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AN ELEMENTARY APPROACH TO SOME APPLICATIONS OF NONSTANDARD
ANALYSIS

T. Neubrunn, B. Riedan, Z, Riedanova

It is possible in many cases to prove various assertions by
means of the methods of nonstandard analysis without complicate
logical means, Moreover, it is possible to avoid the ultrapover
construction, Such approaches are known (see e.,g. [2] ’ [h] ). The
aim of this paper is to show that such an approach is possible also
in the uniform spaces, in particular in topological vector spaces,
To illustrate such a situation we present simple proofs of two
known theorems,

Notations and notions,

Let X be a non empty set, I be an infinite index set, Let X
be the set of all functions x = (xn)neI from I to X, We identify
two functions x,y e XI, if X Yn for "almost all" n, This means
that the set {n e Ij X, = ynj belongs to a fixed ultrafilter F of
subsets of I containing all complements of finite subsets (so cal-
led nontrivial ultrafilter). Recall that F is ultrafilter, if 1)
#¢F 2)AnBeVF forall ABETF 3)BeF, if BD A for some
Bée Fand U4) either A€ F or I-A & T for every Ac I,

I

Hence, if we define (xn)n"-'(y'n)n iff {ne I; x = ynje F, we
obtain an equivalence relation,We shall denote by X the correspon-
ding faotor space and by [(x ) ] the member of *X containing (=),
If x € X, then [(x)n] € ®X, hence X € ®X in some sense,

Similarly we ocan define M)A for all subsets A C X by Ep =
= l kxn)n] } X, € A for all n ¢ If . Of course, in a class

(xn)n] there exist also functions (yh)n with some members out
of A, but in any ocase [n P Y, €A } € F,

Finally for a funotion f:A — B we can define its extension

w, K, _ K »* _

£:®4 — ®B by the formuta®e( [(x). ] ) = [(£(x)),] . It is not
difficult to prove that the definition is correct, i.e. it does not
depend on the choice of (xn)n.



198 T, Neubrunn, B, RieSan, Z, Riedanovi

If we want to do some analytical oconsiderations, we need some
further structures, Suppose for example that X is a topological
space, Then we can define for every x € X the monade m(x) =
= N {,KU; U is open, x & U} . If, moreover X is a metric space
with the metric d, we can define a relation ¥ on ®X by the fol-
lowing way: x =y iff { ne I} d(xn,yu)< r}e r for every r » O,
A similar relation can be defined in any uniform space, too.

Uniform spaces,

Let (X,U) be a uniform space with the (infinite) uniformity U
(see e.g. [3] ). As an index set we take I = U and we shall work
with a fixed ultrafilter F of subsets of U, containing all sets of
the form {ue U juc vy , where v e U, If x = [(xu)u] , ¥ =

[(yu)u] , then we write x = y iff {v €U, (xv,yv) e u} € T
for every u € U,

The proofs of the following propositions are quite simplc and
therefore we shall omit them,

Proposition 1, m(x) = {y € xX; yxx} for every x € X.

Proposition 2, A set Ac X is open iff m(x) ¢ ™A for every xc A.

Proposition 3. If X is Hausdorff, then m(x) n m(y) = @ whenever
X, y€ X, x £ ¥,

Theorem 1, Let C, Y be two uniform spaces, C be compact, If
£f:C — Y is continuous, then f is uniformly continuous,

Proof, 1, If r € C, x ¢ “C, then f£(r) =~ *r(x),

Indeed, since f is continuous in r, to every open neighbourhood
G of f(r) there is an open neighbourhood II of r such that £(I1)C G,
Let x = [(xu)u] . Since x & r, we have } u ¢ U; x e n}er,
hence {u € Uy f(xu) e Gle F, too. We obtain “f(x)e *G for every
G, hence “f(x) € m(£(r)). Therefore *f(x)=~ f£(r) by Prop. 1.

2, To every x € “C there exists r ¢ C such that x e m(r),
Indirectly, let there exist x € *C such that x ¢ m(r) for
every r € C, Then to every r ¢ C there exists an open neighbourhood

G, of r such that x ¢ "G_, Since { G r € C | oovers C and C is
compact, there are I ,...,r; € C such that Cc G v .. < G
Therefore x € “C € ™G v ... v "G_ and there is 4 with X
x € KGr » what is a oogxtradiction.

3,1 If x,y € "C, x ™ y, then “f(x) & ®r(y).

By Part 2 there are r,s ¢ C such that x ¢ m(r), ¥y ¢ m(s)., Then
x N r, y=s by Prop, 1, hence “f(x) =~ £(r), *£(y) ™ £(s) by Part L.
Evidently r = s, hence f(r) = f(s) and therefore Ee(x)~ ®£(y).
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4, £ is uniformly ocontinuous,

Indirectly, let there exist v € U such that for every uc U
there are x , v, € C with (xu,yu) e u and ’(‘f(xu), f(yu)) ﬁ v. Put
X = [(xu)u] ¥V = [(yu)u] . Then x,y€ C, x=~ y, but "f(x) =~
= ®r(y) does mot hold, what is a ocontradiction to Part 3.

Topologliocal veotor spaces

The proof of the following theorem is similar to a nonstandard
one given in (1] . In fact we formulate and prove a more general
result, Note first that a uniformity U is said to be invariant, if
for any u € U and any x,y ¢ X we have (x,y)eU iff (x + z,y + z)€ U,

Theorem 2, Let X be a finite dimensional vector space, Then the~
fe exists unique Hausdorff topology G on X such that

(1) G is induced by an invariant uniformity

(1i) for any x ¢ X the funotion a +—> ax is as a function of
the real variable continuous at O

(11i) m(0) is a vector subspace over "R of X,

Proof. Suppose U is invariant such that (i), (ii), (iii) are
satisfied., We prove that m(0) oconsists of all linear combinations
a;X, + a,X, + ... + @ X , where a, (i=1,2,,.,.,n) are infinitesimals
in*R and x;, X,y... X, is a basis in X, Suppose the last is not
true. Then x = a,x; + ... + a x , where at least one of a,
(1=1,2,...yn) is not infinitesimal,With no loss of generality we may
suppose all a; to be finite, If not we ocan choose a member K that

x =K ((a1/K) X{ + oees ¥+ (an/K)xn)
and all ai/K are finite, Then we oan take (a1/K) Xy +oees + U%{K)xn
instead of x,

So let ayjes.yay (J £ n) ve finite and not infinitesimal, Then
a, =by + %49 where bi.e R and c; are infinitesimal for i =
= 150009J0 Thus x = b + o, where be X, b ¥ 0 and ¢ infinitesimal,
Thus x € m(b) and we have m(b) A m(0) ¥ @, It is a contradiction
to Prop. 3. So for any uniformity whioh satisfies (i), (ii), (iii)
the monad m(0) is the same,

Now it remains to prove that if U and V are two invariant uni-
formities on X with mU(O) = mV(O), the topologies induced by U and
V coinoide, In faot, we obtain without difficulties mU(x) = mv(x)
for any x € X, If the topologies U and V were not identiocal, then
there 1s a set G open in the first and not in the second or ocon-
versly. Suppose the first oase, Then by Prop., 2 we have mU(x)C
for any x € G, but mv(xo) ¢ ™G for some x & G, It is a contra-
diot;on.

el
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Corollary 1, Let X be a finite dimensional vector space, Then
there exists unique Hausdorff topology on X such that X is a topolo-
gical space.

Proof. Any Hausdorff topology in which X is a topological vector
space evidently satisfies (i) and (ii)., The property (iii) follows
from the continuity of the operations of the sum and multiplication,

Corollary 2, Any Hausdorff topology satisfying (1), (ii), (iii)
on a finite dimensional vector space performs the space into a

Hausdorff topological spaoce,
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