WSAA 13

Rainer Linde
s-numbers of diagonal operators and Besov embeddings

In: Zdenék Frolik and Vladimir Soucek and Jifi Vinarek (eds.): Proceedings of the 13th Winter
School on Abstract Analysis, Section of Analysis. Circolo Matematico di Palermo, Palermo, 1985.
Rendiconti del Circolo Matematico di Palermo, Serie II, Supplemento No. 10. pp. [83]--110.

Persistent URL: http://dml.cz/dmlcz/701866

Terms of use:

© Circolo Matematico di Palermo, 1985

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/701866
http://project.dml.cz

s-numbers of diagonal operators and Besov embeddings

by Rainer Iinde

Friedrich-Schiller-Universitdt Jena, Sektion Mathematik, DDR
69 Jensa, UHH

Abstract

In recent years, many papers have appeared in which the asympto-
tic behaviour of concrete s-numbers of the identity map from
lp(m) into lq(m) had been calculated. We -shall present a survey
of these results for estimating the asymptotic behaviour of
s-numbers of diagonal operators and Besov embeddings. For .this
end we shall prove a new finitization method.

Moreover we want to give some historical remarks.

0. Terminology
The class of all (bounded linear) operators between arbi-

" tary Banach spaces is denoted by L, while L(E,F) stands for -
the set of those operators acting from E into F. If M is a
(closed linear) subspace of the Banach space E, then Jﬁ denotes
the natural injection from M into E and Qﬁ stands for the
natural surjection from E onto E/M. . :

Let (§k') and ("’Lk) be two sequences. Then ‘Ek < ’Qk means
that there exists a positive constant ¢ such that gk £ c Mk
~for all k=1,é,... . The notation . fk XMy is used, if simul-
taneously ¥, 4 M, end M < ¥, hold.

Let O<r<oo and 0<w £ 00, Then the Porentz space lr,w

consists of ail bounded sequences a=( °('n) for which the



84 R.LINDE
following expression is finite:

0o ,
( Z (n1/r -1/w°(’:)w)1/w for w< o
n=

||a|li.’w" =
sup nl/* e(,:
- .

for w= o0,

where' o = inf {620 : card(k:l)2G ) 4 n} denotes the
so-called non-increasing rearrangement of (oLn). In the case
le,lﬂl 2 ldzl 2 ,,, it turns out that QL:V= |o(.n| .

1. s=Numbers

An s-tunctiop is a map s which assingns to every operator SelL
a scalar sequence (sn(S)) such that the following conditions

are satisfied:

(1) sl 2>s,(3) »8,(8) > ... 20 for all Sel.
(2) sn+m_1(s+1-) € 8,(8)+s (T) for S,T€ L(E,F) end n,m=1,2,...
(3) s(Bsx) 4 IBI s,(3) |X| for X€L(E,E), SEL(E,F),
BG_I.(F,FO) and n=1,2,... . :
(4) s,(S) = 0 for renk(S)<n.
(5) 8,(I:1,(n) —» 1,(n)) = 1, where I denotes the identical map.

We call s, (S) the n-th s-number of the operator S.
REMARK., In contrary to earlier definitions (of. [62] 11.1.1 and
11.8.1) we assume in (2) already the additivity of the

s-function.

Next we shall list some well-known facts about s-functions.

(1) From Sc L(E,F) and 8,(5) = 0 it follows rank(S)<mn.
(2) The s-numbers are continuous functions, namely

| s (8)-s, (™) & |s-r |

for all S,T eL(E,F),
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(3) On the class of.all compact operato;s acting between
Hilbert spaces there is only one s-function.

-We now want to define the most usual examples of s-functions.

Let S& L(E,F) and n=1,2,... Then we give the following definitions:

n-th approximation number
a,(8)=int { I 5-L|l : rank(z)< n},

n-th Gelfand number L
o (s)=int {4 S3% || : MC E with codin M(n},

n-th Kolmogorov number .
a_(S)=1nt {H &sl: m¢ ® with aim W<n},

n-th Weyl number i
xn(s)=sup{an('sx) : XEL(1,,E) with x| & 1§ .

n-th Chang number .
Ya(S)=sup{ &, (¥8) : YEL(P,1,) with | Y| ¢ 1],

n-th Hilbert number »
b, (S)=sup{ a,(YSX) : XEL(1,,E),YEL(F,1,) end h X1 , | Y1 «1f.

The relationships between these s-functions will be 1ndicat9d in

the following diagrem where the arrows point from the smaller

s-numbers to the greater ones.

/’an\
Y
*n In
N4
by
Furthermore there holds the ineduality

- h,(8) £ 5,(8) € a,(5)

for any s-function s and all operators S€ L.

)
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If we denote by S' the dual operator of S, then
x,(8")=y,(8), y,(8")=x,(S), h,(S')=h,(S)
for an arbitary operator, while the analogous equalities
cn(51)=4,(5), &,;(S")=c (S), 8 (5')=a,(5)
are true, in general, for compact operators only.
Using s-functions one can define quasi-normed operator ideals
(for the definition of quasi-normed operator ideals we refer
to [62] 6.1.1).
Let 0<r<oo, O<w < o0 and s be any s-function. Then the ope-
rator ideal L§f%(E,F) consists of all operators Sé& L(E,F) such
that the sequence (en(s)) belongs to the Lorentz space 1r,w’

In this case we have & quasi-norm given by

[ETEASA TN KEWEIDLE N

REMARK, It is convenient to identify Léos) . with L.
?

An important interpolation formula for the operator ideals
L§f% is due to H. Kénig [37](cf. also [90]).

THEOREM 1. Let s be any s-function, 0<r dr, £ o0,

0 <w,w ,w; € oo and 0<0<1, If 1/r=(1-0)/r°+9/r1, then

(8) (s) (
(1,° A c ergl ,

o,wo’ T, ,‘wi) Q,w
and there exists a constant ¢ >0, depending on the s-function

and the numbers TyT s Ty oWy W,

Isis{ey b e e hsind®), | "0 sinfe), ) °

sV, only such that

O,
for all SE€ L(E,F).
It was shown by J. Peetre/G. Sparr . [61] that in the case of

approximation numbers the equality

1@, 1)

- 1.(a)
o’wo’ T, ,w1) e,w I'::' w

holds with equivalent quasi-norms.
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HISTORICAL REMARKS, At the beginning of the century E. Schmidt
[73] introduced the concept of singuler numbers of integral ope-
rators between Hilbert function spaces. J. v. Neumann/R. Schatten
[59] extended this concept to the setting of compact operators
between Hilbert spaces. The n-th singular number sn(S) of such
an operator S is defined to be the n-th eigenvalue )kn(lsl).
Here (7\n(|S|)) @enotes the non-increasing sequence of all eigen-
values of the operator |S| = (S“S)V2 counted according to their
algebraic multiplicities. It turns out that the singular numbers
yield the unique s-function on the class of all compact operators
acting between Hilbert spaces. From attempts to classify compact
operators between Hilbert spaces H. Triebel [88] gave the defi-
nition of the so-called Schat¥en classes

5, (&K = {sen®m) + (sysnen, § .

For w=r this goes back to J. v. Neumann/R. Schatten [:59]‘.
The following remarkable inequality is due to H. Weyl [92].
For any Hilbert space H and every operator S(ESr(H,H) it is

®© o
(%__1 WG R (%1 MODEL

Therefore inequalities of this type nowadays are called also
Weyl inequalities. The following results are known (cf. [37],[37]).
THEOREM 2. ILet 0<r<oo, O<w £ oo and s be one of the s-func-

tions a, ¢, d, X, y. Then there exists a positive constant ¢

such that

TyW

e WG A S ELACY

for all Banach spaces E and all SeLi,?v)v(E,E).
An importent step in extending the concept of singular numbers

of compact operators between Hilbert spaces to operators between
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Banach spaces was the result of D. E. Alachverdiev [1] (ef.
also DO]). He proved that the singular numbers of a compact

. operator between Hilbert spaces coincide with its approximation
numbers. Later on A. Pietsch [63_] defined the operator ideals
Li,a):: (?2( as an extension of the Schatten classes.

The definition of Kolmogorov numbers was given by I. A. Novo-
selski] [60]. This concept is based on a paper of A. N. Kol-
mogorov [36] dealing with the so-called diameters or widths.

An axiomatic approach to~ the theory of s~function is due to

A. Pietsch \:66]. He also gave the definition of the Gelfand
numbers as & dual concept to the Kolmogorov numbers and as
corresponding quentities to Gelfand diameters which were defined
by B, S. Mitjagin/V. M, Tichomirov [57].

A survey of the essential properties of the approximation numbers
and the Kolmogorov numbers was already given by B. S. Mitjagin/
A PeXozyfiski |[56].

The Hilbert numbers were introduced by W. Bauhardt [3], while

A. Pietsch [67] defined the Weyl and Chang numbers.

2. s-Numbers of diasgonal operators

Let a=( °Lx;) be any sequence belonging to the Lorentz space 1t.w'
Then we consider the corresponding diagonal operator Dg» which
is given by D(§ ) = (L S ). If 1 £ p,q 4 oo and

1/t >(1/q -1/p)+ » then D is an operator from lp into lq. In
the special case where of, = n'1/ ¥ we shall denote the

n

corresponding diagonal operator by Dt’ Since the 1_ spaces are

P
symmetric, without loss of generality, we can assume that

41301.25... 2 0,
Let s be any s-function. Then we asgk the Question for which r

the diagonal operator D, belongs to Li,f“)v(lp,lq). The following
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theorem enables us to reduce this problem to the investigation

of the asymptotic behaviour of the expression
: (s)
I I.lp(m) —_ lq(m) lI‘r,w .

THEOREM 3. Let s be any s-function, and let 1 4 p,q ¢ o0,
Further assume that the exponents r and t are related via the
linear equation

Wr= p/t + Y

for 0 £ t,<t<t, € (1/q -1/p):1, where the parameters M and Y
may depend upon p and q. Then the following are equivalent:

(1) I£ 0<w ¢ oo and $,<t<t; , then

a€ 1,  implies D€ 1{%)(1 1 ).

(2) 1r $,< t<t,y, then
. -1/r
sn(Dt.lp —_ lq)< n
for n=1,2'¢o- o
(3) I£ 0<w £ o0 and $,< ¥ <t,, then
1/t
I 21y m) — 1 @ | 2%} < n"/
for m=1'2’voo .
(4) The estimat (3) holds for w=co .

Proof: (1) —~» (2): The assertion follows easily from the

relation

nl/T 8y (Dyil) —> 1) 4 Dyin, —» 1qIL§';’g° I

ror n=1;2,¢o' .

(2) —» (3): Let ac1 o Then

t,00

: 1/% .
8y (Dg:ly —= 10) & sup L' P oty | oDy, —= 1))

P
impli?s D e I':E’?c)» (lp,lq). According to the closed graph theorem
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there exists a constant ¢> O such that

s
I Dazlp - lql I'i-,();o | ¢c¢ "allt,oo“

for all aelt,oo' This yields
I I:lp(m) — lq(m) | LJ(.‘?C)!) “ ¢em/t,
Finally, the interpolation formula given in theorem 1 complete
this step. .
(3) —= (4): trivial.
(4) —= (1): Iet t with ‘E°<t<t1. Since every quasi-norm is
equivalent to an u-norm (eof. [62] 6.2.5) we may assume that
(?c):o is u-normed. Without loss of generality 1§t u € t.
Purther we define for k=0,1,... the sets
N

= {nen : X ¢ n<2k+1} .
It aelt a? then it follows
9

Z 1/t =1/ Z E 1/t =1/
1 n = - ud' u - -1/u u
I'el tyu I n=1 (n n) k=0 neN, (n QLn) '

00 , ™
N Xo(k+1)(1/% =1/u) u_1 o(k+1)/% u,
kz=0 ( 042k+1) 2z kZ::o ( °L2k+1) |

Let D, be the operator defined by

oLpn€n Tor nel

D, =
k(gn) 1 o rorn¢_Nk . -

0
Then D_ = Z D . Hence the trivial fact |l D :1
a =0 k P

and the assumption lead to

00 00 ’
) S5 1/ S (ok/t 1
D2 28, 1 € (2 I sl 1™/ ¢ o2 (2% o ™'/

. 00
< ¢ oLo + c(%_o (2(1""1 )/t oL2k+1)"‘)1/ué c o(,°+21/u c"allt,u"< 00.
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Since this is true for all t(-_(to,t,l), again'using the inter-
polation formula, we obtain statemant (1).

-In the sequel we shall apply this theorem to that s-functions
introduced in section 1. Because of the duality relations it
is enough to consider the s-functions a, ¢, x and h.
As recently proved by E. D. Gluskin [13] ’
an(Izlp(m) —_— lq(m))Xmax{cn(Izlp(m) —» 1q(m)).d.n(1:1p$m)—1q(m)%.,
So we can restrict ourselves to the s-functions ¢, x and h.
First we shall review the known estimates of sn(Izlp(m) — lq(m)).
For abbreviation we shall denote the identity operator I from
1p(m) into lq(m) by I’l’:’q.

3. Gelfand numbers
The following theorem is taken from E. D. Gluskin | 12], [13]
(cf. also [66], [78]).

THEOREM 4.
(1) et 1 € q £ p € c0o. Then A '
.On(Ig,q) = (m-n+1)1/q -1/p for 14ném.,
(2.1) Let 2 € p £ q € 0. Then
1 -1
(x_n_-%ﬂ) =e/q for 1 4né m_m2/q
cn(I!;’q) - )
m'/a =1/p for m-m2/% =n=m.
(2.2) Let 1<p £ 2 & q € 0. Then
(E-:f—‘l)vz - for 14€n ¢ m2/p'
e (I ) x m-n+1,1/2 _1/p' ,=1/2 2/p',. m
n" p,q (‘——‘m ) m n ;or m £né -—ﬂ-q—_.‘T]-

m1/q -1/p
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(2.3) Let 1 £ p £ q £ 2. Then

1 for 1éném2/p'

e, ( ) R H’ =1
n f;'q 1/p' n-1/2) p =-1/2 for mz/p'é n<nm .

(m

In order to apply theorem 3, we deduce from the previous theorem

the following
LEMMA 1, Let 1 € p,q ¢ oo and O0<r <oo. Then

- EAN UL

with the following values of 1/t:
(1) Let 1 € q 4 p € w. Then
1/t = 1/ -1/p +1/q .
(2.1) Let 2 £ p ¢ q £ 0c0. Then
1/t = 1/r .
(2.2) Let 1<p £ 24 q € 0. Then
1/r -1/p +1/2 for 0<r ¢ 2

1/t =
2/(p'r) for 2<r<o0.

(2.3) Let 1 € p € q € 2. Then

: ' 1/p =1/2
- é
1/r -1/p +1/q for O<r & 2 T;HE
1/t =
' 1 -1/2
2/(p'r) for 2 FETyg<T<®.

To illustrate the following results, we shall indicate the
algebraic expressions of 1/r as a function of t, p and q, in
the unit square with the coordinates 1/p and 1/q. On the ploted
lines one, in general, only has Da.e I‘\E?go for all u with u>r.

THEOREM 5. If 1 € p,q € o0, 1/t >(1/q -1/p), , 0<W € o

(c)
and ac lt,w’, then D, belongs to Lr,w(lp’lq)’ where 1/r takes

values ag indicated in the following diagrams.
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o~
i
o>
N1~
L
nle
(i~
NI~ +
—of>

Figure 1

REMARK. The equation of the crooked line in the right diagram

. 1/p -1
is given by 1/t-54¥17§—-&17§7'

4. Approximetion numbers
The next result follows immediately from the above mentioned

relation between approximetion numbers, Gelfand and Kolmogorov

numbers.

THEOREM 6. If 1 € p,q ¢ o0, 1/t>(1/q =1/p),_ 4 O<W & 00
and aelt'w, then D, belongs to "Li,?v)v(lp,lq), where 1/r takes
velues as indicated in the following diagrams.

0<t £ 2 2 <t «o0
Rmpty
L] A1 4 4
€ t'p73 t y
A_A
ted-t 3}.
Led 4
A t|p 279
tola,a t =
M 4]
Figure 2

i~
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5. Weyl numbers

The following is kmown from [41] , [68].
THEOREM 7.

(1) Let 1 € p <max(2,q) ¢ o0 and 1 € n € m/2. Then
1 for 2 £ p<£q€ow
n'/0-1/P  por1cpeqé2
m ~
0nlIp,g) 2 {u'/2-VP fr1<cps2iqéw
n'/a.-1/p for 1 € q€pé€2 .

(2) lLet mex(2,q) ¢ p. Then
m o n'/a -1/p for 14n &n?/P
llp,q) = /402 por w?/Pénsn

From this we deduce the following behaviour of the corresponding
quasi-norms.
LEMMA 2., Iet 1 € p,q £ o0 and 0<Lr <. Then
(x) v 1/t
" Ig'ql Lrt°° " ~n

with the following values of 1/t:
(1) Let 1 £ p<max(2,q) € oo. Then

1/r for 2&pégqé o0
(1/r =1/p +1/q), for 1 &p<q<2

1/t =
(W/r -1/p +1/2), for 14 p<2¢€q%o
1/r -1/p +1/q for 1£€qépe2 .

(2) Let mex(2,q) 4 p. Then

1/r =1/p +1/q for O<r £ 2

1/t =

2/(pr) -1/p +1/q for 2<rc oo,

Therefore we get
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THEOREM 8., If 1 £ p,q € 00, 1/t>(1/q -1/p), , 0<W € @
and & €1y o, then Dy belongs to Lf__f%(lp,lq), where 1/r tekes
values as indicated in the following diagrams.

0<t €1 _ 1<t € 2
empty
1,41 L.4_14 P(A.A A L A A
t'2 9 AN 1 £i+-3) e
AL A
Tt 279
A 4,4_1 1 A,.4.4
t t p 2 t t P2
2<t< o0
empty A4
AR
AaA-A
(s
A
t .
4 LR |
t t P2

6. Hilbert numbers ,
There are recent results concerning the asymptotic behaviour
of Hilbert numbers of I:lp(m) — lq(m). Since h (S') = h, (8),
we can restrict ourselves to the case 1 £ p' £ q £ oco. Then

we have the well-known estimatés [5] ’ [18].

95
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THEOREM 9.
(1) Let 1 € p' ¢ q € 2. Then
n'/4 =P for 1&n&n?/P
h“n(frx’l,q) X n'/a 5=1/2 o /P ¢ n ¢ n?/q’
mn for w2/ 4nem .
(2) et 2 £ q £ p £ c0. Then
hn(Im ) x{m”q -1/p for 1&n ¢ n?/P
Psq -
’ \m1/qn1/2 for ma/péném .
(3) et 2 £ p' € q € 0. Then
hn(I;’q)x al/a =1/p  por 1éném .

Using entropy numbers, for the open case 2<p<q<«o0, B, Carl

(unpublished) could prove the following
PROPOSITION 1. Let 2<p <q<oo. Then

(Realm/n +1) e +f ).p/2(1/p “/a) for 1 4n'¢n?/P
hn(]%oq) A

m1/qn'1/2 rormzlpéném.

It is also known that in the case 2<p <q <o the inequality
( y > n'/a -1/p for 14n &n?/P
" Ig'q ' /402 por w?/P snen

1s true (cf. [18]). This yields
LEMMA 3., Let 1 € p,q € oo and 0 <r <oo. Then

I 1p,q | (?go I % o'

with the following values of 1/t:
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(1) Let 1 £ p' € q € 2, Then

1/r

2/(q'r) -1+2/q
2/(pr) -1/p +1/q

1/t =

(2) Let 2 &€ p,q € 00. Then
1/r =1/2 +1/q

97
for O<r € 1

for 1<r £ 2
for 2<r < c0.

for OLr & 2

1/t =

(2/(pr) -1/p +1/q)+' for 2<r < 00.

(3) Let 2 4 p' ¢ q & c0. Then

1/t = (1/r =1/p +1/q), for 0<r<o00.

Therefore we _get ) ,

THEOREM 10. If 1 & p,q ¢ oo, 1/t>(1/q -1/p), , 0<wW € 0
h

and aelt’w, then D, belongs to I’:S',v)v(lp'lq)' where 1/r takes

values ag indicated in the following diagrams. )

0<t €1 1<t €2
empty /|,
TR I AMBYL
t tp 2 LA t7p 2
| B
1.4_1¢ AL A 4
A A 4 | 4,40 rv2” Tte2
it279 | &% 3 9 t P9
2<t <00 = 1 l_l
A=3g+g-g
v 11
A = 1.1
%<¥ P
emp’cy if.’!_i .
A B=¢'t+1-23
A B'=’§(:1E+—-1)
4
o | B4
A.4_1 Figure 4
t+9. q gur
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HISTORICAL REMARKS. The first results about s-numbers of
diagonal operators are due to soviet mathematicians. These results
are formulated in the language of diameters of subsets of normed
spaces.

Already in 1954 S. B. Ste¥kin [81] showed that

dn(Izl.l(m) — 12(m)) = (%ﬂ.) 1/2
Latér on M. I. Stesin [80] was able to. prove
%(I:lp(m)‘ — 1q(m)) N (m.‘n+1)1/q -1/p

for 1 ¢ q ¢ p.é o0, After the axiomatic approach to the s-numﬁer
theory in 1974, many further estimates of this kind were obtained.
First A, Pietsch |66 extended the result of Stesin to approxi-
mation numbers and Gelfand numbers in the following way. If
14qépé£ o0, then

1/q -1
an(]%'q) = cn(Ig,q) = %(Ig,q) = (m-n+1) /a -1/p

The behaviour of these three s-functions in the case 1 ¢ pcq ¢ ®
had been unknown for & long time. Using number theoretical methods

R. S. Ismagilov [24] obtained the estimate

: 1/2 1/
d.n(Izlp(m) —1 (@)< E—) P

for 1 £ p € co. With the help of random matrices B. S. Kashin [32]
end B. S. Mitjegin [55] improved this for p=1 as follows

a (It1,(m) — 1, (m))=a (I:1,(m) — 1 (m))< n"/2(1n £)1/2,

It turned out that random matrices are an useful tool for these
investigations. So B, Carl/A. Pietsch [5_] could prove the
estimate

an(Izlp(m)'—b lp.(m))< n'3/2 +1/p m2/p' (1n(2m))1/p -1/2

for 1 ¢ p £ 2, By deducing this problem to a combinatorical one,
K. Hollig [1 9] was able to improve the result of Carl and Pietsch.
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He obtained the estimate

i 't 2/p -1
an(Iglp(m) - 1p'(m))< a-3/2 +1/p 2/p' n g) P

for 1 € p £ 2. Recently E. D. Gluskin [13] succeded in solving
the whole problem. He determind the exact asymptotic behaviour
of sn(Izlp(m) - lq(m)) for s equal to &, ¢ or d.

¥oreover his results imply the relation

an(Izlp(m) - lq(m))x mx{'en(I:lP(m) — lq(m)),%(Izlp(n) . lq(m))}

already mentioned above.

The concept of Weyl and Chang numbers was developed by A. Pietsch
r67] in 1977. He also gave the first estimates for these numbers.
Then 1t was C. Iubitz [ 41] who determined all r such that the
diagonal operator Da with a€ 1, W belongs to I‘ifv)r(lp'lé)' For
this purpose he used the results of Pietsch and Gluskin.

The first estimates of Hilbert numbers go back to W. Bauhardt EB]
and B. Carl/A.- Pietsch [5]. Recently by results of S. Heinrich/
B, Idnde [18] and B. Cearl, it was possible to calculate the
asymptotic behaviour of Hilbert numbers of diagonal operators.

1. s-Numbers of Besov embeddings .
Iet G2 Dbe a sufficiently smooth region of By, The main theorem
in the theory of Besov spaces ia the following.

THEOREM 11, ILet 1 £ p,q € 0 end ¢,5 € R such that

(¢ -S)/m>0/p -1/q), . Then B;(S?x) is continously embedded in
Bg(Q.). Moreover the embedding operator is compact.

For the definition of B%(SE) = BPQP(Q) we refer to the mono-
9
graph of H, Triebel E91] .

Using the results of Z. Ciesielski [6], S. Ropela [71] and
Z, Ciesielski/T, Figiel [7] about spline bases, it turns out
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' that up to finite dimensional perturbation there exist two
invertible operators U and V such that the following diegram

becomes commutative:

G
Bgm) > Bo(2)

U v v l v
5, ‘. -1

Here the number t is determined by the relation
1/t = (9 -G )/R -1/p +1/q .

So it is possible to carry over all results concerning diagonal
operators to Besov embeddings. '

HISTORICAL REMARKS. As already mentioned, A. N. Kolmogorov [36]
introduced in 1936 the concept of the n-th (Kolmogorov) dia-
meter dn(K,F) of a subset K of a norngd space P, -

(K,F) = inf sup inf [l x-yIP|( .
s NESPF ze?K yeR vIFl
dimN<n _

To compute Kolmogorov diameters of the unit ball of Sobolev'
spaces Y. E. Majorov [42] used & discretization method (ecf.
also E. D. Gluskin [11]).

In this paper the method of discretization (finitization) with
the help of quasi-norms is presented for the firast time.

It holds the following relation between the n-th Kolmogorov
number and the n-th Kolmogorov diemeter. If S € L(E,F), then

a,(8) = a,(S(Ug),F).

In this nofatiop the first results are due:to Kolmogorov himsgelf.
He proved that ' '

a,(3:w3 [0,1] = 1,[0,1]) X ™% .
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In the sequél the main interest was concentrated on the so-

called Sobolev embedding J:W§(SZ) — Lq(SE), which exists for
§/8>(1/p -1/q), . The following table contains the asymptotic
behaviour of dn(sz§[b,1] — L,fo,1).
Simultaneously it gives a historical order of these results. Let
14p,q%o00 and 9> (1/p =1/q),_ . Then

ca_(3:ws[0,1] —> 1 [0,1]) x n~T(S sPr2)
4 (JeWp q

Pyq S £(Q ,prq) author.
p=q=2 0<Q < o0 © Kolmogorov [36]
p=, g:go 0<9< oo Q Stetkin [81] N
e T I -~

1 1 1 1 Y
1ép§2, q=2 P 7<pL © - P + 3 Ismagi;lov [23]

; 1 Joffe 28
p=1, q=00 1L Q < o S-3 Tichoéirov B
‘P=00,14q4®| 0 < Q £ 00 © Makovoz B’ﬂ ',
14qépéo0  [0< 9 < © Pichomirov |86]

1 1 1 1
1€péqe2 P~ a<g L ® Q- pta Ismagilov [2{]
1£p€24q<o0 | 1 <@ <« o g-%-i-%-

' Keshin [32]

2épbgéoo <9< o S
p=1,26q600 |1 - 1<o¢1  B(g-1+]) |Kashin [35]

1 1 1

lcgén §-1+% |cluskin [12]

p-q<S ¢y PS-p*Q

I_1

4
T84 g
q

24péqéoo T3

1.1 P-4 1.1

5 ~'q <S>é1__2_ %(8-1)+q

q
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