warnemiinde, August 1991). I would like
to thank him for stimulating discussions.
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A compactification bX of a complefely regular space X is characterized by the
family of all pairs C, D of closed subsets of X with cl,x(C) n cl,x(D) = 0 (see Engel-
king [8], 3.5.5). Hence, it suffices to show, that for arbitrary nonempty closed subsets
C, D of X in V[G] with clg(C) n clg,(D) = 0 there exist closed subsets 4, B of
X in ¥, such that C < cly(4), D < cly,(B) and A n B = 0. If s€ S, let m, denote
the natural projection =, : I — I which associates to each point x of I the s™ co-
ordinate. A base of I® in V as well as in V[G] consists of all possible finite intersec-
tions of sets of the form x; 'U, where U is an open interval (p, q) < I with rational
end points. Let H denote the family of all finite unions of sets of this base in V.
For We H W’ denotes the corresponding set in V[ G]. Of course, cl(W;) n cl(W,) = 0
(in V) iff cl(W{) N cl(W;) = @ (in V[G] for arbitrary W,, W, € H.

If C, D are nonempty closed subsets of X in V[G] with cly,(C) N cly (D) = 9,
we find using the compactness of IS sets W,, W, € H, such that C< W{, D = W,
and cl(W;) ncl(W,) = 0. 4 = clg(W;) n X and B = cly(W,) n X are the desired
sets in V. 0

1.2. Proposition. (X x Y); = X x Yg.

Proof. It is easy to see that there exists a natural map (X x Y) - X x Yg
which leaves every point of X x Y fixed.

Let A, B be disjoint nonempty closed subsets of X x Y, A, B € V. Using the com-
pactness, we find open subsets U, x W,,...,U, x W, U, x W, ..., U, x W, of
X x Yin Vsuch that A c O{U; x W;:i=1,..,k}, B u{U; x W;:j=1,...
oy and cl(U; x W) ncl(U; x W;) =0 forevery ie{l,...,k} and je{1,...,1}.
cd(U; x W) ncl(T; x W) =0 iff cly(U;) n clg(T;) = 0 or cly(W;) n clf(W;) = 0.
If cly(U,) n cly(T;) = 0, (in V), then cly,(U;) n cly(T;) = 0 (in V[G]) and, ana-
logously, if cly(W;) n cly(W;) = 0 (in V), then cly (W) N cly (W;) = 0 (in V[G]).
Hence,

(U{elyoxye(Usr W) ti=1,..,k}) n(U{clgexyo(T; W) :j=1,..,1}) =0,
ie. clygxyg(4) N clyoxys(B) = 0. By Lemma 1.1, the natural map (X x Y)s —
— X X Yg is an homeomorphism. O

An easy consequence of the construction of X§; is, that for every continuous map
f:X-Y of compact spaces there exists a unique continuous extension f; : X5 — Y.

1.3. Proposition. If the compact space X is the limit of the inverse system S =
= (X,, nf, A) in V,then X is the limit of the inverse system Sg = (X, g, 7’ G, A).

Proof. X' = lim S; is a compactification of X in V[G]. Furthermore, there is
a natural map of X; onto lim S; which leaves the points of X fixed. For arbitrary
disjoint nonempty closed subsets 4, B of X in ¥V we find — by means of some ele-
mentary observations — an index « € A and a continuous function f : X, — Isuch
that 4 < (fon,)~" {0} and B = (f. =,)~* {1}. Since f has a continuous extension
over X, g, we have cly(4) N cly.(B) = 0. O
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An immediate consequence of 1.2 and 1.3 is the following

1.4. Proposition. Let {X,: o€ A} be a family of compact spaces in V. Then
(M{X,:aed}) =TI{X, ¢ :acd}.

Iff,: X - Y, a€ A, is a collection of maps, the diagonal product Af, considered
as a map from X to its image is called the interior product of the maps f, and is
denoted by ®{f, : x € A}.

1.5. Proposition. Let f,: X —» Y,, a€ A, be a collection of maps of compact
spaces in V. Then (Q{f,: x € A})g = @{f,.c : a € 4}.

Proof. ®f, is a map of X onto a subspace of II{X, : @ € 4}. It is easy to see that
(®f,)¢ coincides with ®f, ¢ for every x e X. Since X is a dense subspace of X,
they coincides on Xg. O

1.6. Proposition. A continuous onto mapf : X — Yof compact spaces is irreducible
in Viff fg is irreducible in V[G].

Proof. Suppose f; to be irreducible. Let H be a nonempty proper closed subset
of X (in V). Obviously, H' = cly (H) # X and, consequently, f(H’) is a proper
closed subset of Y. Since Yis dense in Yg, it follows that Y\ fo(H') # @and f(H) # Y.
Hence, f is irreducible in V.

Conversely, let f be irreducible in ¥ and let H be a proper subset of X in V[G].
By the construction of X, there exist continuous functions hy,...,h,: X - Iin V
and rational intervals (py, 44), ..., (Ps» ¢,) S I such that

0 = {xeXg:h;s(x)e(piq;) foreveryi = 1,...,n}
is a nonempty open subset of X with O n H = 0. Fix a small positive real number &
such that
0={xeXg:h(x)e(p;+¢e4q,—¢) forevery i=1,...,n}
is nonempty. Then F\ O is a proper closed subset of X in ¥V and H < cly (F).
Hence, fo(H) < fo(clxs(F)) = clx (fF) # Y. O

A map is said to be skeletal if the preimage of the boundary of any open set in ¥
is nowhere dense in X (Mioduszewski, Rudolf [12]). It is easy to check that f is
skeletal if and only if for every nonempty open subset U of X the set Int(cl(fU)) is
nonempty.

1.7. Proposition. A continuous onto map f : X —» Y of compact spaces is skeletal
in Viff f is skeletal in V[G].

Proof. One readily sees that f is skeletal in Vif and only if it is skeletal in V[G].
The reason is that the topologies on X and Y in V[G] are generated by sets which are
elements of V. Furthermore, it is a well known fact that a map f : X — Y of completely
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regular spaces is skeletal if and only if for any suitable compactification bX and bY
the continuous extension bf : bX — bY is skeletal. Hence, f is skeletal in V[G] iff
fc is skeletal. O

1.8. Proposition. A continuous onto map f:X — Y of compact spaces is open
in Viff f is open in V[G].

To prove this fact we shall use the concept of representation of compact spaces
as proximities on Boolean algebras (DeVries [6], Fedorchuk [9]) and the concept
of absolutes of maps (Shapiro [18]). Further, we shall freely use the duality between
a Boolean algebra and its space of ultrafilters.

Let o/ be an infinite Boolean algebra and 6 a binary relation on /. We write
adb instead of <a, b) € 6 and adb instead of {a, b} ¢ 4.

Definition (Fedorchuk [9]). & is called a proximity on the Boolean algebra o/
if it satisfies the following conditions:

1. aéb & béa,

2. adb and adc > ad(bvc),

3. a #0-> adda,

4. a # 0 — there exists an element b # 0 with b —a,

5. adb — there exists an element ¢ # 0 such that ad —c and bdc .
It is easy to check that ad —b implies a < b. We shall write a < b for ad —b. On
every Boolean algebra o/ a minimal proximity J, is given by adob <> a A b = 0.
A filter £ on o is said to be a d-filter if for every a € & there exists a b € £ such that
b < a. S(«, 6) denotes the family of all maximal é-filters. Set 0,(a) = {¢é e S(o, 5) :
: a € &}. The family of all these sets induces a topology on S(s, 5) and we have the
following

1.9. Fact (DeVries [6]). S(&, 6) is a compact space. O(a) is a regular open
subset of S(s#, 8) for every a € o/ and the map which assigns to every a € o/ O4(a)
is an isomorphism of </ onto the corresponding subalgebra of the regular open
algebra of S(sZ, 8). Furthermore: adb < cl(0(a)) n cl(O(b)) = 0 for all a,be .

Sketch of the proof. S(sZ, §,) is nothing but the Stone space of the Boolean algebra
&, i.e. the space of all maximal filters. We write S(s«#) for S(«, 6,) and O(a) for
0,(a). An equivalence relation is defined on S(&/) by

&on <> adéb forevery aeé and ben.

Every equivalence class o is a closed subspace of S(&/) and Na is a maximal S-filter.
The corresponding map = : S(«#) — S(«, ) is continuous and irreducible, where
7#0(a) = 0,4(a) and n0(a) = cl(04(a)) for every a e o/.

On the other hand, it is easy to prove the converse assertion.

1.10. Fact (DeVries [6]). Let X be a compact Hausdorff space and o/ a sub-
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algebra of the regular open algebra of X and a base of the topology on X. Then:

a) UdyxV e cl(U) n cl(V) = O defines a proximity 5y on <.

b) &, = {Ue o : xe U} is a maximal Sy-filter for every point x € X.

¢) The map X — S(s#, 8) which relates each point x € X to &, is a homeomorphism.
The reason why we need the representation of compact spaces as proximities on

Boolean algebras can be found in the following

1.11. Proposition. Let X be a compact space in V, & = RO(X) (in V) and 5y
the natural proximity on of. Then X g is homeomorphic to the space of all maximal
Sx-filters S(«£, 6) in V[G].

Proof. Remark that for every xe X &, = {Ue o : x€ U} is a maximal J,filter
on & in V[G]. Hence, X’ = S(«, §) is a compactification of X (in V[G]) and we
have to prove that X; and X’ are equivalent compactifications. If UdyV for U, Ve o,
there is a continuous function f : X — I in V' such that U < f~*{0} and ¥V = f~*{1}.
Since f has a continuous extension over Xg, it follows that cly (U) N clx,(V) = 0.
Therefore X' < X.

To prove that X; < X’ we check that every continuous function f: X =1 in V
has a continuous extension on X'. Let & € X’ be a maximal §y-filter on o in V[G].
Set F, = n{cl(fU): U e¢}. F, is a nonempty closed subset of the unit segment.
If |F;| > 1, there exist rational intervals (py, ;) and (p,, g,) such that [p;, g,] 0
N [P2;92] =0, (P1, 41) N Fi # 0 and (p2, 42) N Fy # 0.

0, ={xeX:f(x)e(py, q,)} and O, = {xeX :f(x)e(p;,q,)} are nonempty
open subsets of X. Obviously, clx(0,) N cly(0,) = 0. For every We ¢ we have
Wn0; #0 and Wn 0, # 0. This contradicts to the maximality of £. Hence,
|Fs| = 1 and we define the extension of f by f(¢) = t iff F; = {t}. Applying similar
arguments as above, it is easy to verify that f’ is continuous. O

One can easily check the following

1.12. Lemma. Let f : X — Y be a continuous onto map of compact spaces. Then
f is open if and only if f~* cl(U) = cl(f~'U) for all open subsets U of X.

Now, we are going to prove Proposition 1.8. The proof is broken up into four
steps.

Step 1. By Proposition 1.7, we may assume that f is skeletal. Set &/ = RO(X)
and # = RO(Y). Let ny and =y, denote the canonical maps of pX = S(&/) and
pY = S(&#) onto X and Y, respectively. The absolute of f is a continuous map
pf : pX — pY such that the corresponding diagramm is commutative, i.e. pfo 7y =
= Ty o f. Since f is skeletal, pf is unique (Shapiro [18]) and is open (Shapiro, Pono-
marev [15], Bandlow [1]). Let & : # — o denote the dual embedding, i.e. (W) = U
if pf "'O(W) = O(U) for all We o and U € 4. Since pf is open, one can define a pro-
jection map r: o/ — # by r(U) = W if pfO(U) = O(W). One readily sees that
r(hW) = Wfor every We #. Remark that r(U) = Wiff W = Intcl(fU).
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Step 2. Now, let us assume that f is open. By Lemma 1.12, J, is a continuation
of dy in the sense that

hW, 6yhW, iff W 6xW, forall W,, W,e%. 1)
Furthermore,

if U «U, for U;,,Uyesf, then rU; <rU,. 2

Indeed, if cl(U,) = U,, then cl(Intf[U,]) = cl(fU,) = fU, < Intcl(fU,).

Step 3. We prove now that h, r and the properties (1) and (2) of 65 and dy are
sufficient for the openness of f.

Suppose h and r are given as above and the properties (1) and (2) are satisfied
for proximities dy and dy on &/ and 4, respectively.

At first, we claim that {rU:U e ¢} is a maximal y-filter for every maximal
Sx-filter & e S(oZ, Jx). It is easy to see that {rU : Ue &} is a filter. From property
(1) it follows that {rU : U € £} is a dy-filter. To prove the maximality, let W be an
element of # with W¢ {rU :Ue¢}. If Ve satisfies V< W, i.e. Voy —W, then
hV3x —hW and hV < hW. Since hW¢ &, there exists a U € & such that UdyhV, i.e.
U < —hV, rU < —V and rUd,V. Hence, there cannot be a §y-filter containing
{(Wyu {rU:Ueé&} for every &eS(o,dx). Of course, f(¢) = {rU:Ue¢} for
every & € S(, &y).

Next, we claim that fcl(0,,(U)) = cl(0,,(rU)) for each Ues/. Obviously,
£0,,(U) < 04,(rU) and, consequently, f cl(0,,(U)) < cl(0,,(rU)). If £ cl(0,,(U)) #
# cl(05,(rU)), there is a We # such that W < rU and 0,,(W) n f(0,,(U)) = 0.
From W < rU it follows that hiW A U > 0. If £ € Oax(hW A U), then U € ¢ and
r(hW) = Wef(&). Hence, f(£) € 0,,(W) n f(0,,(U)); a contradiction.

Our goal now is to prove that f is an open map. To this end, we check that f(¢) e
€ Int(f0,,(U)) for every Ue «/ and ée 0, (U). Fix a Ve ¢ with ¥V < U. Then
rV < rU and cl(0,,(rV)) = 0,,(rU). Consequently, f(&) € P, (rV) < cl(04,(rV)) =
= fCI(OJX(V) = f06x(U)

Step 4. We are now ready to prove Proposition 1.8.

If f is open in V, we have h, r, 6y on & and dy on & satisfying the corresponding
properties. h, r, 5y and dy have the same in V[G]. f; is defined by

fo(&) ={rU:Ueé} forevery ¢eXg= S(,d).

Repeating what we have done in Step 3, we can check that f;; is open.

Now, let f; be open in V[G]. Let &' and #’ denote the regular open algebras
of X and Y (respectively). o is a dense subalgebra of &/’ and # a dense subalgebra
of #’'. By Step 1, we have an embedding b’ : #’' — &' and a projection r' : &' — &'
corresponding to fg;. Since, by Proposition 1.7, f is skeletal, we have h : # - &
and r: &/ - % in V as well as in V[G]. From the uniqueness of the absolute of fg
it follows that h'|s = k and r'|, = r. Hence, properties (1) and (2) hold for Jy
and y on o and 4, respectively, in V[G]. They are also fulfilled in V. This, by Step 3,
implies the openness of f in V.
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2. All classes of compact spaces under consideration in this paper may be charac-
terized by elementary substructures. We refer the reader to J. Baumgartner [4]
for a good introduction to elementary substructures and to A. Dow [7] for an
introduction to their applications to topology. A discussion of the general construc-
tion, which is a good tool for characterizing classes of topological spaces by means
of elementary substructures, can be found in Bandlow [2].

Let X be a compact Hausdorff space, 0 a sufficiently large regular uncountable
cardinal and . a suitable elementary substructure of 3£, .

#%, denotes the interior product of all continuous functions f : X — I which are
elements of ./, i.e.

% = ®(C(X, 1) n M) . SetX(M)= ¢3(X).

2.2. Remark. Let /" be an elementary usbstructure of #5'¥ in V[G] such that
N 0 #y = M. We claim that ¢¥° = ¢7 ;.

It can be proved: if Yis a closed subspace of a compact space Z and .# a suitable
elementary substructure, then ¢Y, = ¢%y (see Bandlow [2]). For the Tichonov
cube I* ¢! is nothing but the projection map =, ,.

X is a subspace of the Tichonov cube I where S denotes the family of all con-
tinuous functions f : X — I in V. Hence, ¢§,G is the interior product of all functions
fe» f€ S n . By Proposition 1.5, ¢% ¢ is the interior product of all maps f,
feSn M. Ses#y implies S « #) and, consequently, SN AN = S n /. This
proves the assertion.

2.2. Fact (see, for example, Devlin [5]).
Let o and # be uncountable sets, of < 4.
a) If C = [#]° is closed and unbounded, then {X n o : X € C} contains a closed
unbounded subfamily of [/]°.
b) If D = [ is closed and unbounded, then {X € [#]° : X n of € C} is a closed
unbounded subfamily of [%#]°.

It is easy to see that the intersection of two closed unbounded subfamilies of
[«/]° remains a closed unbounded subfamily for every infinite set <.

Another very useful fact concerns families of countable elementary substructures:

The family of all countable elementary substructures of an infinite set &/ forms
a closed unbounded subfamily of [«/]°.

3. In this section we consider the class of all openly-generated compact spaces.
There are several ways of introducing this class: by k-metrik (Scepin [16]), by a spe-
cial kind of embedding in the Tichonov cube (Shirokov [20]) or as limit spaces of
sigma-spectra with open projection maps (Scepin [17]). It is not difficult to show
that the representation of openly-generated compact spaces as limits of open sigma-
-spectra is equivalent to the following characterization (see Bandlow [2]):

A compact space X is openly-generated if and only if ¢%, is an open map for each
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countable elementary substructure .# from a closed unbounded subfamily of [5#5 |°
where 6 is a sufficiently large regular uncountable cardinal.

3. Theorem. Let X be a compact Hausdorff space, P a proper partial ordering
and G a P-generic set over V.
Then X is openly-generated in V if and only if X is openly-generated in V[G].

Proof. Suppose that X is openly-generated. Let § be a sufficiently large regular
uncountable cardinal and let D be a closed unbounded family of countable ele-
mentary substructures of J#; such that ¢, is open for each .# € D. By 2.2.b), there
exists a closed unbounded family C of countable elementary substructures of
#§t! such that & n #; e D for each A e C. Hence, by 2.1, ¢¢ is open for all
W € C. Thus X is openly-generated. Conversely, suppose X is openly-generated.
Assume, on the contrary, that the set S of all countable elementary substructures .#
of A} such that ¢*, is not open is stationary in [%’;’ ® in V. Since P is proper, S
remains stationary in [#5]° in V[G]. Let C be a closed unbounded family of
countable elementary substructures of 5#7% such that ¢3¢ is open for each 4" € C.
By 2.2.a), there exists a & € C such that #” n #} = M € S. Hence, ¢¥, ; is open;
a contradiction to Proposition 1.8. O

4. An interesting subclass of the dyadic compacta is the class of Dugundji spaces
introduced by Pelczynski [14]. Haydon proved that the notions of Dugundji spaces
and absolute extensors in dimension zero are equivalent. A Boolean space is Du-
gundji iff its dual algebra is projective (Koppelberg [11]). Remark that every Du-
gundji space is openly-generated (Scepin [16]). We need the following characteri-
zations of Dugundji spaces:

(1) A compact Hausdorff space X is Dugundji iff X is the inverse limit of a conti-
nuous inverse system <X,, 7, > where [X,| =1 and each n%*! has weight <o
and is open (Haydon [10], Scepin [16]).!

(2) A compact Hausdorff space X is Dugundji iff for every embedding i : X — I
in the Tichonov cube there is an assignment e; : T(X) — T(I") such that:

a) i(U) = ¢,(U) ni(X) for each open subset U of X,

b) e(U; nU,) = ¢(U;) ne(U,) and

c) e(U))ne(Uy,)=0, if U nU,=0, forarbitrary
U,,U, e T(X) (Shirokov [20]).

Inverse systems described in (1) are called Haydon-spectra. For our purpose the

following characterization of Dugundji spaces by elementary substructures is con-

venient to use.

4.1. Proposition. A compact Hausdorff space X is Dugundji iff there is a closed
unbounded family D of countable elementary substructures of #,, where 0 is

1 The weight of a continuous map f: X— Y is defined to be the minimal cardinality of the
system y of open cozero subsets of X such that y U {f “1U: U is open in Y} is a subbase for
the topology in X (Pasynkov [13]).
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a sufficiently large regular uncountable cardinal, such that for every set T < D
the interior product ®{¢%, : M € T} is an open map.

Proof. To prove sufficiency we fix a transfinite sequence .# € D, a < g, such that
for every pair of distinct points x, y € X there is an @ < ¢ and a continuous function
f:X > 1, fe M, with f(x) # f(y). Set

= ®{¢%, v <a} and X, =nY(X).

For a < f there is a canonical map = : X; — X,. Since n* is open, =5 is open too.
Remark that, if Ve ., is a cozero subset of X, then (n*)™* z*(V) = V and =n*%(V) is
a cozero subset of X,. Set

Ve = {n**'(V): Ve M,y M, and Vis a cozero subset of X} .

7.V {n2*!)"1 U : U is an open subset of X,} is a subbase of X, ;. To prove neces-
sity we use Shirokov’s characterization. Let i : X — I* and e; : T(X) —» T(I") be as
described in (2). As usual, n; denotes the projection I* — I® for each set B < 7.
Let & denote the family of all e;-admissable subsets of 7 (see Shirokov [20]). &~
satisfies the following properties:

a) For each infinite set B < 7 there is a B’ € 4" such that B < B’ and |B| = |B/|.

b) o e for every ¢ = X

¢) mgyx : X — my(X) is open for each Be A",
If @ € T N A, then there exists a countable B € 2#" with « € B. We may assume that
Be #. Since B is countable, this implies that B = .#. Hence, by property b),
TN MeX for every elementary substructure and B = U{/ : M € T}ex" for
every set T of elementary substructures. O

4.2. Lemma. Let P be a ccc partial ordering, G a P-generic set over V and D
a name of an element of V[G]. If & is an infinite set in V such that p||-“D < [«/]°
is closed and unbounded” where p € P, then there exists a closed unbounded family,
C < [«]® in V such that p ||~ # € D for each M € C.

Proof. Instead of D we consider the name of a function f: [&/]° > & in V[G]
such that
pll-{X e[D]”: X is closed under f} = D

(see Baumgartner [4], 1.4). Let 0 be a sufficiently large regular uncountable cardinal
and let A4 be a countable elementary substructure of 5} with fe /. SetX = &/ N
N . We claim that p||- “X is closed under /",

plI- 3y e &) (f(x15 ..., X,) = y) for arbitrary x,, ..., x, € X. Since P satisfies ccc,
there exist a countable set {p,:n = 1,2,...} = P, which is predense below p,
and y,e o, n = 1,2,..., such that p, |- f(xy, ..., X,) = y, for each n = 1,2,....
Since x;, ..., x,, o, f, P and p are elements of #, we may assume that {y,:n =
=1,2,...} e #. Then y, € & for each n and, consequently,

Pll-@yeX)(f(xgs e X2) = ¥).
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C is a closed unbounded family <[] such that for each .# € C there is a suitable
countable elementary substructure A" of .;f,’,' witht/ =N N A (see Fact 2.2.a). O

4.3. Theorem (Fuchino for Boolean spaces).

Let X be a compact Hausdorff space, P a ccc partial ordering and G a P-generic
set over V. Then X is a Dugundji space in V if and only if X; is a Dugundji space
in V[G].

Proof. Suppose X is the limit space of a Haydon-spectrum <(X,, n%, 0> in V.
Then, by Proposition 1.3 and 1.8, X; is the limit space of the Haydon-spectrum
X, 7 g 0> in V[G]

To prove the reverse direction, let 0 be a sufficiently large regular uncountable
cardinal and let C be a closed unbounded family of countable elementary substruc-
tures of #5'? such that ®{¢%° : # € T} is open for every set T < C in V[G].
Let C, < [} ] be a closed unbounded family in V[G] such that for each . € C,
there exists an 4" € C with & N #y = .M (see Fact 2.2.a). By Lemma 4.2, there
is a closed unbounded family D = [# ] in ¥ such that ./ € C, for each # e D.
We may assume that all # € D are countable elementary substructures of .
Hence, by 2.1., for each ./ € D there is an .4 € C such that ¢ ; = ¢3°.

Apply now Propositions 1.5 and 1.8 to complete the proof. O

5. Two regular spaces are said to be coabsolute if their absolutes are homeo-
morphic.

5.1. Theorem (Fuchino for Boolean space).

Let X be a compact Hausdorff space, P a ccc partial ordering and G a P-generic
set over V. Then X is coabsolute to a Dugundji space in V if and only if X4 co-
absolute to a Dugundji space in V[G].

The proof repeats that of the previous theorem where the characterization of
Dungundji spaces is replaced by a characterization of spaces coabsolute to Dugundji
spaces. We need the following result of Shapiro [19], Corollary 1:

A compact Hausdorff space X is coabsolute to a Dugundji space iff X is the
inverse limit of a continuous inverse system {x,, 74, ¢> where [X,| = 1 and each
n2*1 has weight <o and is skeletal.

5.2. Proposition. A compact Hausdorff space X is coabsolute to a Dugundji
space iff there is a closed unbounded family D of countable elementary substruc-
tures of #} , where 0 is a sufficiently large regular uncountable cardinal, such that
for every set T = D the interior product ®{¢§, : M € T} is a skeletal map.

To prove this Proposition we need two lemmas.

53. Lemma. Let f:X > Y, f:X' > Y, §:X > X and g’ : Y Y’ be conti-
nuous onto maps of compact spaces that f' o9 = g’ oS- If f and g are irreducible,
then f' is skeletal iff g’ is skeletal.
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Proof. f’ and g’ have the same absolute pf’ = pg’. The assertion follows from the
fact that a continuous onto map is skeletal iff the absolute is open (see [15], [1]). O

Let f: X — Y be an irreducible map of compact spaces. Suppose X satisfies ccc
and let T be a family of suitable countable elementary substructures of 5, where 0
is a sufficiently large regular uncountable cardinal. Put ¢’ = ®{¢§, :MeT},
X =¢'(X), ¥ = ®{¢%,: #eT} and Y’ = ¢/(Y). There is a map f': X' > Y’
such that f' o ¢’ = V' o f.

5.4. Lemma f’ is irreducible.

Proof. We regard X’ as a subspace of II{X(.#): .# € T} and Y’ as a subspace of
I{Y(#): # T}. Fix M,,...,#,eT and cozero subsets V;,...,¥, of X in
My, ..., M, respectively, such that n{V;:i = 1,2,...} #0.

Remark that (¢%)~* ¢%(W) = W for each cozero subset W of X, We .#. Hence,
0 = {(x)reX :(¢%) ' (x)eV; for i =1,2,...} is a nonempty open subset of
X’ and we have to prove that f'*(0) # 0.

Let o; be maximal families of pairwise disjoint cozero subsets of Y’ such that
cl(U) c f*V;foreach Ueo;, i = 1, ..., n. Since Y satisfies ccc, the o; are countable.
We may assume that ¢; € #; and, consequently, ¢; = ., for each i. It is obvious,
that Ug; is dense in f*#V for each i. Since f*V; N ... N f#V, # 0, there exist W, € oy,
«..s W, €0, such that W, n ... W, # Q. Take a point ye W; n... n W, and set
¥ = {¥'(»). We claim that f'~!(y) = 0.

If xeX and f(¢'x)) =y’ = ¥'(fx), then fxe W, n...n W,. From fxe W, it
follows that x e V; for each i. Hence, x€ ¥; n ... n ¥, and ¢'(x) € 0. |

Proof of Proposition 5.2.

If X is coabsolute to a Dugundji space, there exist irreducible onto mapsf; : Z - X
and f, : Z - Y where Y is a Dugundji space. The conclusion now follows from
Proposition 4.2 and Lemma 5.4.

To prove the converse implication we apply Shapiro’s result and similar arguments
as in the proof of Proposition 4.1. O

References

[1] Banprow 1., The hyperabsolute of a mapping, Dokl. Akad. Nauk SSSR T. 240, No. 4,
1978, 765— 1767

[2] BanpLow 1., A construction in set theoretic topology by means of elementary substructures,
Zeitschr. f. Math. Logik und Grundlagen d. Math., Bd. 37, 1991

[3] BanpLow 1., A characterization of Corson-compact spaces, Comm. Math. Univ. Carolinae,
vol. 32, no. 3, 1991.

[4] BAUMGARTNER J., Applications of the Proper Forcing Axiom, in: Handbook of set-theoretic
topology, North-Holland, 1984, 913—960.

25



[5] DevLIN K. J., The Yorkshireman’s guide to proper forcing. Proc. 1978 Cambridge Summer
School in Set Theory.

[6] DeVries H., Compact spaces and compactifications, an algebraic approach, Assen the
Netherlands, 1962.

[7]1 Dow A., An introduction to applications of elementary submodels to topology, Topology
Proceedings, vol. 13., no. 1, 1988.

[8] ENGELKING R., General topology, Warszaw, 1977.

[9] FeporcHUK V., Boolean J-algebras and quasiopen maps, Sibirsk. math. Journ., T. 14,
No. 5, 1973, 1088— 1099.

[10] HaypoN R., On a problem of Pelczynski: Miljutin spaces, Dugundji spaces and AE(0-dim),
Studia Math. 52, 1976, 23—31.

[11] KoppELBERG S., Projective Boolean algebras, in: Handbook on Boolean algebras, volume 3,
North-Holland, 1989, 741—774.

[12] Miopuszewski J., RuboLr L., H-closed and extremally disconnected Hausdorff spaces,
Dissertationes Math. 66, 1969.

[13] Pasynkov, Dokl. Akad. Nauk SSSR, T. 221, 1975, 543— 546.

[14] PeLczyN$kr A., Linear extensions, linear averagings and their applications to linear topo-
logical classifications of spaces of continuous functions, Dissertationes Math. 58, 1968.

[15] PoNoMAREV V., SHAPIRO L., Absolutes of topological spaces and their continuous mappings,
Uspechi Mat. Nauk, T. 31, No. 5, 1976, 121—139.

[16] ScepiN E., Topology of limit spaces of uncountable inverse spectra, Uspechi Mat. Nauk,
T. 31, No. 5, 1976, 191—226.

[17] ScerIN E., Functors and uncountable products of compact spaces, Uspechi Mat. Nauk,
T. 36, No. 3, 1981, 3—62.

[18] SuarRO L., On absolutes of topological spaces and continuous mappings, Dokl. Akad.
Nauk SSSR, T. 226, No. 3, 1976, 523— 526.

[19] SuaPIRO L., On spaces coabsolute to dyadic bicompacta, Dokl. Akad. Nauk SSSR, T. 293,
No. 5, 1987, 1077—1081.

[20] SurokoOvV L., Characteristics of Dugundji and k-metric bicompacta, Dokl. Akad. Nauk
SSSR, T. 263, No. 5, 1982, 1073—1077.

26



		webmaster@dml.cz
	2012-10-06T01:19:24+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




