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1989 ACTA UNIVERSITATIS CAROLINAE—MATHEMATICA ET PHYSICA VOL. 30. NO. 2 

Generalized Banach-Mazur Distance 

RAINER LINDE 

Jena*) 

Received 15 March 1989 

For two isomorphic Banach spaces X and Y the Banach-Mazur distance is given by 

d(X9 Y) = inf fl|T|| \T'X\: T:X -• Y isomorphism} . 

It is well-known that the Banach-Mazur distance of two n-dimensional spaces is 
always less than or equal to n. By a result of Gluskin [4] there is a constant c ^ 1 
such that for every natural number n there exist Banach spaces Xn and Yn with 
dim Xn = dim Yn = n and 

d(Xn9 Yn) = en 

We want to measure the distance of n-dimensional Banach spaces not by the norm 
but by any other operator ideal quasi-norms. 

1. Notations 

As usually we denote by L(X9 Y) the set of all linear and bounded operators from 
the Banach space X in the Banach space Y. For the definition of a quasi-normed 
operator ideal we refer to Pietsch [9]. We only want to repeat the definition of 
some special quasi-normed operator ideals. 

We say that an operator Te L(X9 Y) is absolutely p-summing for 1 ^ p < oo 
if there exists a constant c > 0 such that for all elements xl9 ..., xn e X the inequality 

( t I W ) 1 / P ^ csup{(£ \<x„ ay\'Y":aeX\ ||a|| g 1} 
1 = 1 1 = 1 

holds. In this case we write Te Pp(X9 Y) and put 

[ | r | P , | = i n f c 

where the infimum is taken over all possible constants c of the above definition. 

*) Friedrich-Schiller-Universität, Sektion Mathematik, DDR-6900, UHH, 17. o. G. 
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An operator Te L(X9 Y) is called nuclear if it admits a representation 
oo 

T=Y*ai®yt 
i = l 

with a{eX' and yteY 
00 

I H M < »• 
i = l 

Then we write Te N(X, Y) and put 

lr|ivB=infEININI 
i = l 

where the infimum is taken over all admissible representations of T. 
For a given normed operator ideal A an operator Te L(X9 Y) belongs to the adjoint 

operator ideal A* if there is a constant c > 0 such that 

| trace(S0STT0) |^c|S0 | | lS|^| | | |T0 | | 

for all S0 e L(Y9 Y0)9 S e A(Y9 X)9 T0 e L(K0, X) and X0, Y0 finite dimensional. 
In this case we put 

|| T | .4*1 =infc 

where the infimum is taken over all admissible constants. Further Tbelongs to the dual 
operator ideal A' if T'e A(r,X')-Then | |T|A ' | | = | |T' |A | | . 

2. Generalized Banach-Mazur distance 

Let A and B two quasi-normed operator ideals. We say that the Banach spaces X 
and y are (A9 £)-isomorphic if there exist operators S e A(X9 Y) and Te B(Y9 X) 
with TS = 7X and ST = 7y. In this case we put 

dAJX, Y) = inf {flS | A|| |]T| B[: S, T as above} . 

Of course we have the following necessary condition. If X and yare (4, .B)-isomorphic 
then we have 

Ix e B o A and IYe Ao B . 

Since most of the operator ideals are proper that means that only the identity of 
finite dimensional spaces belongs to the ideal we restrict ourselves to finite dimensional 
spaces. First we will list some simple properties. Here and in the following the sign ^ 
!g means also ... = c ... for some constant c > 0 not depending on the Banach spaces 
X and yor their dimension. 

(1) dLtL(X, Y) = d(X, Y) 

(2) dAtB(X',Y')£dA,iB,(Y,X) 
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(3) The inclusions i c C a n d _ c _ imply dCtD(X9 Y) = dAtB(X9 Y). 
It follows equality in (2) if A and B are symmetric. 

(4) dAoCtBoD(X9 Y) = dAtB(X9 Z) dCtD(Z9 Y) . 

(5) If A1 = A then In dAtA(X9 Y) becomes a quasi-metric. 

(6) The inequalities of Lewis-type 

\\S:Xn->Yn\A^<n^S\C^ 

flT:Y„-,ZB|B|=n"||T|Z)|| 

imply dAt^Xn, Yn) = nx+"dCtD(Xn, Yn) . 

Directly from the definition we obtain 

Lemma 1. Let A and B two quasi-normed operator ideals. Then 

dAtB(X9 Y) = max {\lx \ B o A||, \\lY \ A Q B\\} . 

In the following we will use a result of Lewis [6]. 

Lemma 2. Let A be any normed operator ideal. There exists for any two n-
dimensional spaces Xn and Yn an isomorphism T:Xn-+ Yn with ||-T|_4|| = 1 and 
| r - ' | - _ • ! - it. 

Therefore we have the next result about generalized Banach-Mazur distance. 

Proposition 1. Let A be any normed operator ideal. It holds for every n-dimension-
al spaces Xn and Yn the equality 

dAAXn, Yn) = n. 

Proof. The estimate from above follows directly from lemma 2. Otherwise we have 

n = trace (/: Yn -> Yn) = [|S | A|| flS"1 | _4*|| 

for every other isomorphism. This implies equality. 

Corollary. For every n-dimensional spaces Xn and Yn it holds 

d(Xn, Y„) = n . 

The next result which goes back to F. John goes in the same direction as lemma 2. 

Lemma 3. Let Xn be any n-dimensional space. Then there exists an isomorphism 
T:Xn -+ ln

2 with \T\ P2\ = n1/2 and | r _ 1 [ ] = 1. 
From this we deduce the next result. 

Proposition 2. Let 1 <. p < oo and X„ with dim XH = n. Then 

nmin(i/p,i/2) = d,rJX„ l2) < nmM(1"'-l,2) 
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Proof. Let 1 ^ p g 2. Take the isomorphism T of lemma 3. Then 

| | T | Pp\\ ^ n1/p~1/2\\T\ P2\\ = n1/p implies dPptL(Xn9 ln
2) = n1/p. 

From 

»^2 = |[/: x„ - x„ | P 2 | | =; ||/1 pp» =; ||s | PP1| Hs-H 
for any other isomorphism S: X„ -* l2 it follows 

dPpJX„, 15) = n1'2 . 

For 2 < p < co the proof is analogous. 

Corollary. For any n-dimensional space Xn it is 

dftJX„ /.) = n1'2 . 

Remark. The inequality of proposition 2 cannot be improved for 1 ^ p < 2. We 
have 

2 
co 

d (ľ n - f "1/2 f o г l = " = 
«*-,.iA/., Ь j - | n i / , for p, = „ = 

To show this we have to prove that 

dPp,L(lu> *S) = " 1 / 2 f o r 1 = M = 2 a n d 

^ / K , 5) = " 1 / p for p' ^ u ^ co . 

The first inequality follows by considering the identity from ln

u in ln

2 and from ln

2 in ln

u9 

respectively. The second one is implied by Kwapien's [5] result that Pp o Pp, = L* 
and 

„I/P + I/» = | | / : £ _ l: | j r * | | = | |S . j - _ ,» | p j ||S-i. j . _, ,- | p;/|l = 

= ||S|P.|||S-1':?:,->/2|Pp,| = 

= | s |p . | | s - 1 ' :r 1 - .r 2 |p . . |n 1 - 1 /« ' = 

^ColSlP-HS-1:/;-*^!/!1!-^ 

g c o l s l p j l s - 1 : / ; - . : ! ^ ! - . 

By analogous considerations it follows for 2 ^ p < co that 

^ ( C JS) = " 1 / 2 for 2 ̂  u ̂  co . 

So also in the case 2 ̂  p < co the estimate from above cannot be improved. But 
we have the following 

Problem. Are there for 2 < p < co a Banach space Xn and an isomorphism 
T:Xn -> ln

2 with ||T| Pp\\ IF " 1 ! g n1/p? 
If we change the order of Pp and L we get another estimate. 
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Proposition 3. Let 1 ^ p < oo and Xn with dimXw = n. Then 

nmi„(l/p,l/2) = ^ ( ^ f») = „ . 

Proof. The estimate from below is the same as in proposition 2. For the estimate 
from above we will use lemma 3 to X'„. Let T.X'„ -» l"2 with ||T| P2|| = n1'2 and 
\T~1\\ = 1. Putting S = (T - 1 ) ' we get ||Sfl = 1 and 

flS-lPj = | |T'|PP | | = flr |Nfl = | T | N | = n»/»|T|Pa| = n. 

Remark. The estimate cannot be improved even in the case p = 2. We have 

4 , P 2 ( C II) = nm"[(1/2>1/,''> 

Taking the identities we get the estimate from above. Otherwise for any isomorphism 
S: l"u -» r2 we have 

„ = trace(/: ln

u -* lu) = ||S | P2|| flS"1 | P2*|| = 

= «s | P a | I K 1 | P2\\ < flS: I " . - ra | P2fl I S " 1 | P 2 | | = 

= cc | |S|| flS"1 | P2|| = con1!-^: l»u -» r2|| flS"1 | P2|| . 

3. Estimates for quasi -norms generated by s-numbers 

Let s be any s-number function [8]. Let 0 < r < oo and 0 < w ^ oo. Then 
Te L(X, Y) belongs to Ls

rw(X, Y) if the following quasi-norm is finite 

I M - U =(f(n1/r-1/ws»(r))w)1/w ( * < « ) 
n = l 

||T|Lr

s

>00l = sup {nl"s„(T):n s N} . 

Of course we have the inequality 

\\T:Xtt^Y„\UrJ^n^\\T\\ 
which implies 

*»r»w ^ . , . w < „ (*., -;) = n1!""*1"™ d(X„, Y„) . 

Proposition 4. Lef s be any multiplicative s-number function, 0 < r(l), r(2) < oo 
and 0 < w(l), w(2) ^ oo. 77ien 

^ a ) ^ ) , ^ ) , , ) ^ Y) = * « { | 'x I ^w||> Pr I L U } 

/or 1/r = l/r(l) + l/r(2) and 1/w = l/w(l) + l/w(2). 

Proof. The assumption follows from lemma 1 and 

TS TS TS 
J L ' r ( l ) , w ( l ) ° J- 'r(2),>v(2) <- •--> -т,w ' 
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For the approximation numbers 

an(T) = inf {||r— L\: rankL< n} 
the Gelfand numbers 

cn(T) = inf {J 77*1: M a X, codimM < n} 

and the Kolmogorov numbers 

dn(T) = inf {\QNT\: Nc:Y,dimN< n} 
we get the following 

Corollary. For s e {a, c, d} we get 

^ r ( i ) , W ( i ) , L * r ( 2 ) W ( 2 ) v^»> Yn) = n 

Proof. The assumption follows from proposition 4, sk(lXr) = 1 for 1 ^ fc ^ n and 

J k = l 

Remark. Using Gluskin's result [3] about ck(l: lu -> /") we get equality in the 
preceding corollary for X„ = lu and Y„ = /" in some cases. Namely for 

^ l/o — 1/2 
1 < v < w < 2, r 2 < 2 -*- (-

ljv - l/ii 
and -, 1/w - !/ 2 

1 < w < v < 2, rx < 2 -- -- . 
l u - lv 
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