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Abstract. In this paper we extend an abstract approach to inertial mani-
folds for nonautonomous dynamical systems. Our result on the existence of
inertial manifolds requires only two geometrical assumptions, called cone
invariance and squeezing property, and some additional technical assump-
tions like boundedness or smoothing properties.

In the second part of the paper we consider special nonautonomous dy-
namical systems, namely two-parameter semi-flows. As an application of
our abstract approach and for reason of comparison with known results we
verify the assumptions for semilinear nonautonomous evolution equations
whose linear part satisfies an exponential dichotomy condition and whose
nonlinear part is globally bounded and globally Lipschitz. Moreover, we
apply our result on parabolic evolution equation with constant selfadjoint
part. So we show that our abstract approach allows to obtain the sharp
conditions in the autonomous case but they are applicable for the nonau-
tonomous case, too.
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1 Introduction

Let us consider a dissipative nonlinear evolution equation of the form
U+ Au = f(u)

in a Banach space X', where A is a linear sectorial operator with compact resolvent
and f is a nonlinear function. Such an evolution equation may be an ordinary
differential equation (X = R™) or the abstract formulation of a semilinear parabolic
differential equation with X as a suitable function space over the spatial domain. In
the last case, A corresponds to a linear differential operator and f is a nonlinearity
which may involve derivatives of lower order than A.

Inertial manifolds are positively invariant, exponentially attracting, finite di-
mensional Lipschitz manifolds. The notion goes back to D. Henry and X. Mora
[ L1 ] and were first introduced and studied by P. Constantin, C. Foias,

B. Nicoalenko, G.R. Sell and R. Temam | I, I, | for selfad-
joint A. For the construction of inertial manifolds with A being non-selfadjoint see
for example | ] and | ]. Inertial manifolds are generalizations of center-

unstable manifolds and they are more convenient objects which capture the long-
time behavior of dynamical systems. If such a manifold exists, then it contains
the global attractor A. Usually an inertial manifold M is seeked as the graph of a
sufficiently smooth function m on PX, i.e.

M = graph(m) := {z + m(x) : © € PX},

where P is a finite dimensional projector. The finite dimensionality and the expo-
nential attracting property permit the reduction of the dynamics of the infinite or
high dimensional equation to the dynamics of a finite or low dimensional ordinary
differential equation

4+ Az = Pf(x +m(z)) in PX

called inertial form system. A stronger reduction property is the asymptotical
completeness property | |: Each trajectory of the evolution equation tends
exponentially to a trajectory in the inertial manifold.

There are a few ways of constructing an inertial manifold. Most of them are gen-
eralization of methods developed for the construction of unstable, center-unstable
or center manifolds for ordinary differential equations.

The above mentioned notion of inertial manifolds is translated and extended to
more general classes of differential equations like nonautonomous differential equa-
tions, [ I, 1 1 ], retarded parabolic differential equations, | 1,
[ |, or differential equations with random or stochastic perturbations,
[ I, [BF95], [CL99], [CSO1], [ J.

The construction of inertial manifolds often is redone for different classes of
equations. Our aim is to separate the general structure of the construction from
the technical estimates which vary from example to example. So in | ] we
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developed an existence result of inertial manifolds on the abstract level of nonau-
tonomous dynamical systems and we applied it to explicit nonautonomous evolu-
tion equations under various assumptions. The main assumptions on the nonau-
tonomous dynamical system are generalizations of the cone invariance property
and the squeezing property as geometrical assumptions on the nonautonomous
dynamical system. For the proof of the existence result we need some additional
technical assumptions on the nonautonomous dynamical system which we called
boundedness property and coercivity property. For nonautonomous semilinear evo-
lution equations whose linear part satisfies an exponential dichotomy condition and
these properties follows from the global boundedness of the nonlinear part and its
global Lipschitz property.

Whereas the global Lipschitz property is a standard assumption and which is
also used to verify the cone invariance and squeezing property, in some approaches
to inertial manifolds the boundedness assumption is removed or at least replaced
by weaker assumptions, for example by the requirement that there is a stationary
solution.

For reason of completeness we repeat the essential results of | |. In addition
to [ ], we will introduce another group of technical assumptions which can be
verified in the case of evolution equations without boundedness assumption on the
nonlinear part but by assuming of an special stationarity property and a quantified
coercivity property.

Moreover we give a slight extension to the case the nonautonomous dynamical
system acts on a Banach space X whereas the cone invariance and squeezing prop-
erty are required only with respect to the weaker norm of a larger space ). This
includes the situation of parabolic evolution equations where the smoothing action
of these problems allows to use weaker assumptions on the dynamical system.

2 Nonautonomous Dynamical Systems

2.1 Preliminaries
Let (X,] - ||x) be a Banach space.

Definition 1 (Nonautonomous Dynamical System (NDS)). A nonautono-
mous dynamical system (NDS) on X is a cocycle ¢ over a driving system 6 on a
set B, i.e.

(i) 0 : R x B — B is a dynamical system, i.e. the family 0(¢,-) = 0(¢t) : B — B
of self-mappings of B satisfies the group property

0(0) =idp, O(t+s)=0(t)o0(s)

for all ,s € R.
(i) ¢ : Ry x Bx X — X is a cocycle, i.e. the family (¢, b,-) = p(¢,0) : X — X
of self-mappings of X satisfies the cocycle property
90(0’ b) =idxy, (P(t + s, b) = <p(t, 9(8)b) o 90(87 b)

for all t,s > 0 and b € B. Moreover (¢, z) — ¢(t,b, x) is continuous.
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Remark 2. (i) The set B is called base and in applications it has additional struc-
ture, e.g. it is a probability space, a topological space or a compact group and the
driving system has additional regularity, e.g. it is ergodic or continuous.

(ii) The pair of mappings

0,0) RegxBxX —=BxX, (tbx)— (0(t,b),0(t,b,x))

is a special semi-dynamical system a so-called skew product flow (usually one
requires additionally that (6, ) is continuous). If B = {b} consists of one point
then the cocycle ¢ is a semi-dynamical system.

(iii) We use the abbreviations 6,b or 8(¢)b for 0(t,b) and (¢, b)x for ¢(t,b, x).
We also say that ¢ is an NDS to abbreviate the situation of Definition 1.

Definition 3 (Nonautonomous Set). A family M = (M (b)), of non-empty
sets M(b) C X is called a nonautonomous set and M(b) is called the b-fiber of M
or the fiber of M over b. We say that M is closed, open, bounded, or compact, if
every fiber has the corresponding property. For notational convenience we use the
identification M ~ {(b,z): be B, x € M(b)} C Bx X.

Definition 4 (Invariance of Nonautonomous Set). A nonautonomous set
M is called forward invariant under the NDS ¢, if ¢(t,b)M(b) C M(0;b) for
t > 0and b € B. It is called invariant, if (t,b)M(b) = M(6:b) for ¢ > 0 and
beB.

Definition 5 (Inertial Manifold). Let ¢ be an NDS. Then a nonautonomous
set M is called (nonautonomous) inertial manifold if

(i) every fiber M(b) is a finite-dimensional Lipschitz manifold in X of dimen-
sion N for an N € N;

(if) M is invariant;

(iii) M is exponentially attracting, i.e. there exists a positive constant n such
that for every b € B and x € M(b) there exists an &’ € M(b) with

llo(t,b)x — @(t,b)z’||x < Ke™™ fort >0and b € B

and a constant K = K(b,z,z’) > 0.

The property (iii) is also called exponential tracking property or asymptotic
completeness property and =’ or ¢(-,b)a’ is said to be the asymptotic phase of x
or (-, b)x, respectively.

Recall that if D and A are nonempty closed sets in X, the Hausdorff semi-metric
d(D|A) is defined by

d(D|A) := sup d(z, A), dz,A) = ;g&d(ﬂzy) = Inf, |z —yll -

The appropriate generalization of convergence to a nonautonomous set A is
the pullback convergence defined by

d(p(t,0_¢b)x, A(b)) — 0 for t — o0,
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which was introduced in the mid 1990s in the context of random dynamical

systems (see Crauel and Flandoli | ], Flandoli and Schmalfuss | ], and
Schmalfuss | ]) and has been used e.g. in numerical dynamics. Note that a
similar idea had already been used in the 1960s by Mark Krasnoselski | ] to

establish the existence of solutions that exist and remain bounded on the entire
time set.

Now we define a handy notion (see Ludwig Arnold | , Definition 4.1.1(ii)])
excluding exponential growth of a function.

Definition 6 (Temperedness). A function R : B — |0, 0] is called tempered
from above if for every b € B

. 1
lim sup —

log R(6:b) = 0.
t—+oo ‘t|

Note that the following characterization holds.

Corollary 7. Suppose that R : B — ]0,00[ is a nonautonomous variable. Then
the following statements are equivalent:

(i) R is tempered from above.

(i) For every € > 0 and b € B there exists a T > 0 such that

R(0:b) < el for |t| > T .

Definition 8 (Nonautonomous Projector). A family 7 = (n(b)),.z of pro-
jectors w(b) € L(X,X) in X is called nonautonomous projector.
(i) m is called tempered from above if b — ||7(b)||L(x,x) is tempered from above.
(ii) 7 is called N-dimensional for an N € N if dim imn(b) = N for every b € B.

2.2 Inertial Manifolds for Nonautonomous Dynamical Systems

Now let (X,)) be a pair of two Banach spaces such that X is continuously em-
bedded in Y,

X =Y.

Our goal is to construct an inertial manifold in X. For this we will use some
assumptions with respect to the norm of X'. In order to be more general, we will
allow that some assumptions are required only with respect to the weaker norm of
the larger space ). To compense the different quality of the norms we need some
smoothing action of the dynamical system. Note that in many cases one can use
X =), and for a first reading it is good to assume X = ) and to overread the
technical difficulties dealing with the case X # ).

Let m be an N-dimensional nonautonomous projector in ). We define the
complementary projector

7T2(b) = idy—ﬂ'l(b) forbeB.
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Then
Xl(b) = Wl(b)x and Xg(b) = Wz(b)){, beB

define nonautonomous sets X; consisting of complementary linear subspaces X;;(b)
of X, ie. X1(b) @ X2(b) = X. For this fact we also write X @ X = B x X. Further
let

Vi(b) :==m1 (b)Y and Ia(b) :=ma (b)Y, beEDB.

‘We assume that
X1(b) = 1(b) be B.

We say that m; is tempered above in X if the restriction (m(b)] X)beg of m
onto X is tempered above.
We want to construct a nonautonomous inertial manifold

M = (M(b))beB

consisting of manifolds M (b) which are trivial in the sense that each of them can
be described by a single chart, i.e.

M(b) = graph(m(b,-)) := {x1 + m(b,z1) : 1 € X1(b)}

with m(b,-) = m(b) : X1(b) — Xa(b).
For a positive constant L we introduce the nonautonomous set

Cr:=A{(b,z) e BXX: [[ma(b)zlly < Lllm(b)z]ly}-

Since the fibers Cr(b) are cones it is called (nonautonomous) cone. The following
definition is a slight generalization of that one in | ]

Definition 9 (Cone Invariance). The NDS ¢ satisfies the (nonautonomous)
cone invariance property for a cone Cy, if there are a function L :]0, co[ — |0, o0]
and a number T > 0 such that
Lit)y<L fort>T,
and such that for b € B and z,y € X,
x—y€eCrd)

implies
@(t,b)z — @(t,b)y € C 4y (0:D) fort>0.

Now we define a property of a cocycle ¢ which describes a kind of squeezing outside
a given cone.
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Definition 10 (Squeezing Property). The NDS ¢ satisfies the (nonautono-
mous) squeezing property for a cone Cj, if there exist positive constants K, Ko
and 7 such that for every b € B, z,y € X and T > 0 the identity

w1 (07b)p(T,b)x = 71 (07b)(T, b)y
implies for all ' € X with 71(b)a’ = m1(b)x and 2’ — y € C,(b) the estimates
I7:(8:b) [ (¢, ) — o (t,0)yllly < Kie ™ ||ma(b)[x — 2']lly, i=1,2,
for t € [0,T].

Remark 11. The cone invariance and squeezing property are generalization and
modifications of the notion of cone invariance and squeezing property for evolution
equations. A combination of both properties is sometimes called strong squeezing
property, and it was first introduced for the Kuramoto-Sivashinsky equations in
[ | ]. An abstract version of it was developed in | ], an-
other formulation of it can be found for example in | I, [ I, [ 1,
[ I ]. Essentially, a strong squeezing property states that if the differ-
ence of two solutions of the evolution equation belongs to a special cone then it
remains in the cone for all further times (that is the cone invariance property);
otherwise the distance between the solutions decays exponentially (that is the
squeezing property).

Definition 12 (Boundedness Property). The NDS ¢ satisfies the (nonauto-
nomous) boundedness property if for all t > 0, b € B and all M; > 0 there exists
a My > 0 such that for z € X with ||ma(b)z||x < M; the estimate

[m2(0:0)p(t, b) x| x < Mo
holds.

Definition 13 (Coercivity Property). The NDS ¢ satisfies the (nonautono-
mous) coercivity property if for all t > 0, b € B and all M3 > 0 there exists an
M, > 0 such that for x € X with ||m1(b)z| x > My the estimate

|71 (0:b)(t, b)x||x > M3
holds.

With the boundedness property we will ensure that the graph transformation
mapping can be defined on a complete metric space of bounded functions. The
coercivity property will ensure the existence of global homeomorphisms used for
the definition of the graph transformation mapping.

Remark 14. As we will show later in Sec. 3.2, for evolution equations the coercivity
and boundedness property of ¢ follows from the boundedness of the nonlinearity
and exponential dichotomy properties of the linear part. While a global Lipschitz
property of the nonlinearity is used for the cone invariance and squeezing property,
too, the boundedness of the nonlinearity is an additional restriction.
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Therefore, we introduce now another group of technical assumptions which for evo-
lution equations can be verified without boundedness assumption on the nonlinear
part.

Definition 15 (Stationarity Property). The NDS ¢ satisfies the (nonautono-
mous) stationarity property if there is a uniformly bounded invariant set Z.

The stationarity property together with the cone invariance property will allow to
define the graph transformation mapping in a space of linearly bounded functions.

Definition 16 (Strong Coercivity Property). The NDS ¢ satisfies the (non-
autonomous) strong coercivity property with respect to invariant set I and the
cone Cyp, if for all b € B there exist positive numbers M5, Mg, M7 such that for
x € Z(b) + Cr(b) and all t > 0 the estimate

I (b)z]|x < Mse™e* (M7 + || (0:)@(t, b)x || x )
holds.

The strong coercivity property will ensure the existence of global homeomor-
phisms used for the definition of the graph transformation mapping and it will be
used to show the contractivity of the graph transformation mapping

Remark 17. As we will show later in Sec. 3.2, for evolution equations the strong
coercivity property of ¢ follows from the uniform boundedness of an invariant set
7 and exponential dichotomy properties of the linear part.

If X # ) we need some properties to compense the weaker norm.

Definition 18 (Smoothing Property). The NDS ¢ satisfies the smoothing
property if there are function Mg, My : ]0,00[ — ]0, 00[ such that for =,y € X,
b € B, and t > 0 the Lipschitz estimates

(2, 0)x — (t, D)yl x < Ms(®)llx — ylly
and
[m1(0) [z — yllly < Mo()[|71(0:0)[0(2, D)z — p(t, 0)yllly  ifr—yely
hold.

Remark 19. For parabolic evolution equations these smoothing property is a conse-
quence of global Lipschitz property of the nonlinearity and the smoothing property
of parabolic equations.

Theorem 20 (Existence of Inertial Manifold). Let ¢ be an NDS on a Ba-
nach space X — Y over a driving system 6 : R x B — B on a set B and assume
that ¢ satisfies the cone invariance and squeezing property.
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Moreover let ¢ satisfy the following technical assumptions:
® p possesses the coercivity and boundedness property
or
e © possesses the strong coercivity and stationarity property with respect to
the invariant set T and the cone Cp with a constant Mg < 1.
If X £ Y, we further assume that
®  possesses the smoothing property, and that m is tempered from above in
X, and that there are constants Mygand My, with

Im2(O)ll L, 2y < Mo, [[m(b)zlly < Mulm(b)zlx  forzeX, beB.

Then there exists an inertial manifold M = (M(b)),cp of @ with the following
properties:
(i) M(b) is a graph in X1(b) & Xa(b),

M(b) = {.131 —|—m(b,x1) 1 X € Xl(b)}

with a mapping m(b,-) = m(b) : X1(b) — AXa(b) which is globally Lipschitz contin-
uous R
[m (b, z1) —m(b,y1)l[x < Lllzr — i llx

with some L > 0, and it satisfies

[m(b; z1) —m(b,y)lly < Lz —yilly

with L from the cone invariance property.
(i) M is exponentially attracting in X

lo(t,0)x — o(t, b)a’ || < Ke™[|mz(b)a — m(b, m (b)z)||x

fort > 1,4 =1,2 with an asymptotic phase ' = a'(b,x) € M(b) of x and some

K independent of z, 2', b, t, and we have
173 (0:b) (2, ) — (t, b)a"|[ly < Kie™™||m2(b)z — m(b, w1 (b)x) |y

fort>0,1i=1,2 with K1, K3 > 0 from the squeezing property.

(iii) If in addition w1 is tempered from above in X, then M is pullback at-
tracting in X, more precisely, there is a T > 0 such that for each bounded set
DckXx

d(p(t,0_b)DIM(b)) < e ™/2d(D|IM(0_;b))  fort>T. (1)

Proof. We divide the proof into two parts. In the first part we assume that ¢ pos-
sesses the boundedness and coercivity property. Since the proof is rather involved
we split this part into four steps. In the first step we define the graph transforma-
tion mapping. In the second step we show that it has a unique fixed point m(b)
which gives rise to a nonautonomous invariant set M of Lipschitz manifolds M (b).
In the third step the exponential tracking property is proved and in the fourth step
we investigate the pullback attractivity of M.
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In the second part we assume that ¢ satisfies the strong coercivity and sta-
tionarity property. There we will repeat only these parts of the proof which are
changing.

Part I: Let ¢ satisfy the boundedness and coercivity property.

Step 1: Definition of graph transformation mapping
We construct the manifolds M(b) = graph(m(b)) as the fixed point of the
cocycle ¢ acting on a certain class of functions g with

The set G of mappings of the form
X1 3 (b,x1) — (b,g(b,x1)) € Xa,

such that g is bounded and g(b, -) is continuous for every b € B is a Banach space
with the norm

lgllg = sup [lg(b,z1)]lx .

b,x1)EX]

Moreover let G;, denote the subset of G containing all mappings which satisfy the
global Lipschitz condition

lg(b; z1) = g(b,y1)lly < Lljzy = yally

for (b, x1), (b,y1) € X1 with L from the cone invariance property. Note that both
G and Gy, C G are complete metric spaces.

Let T > 0 be arbitrary, but fixed. We wish to define the graph transformation
mapping GT: G, — G such that

graph((G" g)(07b,-)) = @(T, b)graph(g(b, -))

and this means that & € graph((GTg)(0rb,")) equals (T, b)z for some x €
graph(g(b,-)). More precisely, for an &1 € X (0rb) we want to define

(GTg)(07b,%1) = T2 € Xo(Orb)
by determining an x € graph(g(b, -)) such that
T (07D)p(T,b)x = 71 and w2 (07b)p(T, b)x =: (GTg)(07b, 71) .

To this end we show that for each T > 0, b € B, &; € X1(0rb), g € G, the
boundary value problem

z € graph(g(b,-)), m(0rb)p(T,b)x = 1 (2)

has a unique solution x = (T, b, 1, g).
Uniqueness of a solution of (2). Assume there exist z and y with

x,y € graph(g(b,-)), m(Orb)p(T,b)x = (0rb)p(T,b)y =1 .
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We get © —y € Cr(b) and the squeezing property (with 2/ = z) implies the identity
p(t, by = p(t,b)y for ¢t € [0,77].

Hence x = y and there is at most one solution = (7, b, 1, g) of (2).
Ezistence of a solution of (2). Note that by assumption & (b) = Vi (b) for b € B.
Let T > 0,b € B, g € G, be fixed and define H: X;(b) — X1 (67b) by

H(z1) == m(07b)p(T,b)(z1 + g(b, x1)) -

By the continuity of ¢(T,b) and g(b,-), H is continuous. For &1 € HX;(b) C
X1(07b), any z1 in the preimage H 1(#1) = {z1 € Xi(b) : H(z1) = 71} gives
rise to a solution x = z1 + g(b,z1) of the boundary value problem (2). As we
have already seen, there exists at most one solution denoted by 3(T,b, %1, g) and
therefore the inverse H ! of H is given by

H Y&) =m(b)B(T,b,21,9) on HX;(07b).

Now we show the continuity of H~! : HX;(b) — Ai(b). Suppose, there is a e
HX,(b) C X1(07b) such that H~' is not continuous at £&. Then there are & > 0
and a sequence (& )ren in X (07b) such that & — & as k — oo and

1€ — Sollx > € for all k € N (3)

where &, := m1(b)3(T, b, gk,g) for k=0,1,....

First, we suppose that there is a subsequence of ({;)ren, denoted for shortness
again by (&;)ken, with ||&x||x — 0o as k — oo. Then the coercivity property of ¢
implies

1€kl = 1 H (&)l = |lm1(00b)o(T,b) (& + g(b,&))llx — 00 as k — oo,

but this contradicts Ek — éo.

Therefore we have proved that ({;)ren is bounded. Since X;(b) is a finite-
dimensional space, there is a convergent subsequence, denoted for shortness again
by (&k)ken, with a limit

foo = lim & € X1 (D) - (4)

By the continuity of H, we have H (&) — H(Ex). Since also H(&) = & — & =
H (&) we get & = £o in contradiction to (3) and (4). Therefore, H and H ! are
continuous.

Now we show that H is onto, i.e. satisfies

H2X,(b) = X1(67b) . ()

By the coercivity of ¢, we have the norm coercivity ||H (§)||x — oo for ||£]|x — oo
of H. Since X;(b) is finite-dimensional, H is a sequentially compact mapping. By
[ , Theorem 3.7], H is a homeomorphism from &} (b) onto X (67b) and hence
we have (5).
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Thus we have unique solvability of (2), and we can define the graph transfor-
mation mapping GT by
(GTg)(aTbv j;l) = T2 (aTb)SO(Tv b)ﬁ(Tv b7 ‘%1 ) g)
for T > 0,be B, 21 € X1(0rb), and g € G1,. Note that we have

graph((GTg)(0rb, ) = (T, b)graph(g(b,)) -
Since H=1: X1 (07b) — X1(b), g(b,-) : X1(b) — Xa(b) and 71 (b)p(T,b) : X —
X are continuous, and
B(T,b,&1,9) = H™ ' (#1) + g(b, H ' (31))

holds, the mapping (G7g)(07b,-) : X1(01b) — Xa(67b) is also continuous.
Now we show that
1GTgllg < .

Since g € G there is a M; with ||m2(b)x|lx < M; for all b € B and all z €

graph(g(b, -)). By the boundedness property of ¢ there is a Ms such that
[m2(07b)p(t, b)z|lx < M
for all b € B and all z € X with ||m2(b)z||x < M;. Let b € By, &1 € X1(61b) be
arbitrary. Then 8(T,b,%1,9) € graph(g(b,-)), hence ||m2(b)3(T, b, %1, 9)||x < M,
and therefore
1(GT9)(0rb, 21) || x = |Im2(8rb) o (T, b)B(T, b, 1, g)|| x < M2

proving that ||GTg|lg < oo, i.e. GTg € G.

Let T > 0, b € B, Z1,%2 € X1(07b), g € G, be arbitrary. Since 3(T,b,Z1,9),
B(T,b, &2, g) € graph(g(b,-)), we get

B(Tabvi‘lag)_ﬂ(Tvba'iZMQ) eCL(b) (6)

and the cone invariance property implies for 7' > Tj a Lipschitz estimate for G”g,

(G 9)(0rb, 1) — (GTg)(0rb, E2)||y
S L”ﬂ-l (eTb)(QO(T, b)ﬂ(Ta b7 i‘la g) - QD(Tv b)ﬁ(Tv ba j527 g)) Hy
= Ll|21 — T2y
ie. (GTg)(0rb,-) satisfies a Lipschitz condition as mapping from Y (b) into )
with Lipschitz constant L. Thus G* maps Gy, into G for every T > 0, and it is
self-mapping for T > Tj.
Moreover, using the smoothing property, for 7' > 0 we obtain
(G g)(0rb, &1) — (GT g)(0rb, &2)| 2
< ||7T2(0Tb)||L(X)X) H()D(Tv b)ﬁ(Tv ba jjla g) - @(T’ b)ﬂ(Ta b7 i‘Qa g)”X
S M10M8(T)||ﬂ(T7 ba jjla g) - ﬁ(Tv ba jj27 g) Hy
S (1 + L)MS(T)Ml()Hﬂ-l(b) [/B(Tv ba j:lv g) - /B(Tv ba j’.27 g)] ||y
< (1 + L)Mg(T)Mo(T)Mio||Z1 — 22|y

IN

L||@ — Z2|x
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where

L:= (1 + L)Ms(T)Mg(T)MloMll .

Step 2: Unique fixed-point of graph transformation mappings
Let T > 0,b € B, &1 € X1(0rb), g,h € G, and = € graph(g(b,-)), y €
graph(h(b,-)) with

™1 (gTb)(p(T, b)x =T (9Tb)<p(T, b)y = :i'l .

Define
2 =7 (b)x + h(b, 1 (b)x) .

Then 2’ — y € Cr, and the squeezing property implies
I73(8eb) (2, )z — (L, b)yllly < Kae™™lg(b, m1(b)x) — h(b, w1 (b)) ]|y
for t € [0,T]. If X = Y we obtain
1(G" g)(07b, 1) — (GTh)(Orb, 1)l x
< Kae " |g(b, m () B(T, b, &1, 9)) — h(b, 1 (0)B(T, b, &1, 9))l|x
and passing to the sup over all (07b,Z1) € X1 we get
IGTg —GThllg < w(T)lg — hllg (7)
for al T > 0, g, h € G, where
K(T) == Koe " .
If X # Y we proceed as follows: Because of
(G"g)(0rb, &;) = ma(0rb) (1, 07_1b)p(T — 1,b)3(T, b, &4, 9)

and using the smoothing property and the continuous embedding of X in ) we
find

I(GT g)(07b, %) — (GT g)(07b, %) x
S MlOMS(l)”gO(T - 17 b)ﬁ(Tv ba'ihg) - @(T - 1? b)ﬁ(Ta b7 i‘Q,g)”)f
< ‘%(T)”g(bv Wl(b)ﬂ(T, bv j"lv g)) - h(b7 1 (b)/B(Tv bv j"lv g))”X
and hence (7) with
K(T) = (K1 + Ko)Mg(1)MyoCe 1T~

for T > 1, where C' is an embedding constant for the embedding from X into ).
Since 1 > 0 and since 7y is tempered from above in X, there is a positive

Ty > Ty with x(T) < 1 for T > Ty. Thus, for T > Ty, GT is a contractive self-

mapping on the complete metric space Gr,. Now choose and fix an arbitrary T>T
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and let m denote the unique fixed-point of GTing 1. We show that m is the unique
fixed-point of GT for every T' > 0.
For every T > 0 the mapping GT'm € G is uniquely determined by the graphs

graph((G"m)(0rb, ) = (T, b)graph(m(b,)),  beB.

For T'> 0 and b € B we have the identity

G m) (07, b, ) = o(T + T, b)graph(m(b, -))

(T, 0:b) (T, b)graph(m(b, -))
@(T, 07b)graph(m (04D, -))
ar

raph((G"m) (07, 7b,-))

graph((

and therefore GTm = GTJFTm € Gr,. Hence the composition GT GT'm makes sense
for T,T" > 0 and we get

graph((GT G 'm) (011, -)) = (T, O7:b)graph(G™ m(67+b, -))
= QO(T, GT’ b)@(T/’ b)graph(m(b, ))
= (T +T',b)graph(m(b, -))

= graph((G"H"m) (01470, ))
and therefore GTGT'm = GT'GTm = GT+ T m for T, T’ > 0. We get
GT(GTm) = GT(GTm) = GTm.
Thus GT'm equals the unique fixed-point m of GT and we have
G"m=m forT>0.

To prove the uniqueness of the fixed-point m of G7, assume that m* is another
fixed-point. But then m and m* are both fixed-points of G*T for every k € N.
Choosing k large enough such that k7" > T) we know that G*T has a unique
fixed-point and this implies m = m*.

Thus m is the unique mapping in Gy, with the invariance property

p(t, b)graph(m(b, -)) = graph(m(6;b,-)) fort >0andbeB.

We define M(b) := graph(m(b,-)) for b € B.

Step 3: Existence of asymptotic phases

Let b € B and x € X be arbitrary and let (¢x)kren be a monotonously increasing
sequence of positive real numbers t;, with ¢, — oo for k& — oo. Define 3’ :=
m1(b)x + m(b, 71 (b)x) € graph(m(b,-)) and

g = B(tk, b, 71 (04, b)p(t, b)x, m) € graph(m(b,-)) .
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We get ¢ — x, € Cr(b) and the squeezing property implies for i = 1,2, ¢ € [0, ¢x]
17:(0:0) [0 (t, ) — (2, b)zi] ||y < Kie™"||m2(b)x — m(b, m1 (b)x)]|y -
In particular, we find for ¢ =1 and ¢t =0

[m1(B)zklly < [Imi(d)zlly + [[71(b)[z — z£]lly
< [|m1(0)zlly + Killm2(b)x — m(b, m1(b)x)]|y .

Therefore we have proved that (7 (b)xk)ren C X1(b) = Y1(b) is bounded. Since
X1(b) is a finite-dimensional space, there is a convergent subsequence, denoted
again by (71 (b)zk)ken. Since

xg = m(b)xg + m(b, w1 (b)xy)
and m(b, -) is continuous, also (x)ren 1s converging to some
x’ € graph(m(b,-)) .
Then we get for i = 1,2
I7:(6:D)[(t, D)z — (¢, )] ||y

< [lmi(0:0)[(t, ) — (2, D)l y + [l (6:0) [0 (¢

D)y — o(t,b)a"][y
< Kie " ||ma(b)a — m(b, w1 (b)) ||y + ||7i(0:b) (¢

D)k — o (t,0)a'lly

forall T > 0, t € [0,7T] and all k¥ € N5 with ¢, > T. By the continuity of ¢(t,b),
and because of x; — 2/, the second term can be made arbitrary small for each
fixed t € [0, 7] choosing k large enough. Therefore,

17 (B:b)[o(t, )z — @(t,0)2 |y < Kie™™||ma(b)a — m(b, w1 (b)x)||y

for t > 0, i.e. 2’ € M(b) is an asymptotic phase of x if X = ).
If X # Y, then we note that the smoothing property and the continuous
embedding of X in ) implies the existence of a constant K with

lp(t, )z — (t,b)a’ || x < K" ||ma(b)x — m(b,m(b)z) |« fort>1.
Step 4: Pullback attractivity

Note that with m; also the complementary projector 75 is tempered from above.
Since ¢(t,b)z’ € M(6;b) for every x € X, t >0, b € B. Step 3 implies

d(p(t, b)z, M(0:b)) < Ke " ||my(b)[z — 2/]||x  fort>1

with 2/ = 7 (b)x 4+ m(b, 71 (b)x) and some constant K. Let z € M(b) be arbitrary.

/

Then, because of ' € M(b), the Lipschitz property of m, and m (b)x = m1(b)a’,
Ima(®)x — ')l x < [[ma(b)[w — 2]l|x + Lilma(b)[z — 2'][|x
= (Im2®) ) + Elm®)lnie) o = 2l
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Hence

Imo®)le — 2l < (Im2®)lzey + Llim B e ) dar, MB))
Replacing b by 6_,b, choosing a T' > 1 such that

K- (H772(97tb)”L(X,X) + LHﬂ—l(eftb)HL(X,X)) < ezt fort>T
(Corollary 7), we obtain

d(p(t,0_;b)x, M(b)) < e 2td(z, M(0_4b)) < e”2'd(D, M(0_;b))
for t > T proving the pullback attractivity of M with T" independent of D.

Part II: Let ¢ satisfy the stationarity property and strong coercivity property
with respect to the invariant set Z and the cone Cp with a constant Mg < 1.

The main difference in comparison to Part I concerns the utilization of another
complete metric space (a space of linearly bounded functions instead of a space of
bounded functions) and therefore an appropriate proof of contraction property of
the graph transformation mapping.

Let G be the set mappings of the form

Xl > (bvxl) = (bvg(bvxl)) € X2 )

such that =1 + g(b,z1) € Z(b) + Cr(b) for every (b,x1) € &} and that g(b,-) is
linearly bounded uniformly in b. i.e., for g there are C1,Cy > 0 with

lg(b,z1)[[x < Co+ Cillzally  for (b,z1) € X1 =Y.
We equipped G with the norm

lgllg = sup gtz
b yex, Mz + [|z1lly

As in the proof of Theorem 20, let G;, denote the subset of G containing all map-
pings which satisfy the global Lipschitz condition

lg(b; z1) = g(b,y1)[ly < Lljzy = yally

for (b, x1), (b,y1) € X1 with L from the cone invariance property. Note that both
G and G, C G are complete metric spaces.

As in the proof of Theorem 20, the strong coercivity property and the squeezing
property allow to define the graph transformation mapping G*: G, — G for T' > 0
by

(G" 9)(07b, &1) = ma2(07D) (T, 0)B(T, b, %1, 9)

for T'>0,b€ B, &1 € X1(07b), and g € Gr, where x = 3(T,b,%1,9) € Z(b)+Cr(b)
is the unique solution of the boundary value problem

x € graph(g(b,-)), w1 (07b)p(T,b)x =Ty . (8)
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The cone invariance property implies
I(G" g)(0rb, #1) — (GTg) (6, Z2)|| 2 < L(T)||Z1 — 22 2

for T > Ty, b € B, &1,%2 € X1(07)), g € Gr.. Especially, by the stationarity prop-
erty for each z € Z(b) with ma(b)z = g(b, m1(b)x) we have &5 + (GTg)(0rb, 72) €
Z(07b) for To = m1(67b)x. Therefore

(GTg)(b,21) = (GTg) (b, x2)|ly < L2y — 2|y
and
(GTg)(b,x1) € Z(b) +C1

for T > Tp, b € B, 21,22 € X1(b), g € G,. As in Step 1 of Part I of the proof
follows that GTg is a Lipschitz mapping from A; into A5. Thus, GT maps G, into
itself for T' > Tj.

Remains to show the contractivity of GT with respect to the norm || - ||g of the
new space G. Proceeding as in Step 2 of Part I of the proof, the squeezing property
implies

Im2(0:0) (8, b)x — (t,D)yllly < Kae™™lg(b, m(b)2) — h(b, m1(b)x)]y
for ¢ € [0, T]. We restrict us to the more complicate case X # ). Because of
(G 9)(0rb, 1) = ma(07b)p(1, 0r-10)p(T — 1,0)B(T, b, &, g)

and using the smoothing property and the continuous embedding of X in ) we
find

(G 9)(07b, &) — (GT g)(Orb, %) x

< MlOMg(]‘)”QO(T - ]-7 b)ﬁ(Tv bv‘%bg) - (P(T - 17 b)/B(Tv ba jf.Qvg)”y

< R(T)”g(b? Wl(b)ﬁ(Ta b7i‘1ag)) - h‘(b’ ﬂ-l(b)ﬁ(Ta b,i‘l,g))”)(
with

#(T) = (K, + K2)Mg(1)MypCe "1
for T > 1 where C' is an embedding constant for the embedding from X into ).
Thus
(G"g)(07d, 1) — (GTh)(Orb, &1)||x
My + [|m(07b)Z1 ||

~ Hg(bv Wl(b)ﬁ(Ta bv ‘%17 g)) B h(b7 Wl(b)ﬁ(Ta bv ‘%17 g))”X
= Rk My + m BB b, 51, 9)
with
b o M+ T (0)B(T b, 21, 9)l|x

Mz + ||m1(070) 21 || x
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Using the strong coercivity property we find

My + MseMo™ (M7 + ||my (07b) 31 || )
M7 + || (67b) %1 || 2

ks < <14 MzeMeT

and passing to the sup over all (07b,Z1) € X1 we get
IG"g — GThllg < K(T)|lg —hlig
for al T > 1, g, h € Gr,, where
K(T) == (1 4+ MseMT)&(T)
= (1+ M5e™eT) ||y (07b) || L, 2) Ms (1) C (K1 + Ka)e "1

Since 7 > Mg and since 79 is tempered from above in X', there is a positive 71 > Tj
with x(T) < 1 for T > Ty. Thus, for T > Ty, G is a contractive self-mapping on
the complete metric space Gy,.

The rest of the proof proceeds as in the first part of the proof.

3 Nonautonomous Evolution Equations

3.1 Two-Parameter Semi-Flow

Let (X, ] - ||x) be a Banach space. The solutions of a nonautonomous evolution
equation will not generate a semi-flow but a two-parameter semi-flow.

Definition 21 (Two-parameter Semi-Flow). A two-parameter semi-flow p
on X is a continuous mapping

{(t,s,2) ERXxRx X:t>s}2(t,s,2)— ult,s,x) e X

which satisfies
(1) p(s,s,-) =idy for s € R;
(ii) the two-parameter semi-flow property for t > 7> s, x € X, i.e.

p(t, 7, (7,8, 0)) = plt, s, x) .
The next lemma explains how a two-parameter semi-flow defines an NDS.

Lemma 22 (Two-parameter Semi-Flow defines NDS). Suppose that p is a
two-parameter semi-flow. Then ¢ : R>og X Bx X — &,

o(t,b)x = p(t+b,b,x) (9)
is an NDS with base B =R and driving system 0 : R x B — B,
Ot)yb=t+b.

Moreover, fort > s and x € X the relation u(t,s, ) = o(t — s, s)z holds.
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Proof. 6 is a dynamical system. We have
©(0,b) = u(b,b,-) =idy .
We use the two-parameter semi-flow property of p to obtain for ¢, s > 0, b€ B

ol +5,6) = (e + 5+ b,b,)
= ¢(t,05b) 0 p(s,0) ,

proving the cocycle property of ¢. The continuity of p implies the continuity
of (t,z) — (¢, b)z. Now substitute ¢t by t — s and b by s in (9) to see that

w(t, s, z) = p(t — s,s)z.
Translating the definitions for nonautonomous dynamical systems to two-pa-
rameter semi-flows we obtain the following properties:

Condition 23 (Cone Invariance Property). There are L > 0 and Ty > 0 such that
for r € R and z,y € X,

r—y €Cp(r) :={¢: Ima(m)¢lly < Lllm(r)¢]ly}

implies
w(t,m,x) — p(t,7,y) € Cr(t) fort >7+1Tp.

Condition 24 (Squeezing Property). There exist positive constants K7, K2 and 7
such that for every 7 € R, z,y € X and T > 0 the identity

(T +Du(r+T,r2) =m(r+T)u(r +T,7,y)
implies for all 2’ € X with 71 (7)z’ = m1(7)x and @’ —y € Cr(7) the estimates
i (8) [u(t, 7, ) = ult, 7, 9)] Ny < Kie™ "D ma(r) [ = 2]y, i=1,2,
fort € [r,7 +T).

Condition 25 (Boundedness Property). For all t,7 € R with ¢t > 7 and all M; >0
there exists a My > 0 such that for z € X with ||ma(7)z||» < M; the estimate

[ma(®)p(t, 7, 2)||x < M2
holds.

Condition 26 (Coercivity Property). For all t,7 € R with ¢ > 7 and all M3 > 0
there exists a My > 0 such that for € X with |7 (7)z||x > M4 the estimate

()t 7, 2) || 2 = Ms

holds.
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Condition 27 (Stationarity Property). There is a uniformly bounded invariant set
Z.

Condition 28 (Strong Coercivity Property). For all 7 € R there exist positive num-
bers My, Mg, M7 such that for z € Z(7) + Cr, and all ¢ > 7 the estimate

I (7)ally < MseMe U= (M7 + ||mi(t)u(t, 7, 2)||y)
holds.

Condition 29 (Smoothing Property). There are functions Ms, Mg :]0, co[ — ]0, 00|
such that for z,y € X, 7 € R, and t > 7 the Lipschitz estimates

[t 7 2) = plts 7 y) e < Ma(t = 7)lle = ylly

and

[ (r)lz —ylllxe < Mo(t = 7)l|m(O)[u(t, 7, 2) — pt, 7Yl ifx—yeCr (10)
hold.

Theorem 30 (Inertial Manifold for Two-parameter Semi-Flow).
Suppose that p is a two-parameter semi-flow on X and let (m;(7))rer C L(X),
i = 1,2, be two families of complementary projectors w1 () and mwa(7). Let p
satisfy the cone invariance and squeezing property. Moreover, let

e the boundedness and coercivity property
or

e the stationarity and strong coercivity property with respect to the invariant
set T and the cone Cp with Mg < n
be satisfied.

If X £ Y, we further assume that u possesses the smoothing property, that m;

is tempered from above in X, and that there are constants Mig and My, with

H7T2(7_)||L(X,X)§M107 ||7T1(T)1L‘Hy§M11H7T1(7')1L'HX fOT{EGX, TeR.

Then there exists an inertial manifold M = (M(1))
properties:
(i) M(1) is a graph in m (T)X & ma(T)X,

rer Of p with the following

M(1) ={z1 +m(r,21) : 1 € ma(T)X} CZ(1) +CpL
with a mapping m(t,-) = m(7) : m(7)X — m2o(7)X which is globally Lipschitz
continuous

Im(r, 1) — m(r,y1)llx < Lllor — yillx

with some ﬁ, and

[m(7, 21) — m(m,y1)|ly < Lz —willy
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with L from the cone invariance property.
(i) M is exponentially attracting,

lu(t, 7 2) = p(t, 7,2l < Ke™ "7 |lmy(7)a — m(7, mi (7)) x

for t > 7+ 1 with an asymptotic phase ©’ = z'(r,x) € M(7) of  and some K,
moreover

st 7, x) = e, 2]y < Kie "Dy (r)e — m(r, mi (7)) |1y
fort>7,i=1,2, and the constants K1, Ky > 0 from the squeezing property.

Proof. By Lemma 22, the two-parameter semi-flow p defines an NDS ¢ with base
B = R and driving system 6 : R x B — B with 6(t)r =t+ 7, 7 = b € B. Now
Theorem 30 follows from Theorem 20.

In the next two subsections we verify the assumptions of Theorem 30 for evolution
equations under the assumptions of exponential dichotomy conditions on the linear
part or under the requirement that the linear part A is constant and selfadjoint
such that we may use the eigenvalues of A.

3.2 Exponential Dichotomy Conditions

Let X — Y < Z be Banach spaces equipped with norms || - ||x, || - ||y, || - |l z,
and let (A(t)),cp be a family of densely defined linear operators A(t) on Z with
domain D(A(t)) in Z. We consider a nonautonomous evolution equation

T+ At)r = f(t,x) (11)

which satisfies the following assumptions:

(A1) Linearly A(t):

e Existence of evolution operator of the linear system: Under suitable additional
assumptions on X, Z, A and f (see for example | L1 I, [ D), we
may define the evolution operator @ : {(t,s) € R? : ¢t > s} — L(Z, Z) of the linear
equation

T+ At)z =0 (12)

in Z as the solution of

%@(t, s)+ A(t)P(t,s) =0 fort >s, seR

and
&(r,7) =idz forreR.

e There are constants ko,...,ky > 1, B2 > (1, v € [0,1[, a monotonously
decreasing function ¢p € C(Rs,Rsg) with ¢(t) < kot™7, and a family m; =
(m1(t)),cp of linear, invariant projectors m(t) : Z — Z, i.e.

m1(8)D(t, s) = D(t, s)m1(s) for t > s,
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such that @(t, s)m(s) can be extended to a linear, bounded operator for t € R
with p
—P(t,s)m(s) + A)D(t, s)m1(s) =0 fort,s € R

dt

and
|D(t, 5)m1(8) || L(y,y) < kre” Pr(t—s) fort <s,
1®(t, 5)m2 ()] L(y,y) < koe 2079 fort > s, (13)
|P(t, s)m1(s)||L(z,y) < kse™ Pu(t—s) fort <s,
[, $)m2(s) || Lz,y) < katp(t — s)e™P2(=) for ¢ > s

with 7o, ma(t) = idz — m1(¢), as the complementary projector to 71 in Z.

For the case X # ) we need the additional estimates
[2(t, 8)m1(s) | L) < ke~ Ar(t=s) fort<s,
[D(t, s)m2(s)|| Lx,x) < kse™ Pa(t=s) fort > s,
|®(t, 5)m1(5) || L(z,x) < kee™ Pi(t=s) fort<s, (14)
( (

(¢, $) | Ly,x) < kr(t —s) Ve D=9 fort > s,

)
)

|D(t, 5)m2(8) || L(z,x) < ke(t — )7 e P2(t=9) fort > s,
)

|D(t, s)||1(2,x) < ks(t —s)~e™P¢=9) fort > s

and

H7T2(7_)||L(X,X)§M107 ||7T1(T)£U||y§M11||7T1(7')1'HX fOI‘LUEX, TER.
(15)
with nonnegative constants ks, kg, k7, ks, Mg, M11 and constants Gy > 0, a €
[, 1[.
(A2) Nonlinearity f(t,z): The nonlinear function f € C(R x X, Z) is assumed
to satisfy the Lipschitz inequality

Im:@Lf (& 2) = f(Ey)lllz <villm@)le = yllly, [Im@)z - yllly) - (16)

for all t € R, z,y € X, where ; are suitable norms on R2.
(A3) Existence of mild solutions: We have the existence and uniqueness of the
mild solutions

:U’('v T, 5) € C([Tv OO[’ X)

of (11) with initial condition z(7) = £ € X, i.e. let u be the continuous solution of
the integral equation

t
x(t) = &(t, 7)€ +/ D(t,r)f(r,z(r))dr fort > 7.
These were the assumptions.

Remark 31. Conditions like our assumptions can be found in the literature and
they are standard for ordinary differential equations and for time-independent evo-
lution equations in the non-selfadjoint case, see for example | ]. For concrete
examples of the realization of these assumptions we refer to Sec. 4, where we will
apply our following Theorem 42 on the existence of inertial manifolds in these
special situations.
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Remark 32. 1. If X = Y then we choose k; +4 =k; for : = 1,2, 3,4.

2. In the special cases k; = ko = 1, ¢ = 1, v3(w) = lg|wt| + Liz|w?|, the
following considerations can be drastically simplified: For k; = ko = 1 we can
show the cone invariance property with 7p = 0 and constant L.1If P =1 we
don’t have a singularity in the integral inequalities for the estimation of solutions.
If 41, v2 have the above mentioned structure then we can use linear comparison
problems.

In order to apply Theorem 30, we have to show the cone invariance property
and the squeezing property for the two-parameter semi-flow p with respect to the
projector .

For fixed 71,79 > 0 and T' > 0, we define

T
(Alw)(t) := kg/ e A=)y (w(r)) dr
t
(A2w)(t) := ks w (t —r)e P20 yy(w(r)) dr + koe ™% Lw' (0)
and
q(t) = (lﬁefﬁl(t*ﬂﬁ, kzefﬁztw)

for t € [0,T] and w € C([0,T],R?). Then ¢ € C([0,T],R%). Because of ¢(t) <
kot~ with v € [0,1], A is an at most weakly singular integral operator from
C([0,T],R?) into C([0, T],R?). Moreover, A is completely continuous.

Lemma 33. Assume there are L :]0,00[ — 0,00, L > 0 and Ty > 0 such that
LT)<L  forT>T,

and such that R
v} (T) < L(T)ry (17)

) <
holds for each solution v € C([0,T],R%) of
vi(t) < (M) (8) +q'(t)  fori=1,2,t€[0,T] (18)

with 1 > 0, 72 = 0. Then p possesses the cone invariance property with respect
to m with the parameters L, L and Ty.

Proof. See | | for X = ).
Lemma 34. Assume there are positive numbers L, n, K1, Ko such that
vi(t) < Kie My fort e 0,T] (19)

holds for each T > 0 and each solution v € C([0,T],R) of (18) withry =0, ry >
0. Then p possesses the squeezing property with respect to m with the parameters
L7 7, K17 K2~
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Proof. See | ]

To estimate the solutions v of (18), we use the following comparison theorem for
monotone iterations in ordered Banach spaces. The basic ideas and notions go
back for example to [ ].

Let B be a Banach space and let € be an order cone in 98. The order cone €
induces a semi-order <¢ in B by

u<egw <= w—uecc.

The norm in B is called semi-monotone if there is a constant ¢ with ||z|ls < c||y||s
for each x,y € B with 0 <¢ z <¢ y. The cone € is called normal if the norm in
is semi-monotone, and € is called solid if € contains an open ball with positive
radius.

Note that C([0,7],RY,) is a normal, solid cone in C([0,T], R").

In a Banach space B with normal and solid cone €, we study the fixed-point
problem

u=Pu+p (20)
with p € B and P : B — B. We assume that P is completely continuous, increas-
ing,
Pu <¢ Pv ifu<gw,

subadditive,
Pu+v) <¢ Pu+ Pv, u,v € €,

and homogeneous with respect to nonnegative factors,
P(Au) = A\Pu AeERsp, ued.

Definition 35. A function w € B is called upper (lower) solution of (20) if Pw+
p <¢ w (w <¢ Pw+p).

We need the existence of a unique solution w € € of (20) and an estimation of
lower solutions v € € of (20) by solutions or upper solutions of (20).

Lemma 36. Assume that there are y € int€ and § € [0, 1] with
Py <¢ dy.
Then there is a unique solution . of (20) in € and
T<¢Ts<e¢T (21)
holds for each lower solution x € € and each upper solution T € € of (20).

Proof. See | ]
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In order to apply Lemma 36 to our situation, we choose B = C([0,T],R?) and
¢ = C([O,T],RQZO). Then € is a normal. The operator P = A is increasing and
completely continuous, and p = ¢q belongs to €. So we only have to find a function

’LU*

in the interior of € with

Aw* <g ew* with some € € [0, 1].
Further we can estimate the solutions v of (18) by solutions w € € of
A0+ q<¢gw.

Lemma 37. Let t, > 0 be fixed with

Yy = lim Y(t) < oo, P(t) > fort <t..

t—t,

Further let

t.
ko > 5/ Y(r)e " dr + 1, tlirgl e % for all 6 €10, 82 — fu] .
0 b

Assume that there are positive numbers p1 < p2 with

G(p1) =Glp2) =0, Glp),, ,, #0

and
kikapr < kg “)upo

where G : Rsg — R is defined by

G(p) := B2 — 1 — ks (1, p) — kakop™ " 2(1, p) -

Then there are positive numbers 1 < ng with

ni = B+ ks (L, pi) = Bo — kakop; 'v2(1, pi)

and the cone invariance and squeezing property hold with

n=n2, LEkip1,ky" ks hupal,
K, : kako

_=— Ky = po K
p2¢*—k2k9L’ 2 P28

and
L(t) = k1 (p2 = p)pre” ™" + (p — p1)pae™ ™!
(p2 = p)e=™! + (p — p1)e "=t

with some p € | max{p1, kakop7 L}, pal.

(22)

(23)

(25)
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Remark 38. Because of lim, .o G(p) = lim,_.oc G(p) = —o0, the existence of p, >
0 with G(p«) > 0 implies the existence of positive numbers p; < pa with (26)
G(p1) = G(p2) =0 and p1 < px < p2. Since G(p1) = 0 and p; < ps imply

kakop, 'y2(1, )
P1 < )
B2 — B1 — kav1(1, p)

the inequality (27) holds if

kykokyk?
Vs Pre

Since (28) implies G(px) > 0, condition (26) can be replaced by (28) for some
px > 0.

Bo — B1 > kayi(1, ps) + Y2(1, ps) - (28)

Proof. (of Theorem 42) We show that the two-parameter semiflow p generated
by (11) satisfies the assumptions of Theorem 22. By Lemma 39 or Lemma 40 it
remains to show that the cone invariance and squeezing property are satisfied.

Step 1: Determining of Solutions of (22) and (23)
In order to find a solution w* of (22), first we look for w € € in the form

w(t) = e "(1,p) (29)
with p > 0 and satisfying
w(t) > (Aw)* (t) + cre~ P E=T) (30)
and
w(t) > (Aw)? () + (cap — ko L)e P! (31)

for t € [0, 7] with suitable positive ¢; and cs.
If we assume n > (1 and

n > P+ k3vi(1,p) (32)

then, because of

T
et (Aw)l (t) = ks (1, p)/ e(m=B1)(E=7) 4,
t
_ Ei@il!ﬁ_(l__ewfﬁﬂU*TU)’
n—p

we may choose

_ ks p) _yr
n—rh

in order to satisfy (30). Remains to satisfy (31).

c=clp,n): (33)
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Inserting (29) in (31) and dividing by pe™"*, we have to satisfy
1> H(t, p,n) (34)

for t € [0,T] where H : [0,00[ xR x R — R is defined by
2(lp), G (B2t
H(t,p,m) := w 27T qr 4 e~ (B2t

‘We choose

Y2(1, p)

ca = c2(p,n) = Ba—1p kgt

Because of
DlH(tvpv 77) = <_(52 — 77)62 (p )k f¢( )) —(B2—mn)t

and because of the monotonicity of ¥, the function H(-, p,n) is maximized at t,.
Hence we have

H(t,p,n) < H(ts,p,n)

_ ’72(179) k4 ( ¢( ) (B2— n)rd,r + (/8 )1¢*e(ﬁgn)t*>
p 0

for all £ > 0. Because of (25), inequality (34) is satisfied if

1,
thg <B2—7n. (35)

p

Combining (32) with (35), we find
Bi + ksvi(1,p) < < B — kakop™'y2(1, p) (36)

as a sufficient condition for (30) and (31).
By assumption there are positive numbers p; < po with (26) and (27). Let

i o= P1 + ksvi(1, pi) = Ba — kakop; 'y2(1, ps) -

Then (11, p1) and (12, p2) solve (36).

Moreover, 3 > 11. To show this, we note that 3 > 1, by the monotonicity of
7. Assuming 7y = 12 we find y1(1, p1) = 71(1, p2) and 72(p; ', 1) = 72(p5 ', 1). By
the convexity of the ;- and 72-balls we had 1 (1, p) = v1(1, p1) and y2(p~ 1, 1) =
Ya(py ', 1) for p € [p1,pa]. This would imply the constance of G' on [py, p2] in
contradiction to (26).

Because of (27) we can choose

L €kip1, ky kg upol . (37)
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Now we define w; € €, ¢ =1,2, by

wz(t) = e_nit(l’ p’L) . (38)
Then
wzl (t) 2 (A’I,U,L)l (t) —+ Me—nTe—ﬂl(t—T)
n—>5
and

w?(t) > (Aw;)? (t) + (pikg " — koL) e P2t

K3

on [0,T] because of

k31 (1, pi) Y2(1, pi)kat)s -1
clpi,n)=———7==1, cpim)=—F—""—=k * .
(66 1h) m — B (oer1h) (B2 = mi)pi ?
Because of (37) we have
pakg " > koL (39)

and inequality (22) holds for w* := ws.
Let now C; € [0,1], Cy > 0 satisfy

Oy (Cle_mT + (1 — Cl)e—ﬁ'zT) > kiry,

Co (Crprkg "bi + (1 — C1)paky "4 — ko) > kora . (40)
Then
w = Cy (C’lwl + (1 — 01)11)2)
solves
A'LD + q SQ w 9
and Lemma 36 implies
v <g W

for each solution v € € of (18).

Step 2: Verification of the Cone Invariance Property
Because of (39) we can fix

ﬁ € } max{pl, k2k9w*_lL}a 02[ .

Let ro = 0 and r1 > 0. Then (40) is satisfied with

p2—p O, = k1
P2 — P1 ’ 2 C’le—mT + (1 — Cl)e—’l?T '

Cy =

Thus we find

G2(t) < @(t) = Co (Crud (1) + (1 - CLw (1) = L(p. )
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for t € [0,T] with

L(p,t) =k (p2 = p)pre™ ™" + (p — p1)pae™ ™!
’ (p2 = p)e=mT + (p— pr)e =T

Especially we have -
v} (T) < L(p,T)ry .
The inequalities 1y > n; > (; imply

L(ﬁ,T)—>k‘1p1 asT — 0.
Hence there are Ty > 0 and L > 0 with (17), if the additional inequality
k'lpl <L

holds, which trivially follows from (37).
By Lemma 33, the cone invariance property of y as required in Theorem 30 is
verified with L(t) := L(p, t).

Step 3: Verification of the Squeezing Property
Now let 71 = 0 and 75 > 0. Then we may choose
kokgra

Ci:=0, Cpi=——F"—"-——

! ©PT ot — kakoL

in order to satisfy (40). Thus we find

kara ot
v(t) < ———————e7 (1, for t € [0,T].
(1) € e (L) 0.7
Hence (19) holds with
kakg
= Ki=—F—F— Ko :=po K
ni=1n2, 1 ot — liakoL 2 1= paIty

and L satisfying (37). By Lemma 34, the squeezing property of p as required in
Theorem 30 is verified.

Lemma 39. Let f be globally bounded. Then two-parameter flow y possesses the
boundedness property and the coercivity property.

Proof. First we verify the boundedness property: By the boundedness of f there
is a number F' > 0 with

If(@)|z<F forzeX.

Thus, forte R, t > 1,2 € X,

mo(O)p(t, T, x) = B(t, T)m2(7)x +/ ®(t,r)ma(r) f(r, p(r, 7)) dr

T
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and, by the exponential dichotomy conditions (13),

I ()t 7 2) |2 < (D T)mo(T)l Lix 2 w2 (T) 2 2

t
+ / 1@(t, )2 ()| L(z.2) | f (r, ol 7 )| e A

t
< kgeP2(t=7) lma(T)x|| 2+ + Fk6/ Yt — T)e_ﬂz(t_r) dr

t—7

= kse” 207D ||my(r)a|| x + Fho (r)e=P2() dr
0

< ks~ B0 [y ()l + Fhig / B(r)e=20) dr |
0

Thus, for any t,7 with ¢ > 7 and any M; > 0 there is an M, > 0 such that
for x € X with ||ma(7)z||x < M7 we have |72 (t)u(t, 7,2)||x < M, ie. the two-
parameter flow possesses the boundedness property of p as required in Theorem
22.

Now we verify the coercivity property: For 7 € R, t € [r,7+ T], z € X, we
have

mEu(t, 7,2) =&t 7+ T)m(r + T)u(r + 1,7, 2)
t
[ eenm ot ) dr
T+T
and hence

m(r)x =o(r, 7+ T)mi(t+ Tu(r + T, 7, )
+ /T+T b(1,r)my (r) f(r, w(r, 7, x))dr .

The exponential dichotomy conditions (13) imply
I (T)zllx < 1807, 7+ T)mi (7 + Tl L) Imi (7 + Tl + T, 7, 2) | 2

T+T
+F/ 18, Py (7).

T+T
< kse® T\ my(r + T)p(r + T, 7, 2) || 2 + Fhg / e A=) dqr

Fkg

= k5eﬁ1T||7r1(7’ +Tu(r+T,7,2)||x + ﬂ_(eﬁlT —1).
1
Hence
1 FEk
Ima(r + Dhualr + T,r2) 2 2 (e — o (1 — e 7)
ks Biks

forT >0, 7 € R, x € X which shows the coercivity property of the two-parameter
flow p as required in Theorem 22.
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Lemma 40. Let the cone invariance property be satisfied with a function L which
is bounded by L. Let (Z(7))rer be an invariant set which is uniformly bounded in
7. Then the two-parameter flow p possesses the strong coercivity property with
respect to Cp, and T with Mg < 1.

Proof. By the uniform boundedness of Z there is a number M; > 0 with
lm (O)x|ly < My, ||m2(t)z|ly < M7 forallte R, xzeZ(t).

Let 7 € R and « € Z(7) + Cr. The forward invariance of Z and the cone invariance
property imply

lm2 () (e, 7, 2) |y < My + L(t = 7) (M7 + [lm(t)p(t, 7, 2)lly)  fort > 7.

Let 1,290 € X with 1 — 29 € Cp, and z2 € Z(7). Let pa(t) = p(t,7,21) —
w(t, 7, xz2). Because of

™ (t)lu’(tv T, xl) = @(t, T+ T)ﬂ—l (T + T)N(T + T7 T, x’b)

+ / &(t, ) (r) f(r, p(r, 7, x;)) dr

+T

the exponential dichotomy conditions (13) imply
Im(@pa@®lly < 12,7+ T)mi (7 + Tpa(r + 1)y
+ /tT+T 1Dt r)mo (r)[f (r, w7y 210)) = f(r, plr, 7, 2))] |y dr
< ke T D iy (7 Thpa(r + 1)y
e /tT+T ey (m () pa ()|, I (r)pa () y) dr
< ke T D (r 4 Th(r + 1,7, ) |y
e /tT+T e MUy (1, L(r — 7))l (r)pa(r) [y dr .
Setting
u(s) = |m(t+T — s)pa(t + T — s)||ye s for s € [0,7],
we find the Gronwall inequality
u(s) < k1u(0) + ks /05 (1, L(T = 0))u(o) do for s € [0,T7].
Hence

u(s) < kyu(0) (1 + kg/ eha [7n(LE(T =) dony, (1 [(T — 7)) dT)
0

= kl’u,(())ek?’ JE (1L, L(T—0)) do
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and therefore

I (T pa()lly < Mo(T)||m (T + T)pa(r +T)lly (41)

with
~ T ~ v
Mg(T) == 51T + kg/ (1L, L(T —0))do, My(T) := kyeMe(™)
0

Let p* €]k1p1, p2[ be anumber with 1 (1, p*) < y1(1, p2). To show the existence
of p*, we note that o = 81 +v1(1, p2) > m = B1 +71(1, p1). Assuming v1(1, p) =
7 (1, p2) for p € [k1p1, p2], the convexity of the ;-balls would imply (1, p) =
v1(1, p2) for |p| < p2 and hence v1 (1, p1) = 11(1, p2) in contradiction to 71 < ns.
Therefore 71 (1, k1p1) < v1(1, p2) and by the continuity of v; the existence of ky
follows. )

Since L is monotonously decreasing with L(0) = kyp and limy_,oc L(t) = kip1 <
p* < po, there is a T* > 0 with i(t) < p* for t > T*. Thus

1 -

- 1 [T
fM6(T) 2514-763?/0 71 (L L(T —0))do

T* - %
<Bi+ks <?71(1, kip) +7(L,p ))
= My + =M
= Mg + 7 Ms

for T' > 0 where

Mg := B1 + k3yi(1,p") < B1 + k371 (1, p2) = 12

and _
Ms :=T*y1(1,k1p) .
Hence :
7 (1) pa(m)lly < ke M|y (7 4+ T)pa(r + )]y -
Thus
() pu(r, 7y )y

< m () ma(m)ly + 7 (T)p(r, 7, 22) |y

< My + kit ||y (0 T pa(r + T) |y

< My + ky MM |y (0 T 7 + T, 7,21y

+ k5T |y (7 4 T) (7 + T, 7, 20) |y

< My + kM T (M |y (7 + Tl + T, 21) )

< MseMoT (My + ||my (7 + T)plr + T, 7, 21) )
with

M5 = (1 + ]{11)6M5'
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Lemma 41. The two-parameter flow p possesses the smoothing Lipschitz prop-
erty.

Proof. Let z,y € X, 7 € R and let pa(t) = u(t,7,x) — pu(t, 7,y). By assumption
f(t,-) is global Lipschitz from X to Z with some constant L independent of ¢. The
exponential dichotomy conditions imply the generalized Gronwall inequality

lna@®)llx < 12(2 7) e — ylllx +/ 1@(t, 5)[f (s, (s, 7, ) = £ (s, (s, 7, 2))] | 2 ds

t
<2t L. lz=yly +L/ 12, )l Liz.x)[[ma(s)llx ds

t
< kr(t—7) e |z — gy + LkS/ (t —5) 7P| ua(s)| x ds

T

for ||ua(+)]|x. As proved for example in | ], there is a function Ms :]0, co[ —
10, oo with
lua®)|lx < Mg(t —7)||lz —ylly  fort>r7.

Inequality (10) is shown in the proof of the previous Lemma as inequality (41).

Now we are in a position to state the following theorem as a direct consequence
of Theorem 22 and the previous lemmata:

Theorem 42. Let the assumptions of Lemma 37 and the assumptions of Lemma
39 or Lemma 40 be satisfied. Then the claim of Theorem 22 holds for the two-
parameter semi-flow u generated by (11) withn, L, K1 and K» as given in Lemma
37.

3.3 Indefinite Quadratic Forms

Let H = Z be a Hilbert space equipped with norm | - |, and let A be a densely
defined linear operator on H which is selfadjoint, positive and which has compact
resolvent. We consider a nonautonomous parabolic evolution equation

i+ Az = f(t,x) (42)

where the nonlinear part f: R x X — H satisfies the following assumptions:
e The Hilbert space X = D(A®) with norm |jul|x = |u|a := |A%u| is the
domain of a power A% of A with some « € [0,1].
e f(t,x) is locally Holder continuous in ¢ and global Lipschitz continuous in z.
Then there are maximally defined (classical) solutions

H('7T7 f) € C([T7 OO[’ X) N Cl (}T’ OO[7H)

of (42) with initial condition z(7) = &, see | I ], and (42) generates a
two-parameter semi-flow p on X.
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Let A1 < A2 < --- denote the eigenvalues of A counted with their multiplicity
and let e, eg, ... denote the corresponding eigenvectors of A.

We fix N € N. Let m; be the orthogonal projector from H onto span{es,...,ex}
and let T 1= idH — 1.

For a fixed Banach space ) with X — ) — Z we introduce the quadratic
forms @, : X — R

Qu(@) = |maal} - plmel}  forzeX, p>o0.
Our goal is to use inequalities

QP(N(tv 7, .’E) - :U’(ta T, y)) S e_ZA(p)(t_T)QP(x - y) (43)

for t > 7, x,y € X and suitable p > 0 in order to show the cone invariance and
squeezing property.

Lemma 43. Under the general assumption given above, let there exist p1 < p2, a
function A : [p1,p2] — R and a number Ly € |p1, p2] with

A(Lo) >0

and (43) for p € [p1,p2], t > 7, x,y € X. Then the two-parameter semi-flow
[t possesses the cone invariance property for all L € [p1,p2] and the squeezing
property with the parameters

_ p2Lo
Vi — L3I =7

Proof. 1. Let p € [p1, po] and [[ma[z — y]lly < pllm[z —y]lly. Then Qp(z —y) <0
and hence by assumption Q,(u(t, 7,2) — u(t, 7,y)) <0, ie.,

L=p1, n=ALo), K Ky =p1 Ky .

1 molu(t, 7, 2) — p(t, 7, 9]y < pllmi[pw(t, 7,2) — p(t, 7, y)]lly forallt>r1, (44)

i.e., the cone invariance property is satisfied in ) for any parameter L = p €

[php?}'
2.Let L=pyandlet 7 € R, T >0, and z,y,2 € X with mu(r +T,7,2) =

(7 + T, 7,y) and |mefz — 2]y < Lljmz — y]lly. Assuming Q,(u(t,7,2) —
wu(t, 7,y)) < 0 for some p € [p1, p2], t € [7, 7+ T], we get a contradiction to

Qplu(t,7,2) = p(t,7,y)) = [Imalp(t, 7, 2) — ut, 7, )3 > 0.
Hence,
0 < Q,(u(t,7,x) — plt,7,y)) < e 2APE=1Q (x—y) forallt € [r,7+T]. (45)
Using this inequality and setting pa(t) := u(t, 7, x) — u(t, 7,y), we find
Qp(pa(t)) = lmapa®|3 — p*lmpa®|3

= (1= llmana®Ol + p%3” (Im2ma®OI3 = Allmua(®)]3)
> (1= p?py ) llmepa®)l3
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ie.,

_h

e Q=€ gl t € [+ T).

||7T2 [:u(t’ T, 1‘) - :u(tv T, y)} H§1 <
for all p € [p1, p2], t € [7,7 + T]. With the first inequality in (45) and

Qp(a —y') = melz = 4lI3 = pllmlz - 9]l
2

< (Imaly = 2lly + Imale = 2]lly)* = APl mile = y]lI3

< (Imely = 2)lly + Llimlz — ylI)* = p’llmlz = y]l3
<

(L+e Dlmly = 215 + (1 + )L = p?) Imlz = ][5
P’ 2
TLQHM[Q—Z]H)J

for ¢ = p?L=2 — 1. Thus, for p = Lo, we get
||7ri [ﬂ(t, 7, LU) - ﬂ(tv T, y)]”y < Kieitn”WQ [y - Z] Hy for all ¢ € [7_7 T+ T] ’
i.e., the modified squeezing property is satisfied.

Theorem 44. Let the assumptions of Lemma 43 be satisfied. Moreover, we as-
sume that

e f is globally bounded
or

e there is an bounded invariant set T.

Then the claim of Theorem 22 holds for the two-parameter semi-flow u gener-
ated by (11) with n, L, K1 and K5 as given in Lemma /3.

Proof. We only have to note that the exponential dichotomy conditions (13), (14)
and the inequalities (15) can be satisfied for &(t,7) = e=A(¢=7),

Remark 45. An inequality of the form (43) is used in | ] for the special case
Y = D(A®/?). Assuming the Lipschitz inequality

f@) = f) <tz —yla  x,y€ X =D(A%) (46)
and the spectral gap condition
ANt — An > LY +A%41) (47)

A.V. Romanov | ] shows that (43) holds for p € [h,h™ Y], A(p) = Any1 —
{Ay 41 and with h < 1 satisfying

1
Avat = Aw > O + F (0 + B0 ).

Thus our Theorem 44 allows to ensure the existence of inertial manifolds under
the sharp spectral gap condition (47) for the Lipschitz inequality (46).
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In the following two Lemmata we verify the assumption of Lemma 43. For sim-
plicity we restrict us to J = H and to Lipschitz inequalities of the type

|f(t,z) = fty)l <v(z—y) (48)
for all z,y € D(A), t € R where

M 3
v(z) = (de>

with positive d;, i =1,..., M, and
1
7:51E[O,min{a,i}},0§5i+1<5i fori=1,...,M—1.
Let

M % M %
. (z dixigj e (z dim)
=1

i=1
We show that in this case the assumptions of Lemma 43 and hence of Theorem
44 can be satisfied if the spectral gap condition

ANF1 — AN > g1 + g2 (49)

holds.
Especially, for

|ft,2) = f@yl<l-|lz—yly foraz,yeD(A),teR
we have the spectral gap condition
ANt1 = AN > LAY +AN)
Let the auxiliary function p : R — R defined by

plp) = (Ani1 = An)’p* = (p* +1) (97 + p%03)  forpeR.  (50)

Further, let
LO = \/gl/gg .

Lemma 46. Let the spectral gap condition (49) be satisfied. Then there are
uniquely determined numbers 0 < p1 < p2 with

p(p1) =p(p2) =0, p1<Lo<p2.
The function A :]0,00[ — R defined by
pP(L+p*)g5 + 91 +0°93

A(p) == An41 —
2L\/1+ p*\/g3 + p*g3

forp>0 (51)

is maximized at Lo with

A(Lo) = >\N+1 — g2 > 0. (52)
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Proof. Because of
p(Lo) = z—; (A1 —An)? = (91 + 92)°)

the spectral gap condition (49) implies p(Lg) > 0. Since p is a quadratic polynomial
in p? and p(0) < 0, the existence and uniqueness of zeroes pi, p2 of p in ]0, 00|
follows. Thus p(p) > 0 for p € |p1, p2] and Lo € |p1, p2l.

We have

A(p) = Ans1 — %gz (H(p)+ H(p)™")

with

H(p) = g» (”—p) ,

P29 + 93
such that A has a global maximum on |0, co[ at p with H(p) = 1, i.e., at p = L.
Since Ay > 0, the spectral gap condition (49), we have (52).

Lemma 47. Let Y = H and let (48) and (49) be satisfied. Then

Qp(p(t,m,2) — p(t, 7,y)) < Qpx — y)e2AP(E=7)

for allz,y € X, p € [p1,p2] and T < t.

Proof. Let p € [p1,p2], T <t, z,y € X be fixed. For shortness let ua := p(t, 7,x)—
ﬂ(tv T, y)7 fA = f(tv :U’(tv T, l’) - f(tv ﬂ(tv T, y))
We have

1d

37 Qelna) = R(—Apa+ fa,mopa — p°mipa)

—(Apa,mopa) + p* (Apa, mpa) + R {fa, mopa — p*mipia)

and
R(fa,mapa — p27mm>

< v(pa)lmapa — p*mipial

< sv(pa)® + QE‘WZMA p W1MA|2

< sv(mpa)? + sv(mapa)? + s=lmepal® + 2ot mpal?.
Note that

(Apa,mpa) < An|mpal®, = (Apa,mpa) < —Ay7|m2pal?

and

v(impa) < gilmpal,  vimapa) < gaAyk mepaly -
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With € > 0, we estimate
1d

577 Qe(ra) < A mapal? + P An|mpal?
1 1
+ §v<mm2 + gu(mapa) + golmapal® + 5optlmal’
1 €
< 2 ( 2 L4 € 9
< [mipal (p AN+ 5opt 291)
1 _
sclmanal + manal2 (<A + So8AT ) -
Under the assumption
€ 2
AN+1> 593 5
we find
1d 2 2, 2 Ly
5&@;}(!&) < —AQp(na) + [mipal” | —Ap” + p AN + EP +

N. Koksch and S. Siegmund

1 €
+ |mapal? (A tos AN41+ 593)

< —AQp(HA)

if A satisfies

1
)\N+—p2+

2e

2

€ 5 _
—@2p 2 <A< ANy —

1
2¢ 2

This inequality is solvable with respect to A if and only if

1 €
ANF1 — AN 2> %(l-ﬁ-pQ)—&-—

The right-hand side is minimized at

(ra)
€= ————
291 + 93

1 _ 1
(1+0*)7(gip >+ 93)°

such that we obtain the sufficient and necessary condition

with the value

AN41 —

1 €
A=>\N+1—%—§9§
e L(gtr?ta
T ONHLT S 1+ p?

= A(p)

AN 2>

)

5(

1
2

gip 2 +93).

1
2

(

1 _ 1
(1+p*)2(gip > +93)°

By definition of p and by Lemma 46, this inequality holds for p € [p1, p2]. So

1+ p?

gip~2+ g3

1
2
)

2
2

€
59%)

(54)

(57)
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solves (55) with e given by (56).
Remains to show (53) with (56), i.e., we have to show

1
9t + PG AN > 5oV 1+ 05 (58)
Indeed, (58) holds, since the inequalities (57) and Ay4+1 > Ay > 0 imply

_1

V14 p2g2 < (A1 — An)p2ga (g7 + pPg3) 2
1
< Ans1(g7 +0°93) (91 + p°95) "2

= AN+10/ 97 + 0?95 -

Summarizing we have that A = A(p) satisfies (54). Therefore,

d

EQﬂ(N(tv m,x) — p(t, 7, y) < —24(p)Qp(x — y)

for allt > 7, z,y € X, p € [p1, p2] such that the claim of the lemma follows.

Corollary 48. Under the general assumptions of this section let f satisfy the
Lipschitz inequality (48) with some v € [0, min{c, 1}] such that the spectral gap
condition (49) holds. Moreover, we assume that

e f is globally bounded
or

e there is an bounded invariant set T.

Then the claim of Theorem 22 holds for the two-parameter semi-flow u gener-
ated by (11) with n, L, K1 and K as given in Lemma /3.

4 Conclusion

Exponential dichotomy conditions of the form (13) are used, for example, in
[ L [ I, [ 1, [ 1, [ ]. There k3 = 8%k, ky = B3 with
some « € [0,1] depending on the spaces X and Z, and ¥(t) = 65  max{t~, 1},
P(t) = By 7% + 1, or () = max{a®B; “t~*,1} where 0° := 1. If A is a time-
independent sectorial operator, then usually X is the domain D((A 4 a)®) of the
power (A + a)® of A+ a with some « € [0,1] and some a € R. If X = Z then we
may choose @ =0 and ¢ = 1.

In the special case that A is a time-independent, selfadjoint positive linear
operator with compact resolvent and dense domain D(A) on the Hilbert space
Z, usually one uses X = D(A®) with some « € [0,1]. Let 71 be the orthogonal
projector from Z onto the linear subspace spanned by the N eigenvectors of A
corresponding to the first N eigenvalues \; < --- < Ay (counted with their mul-
tiplicity). Then we may choose 81 = An, 82 = Ant1, k1 = ko = 1, ks = B¢,
ks = 0%, ¥(t) := max{a®f; “t7“, 1}, see for example | , Lemma 3.1].
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In | ] (and with X = Z), a Lipschitz inequality of the form

w1 (&) = [ y)lllx < €maxt|m(@)[z = ylllx, w2 ()2 — ylllx}

is utilized. This special form of a Lipschitz inequality is contained in our Lipschitz
assumption with 7;(w) = £;|w|s and |- |s as the maximum norm in R2. The
standard Lipschitz inequality

1f(t2) = f(t)llz < Lle—yllx

in a Hilbert space Z and with orthogonal projectors m1(¢) leads to (16) with
vi(w) = £|lwlg or v;(w) = £|w|1, where |- |; denotes the sum norm and |- |2 denotes
the euclidean norm in R?.

In order to compare known results with ours we verify the assumptions of The-
orem 42 for different forms of Lipschitz estimates for f and for concrete functions
1) in the exponential dichotomy property.

Corollary 49. Under the general assumptions in Sec. 3.2, let f satisfy (16) with
weighted maximum norms

Yi(w) = € max{|w'|, [w?}, £ >0  forweR?, (59)

Let t., 1. and ko with the properties as in Theorem /2. Then condition (28) and
hence the claim of Theorem 42 hold if

B2 — p1 >

(60)

kggl + k4k9£2 (k3€1 — k4k9€2)2 kﬂfgkgk;;k%flfg
5 + 1 + 5 .

Proof. Calculating the zeroes of G with G(p) = f2 — 1 — ksfy max{l,p} —
kykglap~tmax{1,p}, we find (60) as sufficient and necessary condition for (26),
(27).

Latushkin and Layton | ] consider —A as generator of a strongly continuous
semigroup on the Banach space X = Z. Let X be the direct sum of two subspace X
and X5 and let 7; the projector from X onto X;. Assuming exponential dichotomy
conditions (13) with k1 = ko =1 (and k3 = k4 = 1, ¢ = 1 because of X = Z) and
f(0) =0 and

Imilf (@) = fW]llx < & max{[|m [z — y|lx, [|72]z — y]l|lx}
for the time-independent nonlinearity f, they found
P2 — 1>+ Lo (61)

as optimal spectral gap condition. They extended this result to (—A(t)) as a family
of linear operators on the Banach space X = Z generating a strongly continuous
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semiflow, see | ] too. Again, assuming exponential dichotomy conditions (13)
with k1 = ko = k3 = k4 = 1, 9 = 1, and the Lipschitz estimate

w1 (&) = [ y)llla < €maxt|m(@)[z = ylllx, w2 () [z — ylllx}

and f(¢,0) = 0 for f, they found the spectral gap condition (61) for nonautonomous
inertial manifolds.

Since X = Z, we have k3 = k1, k4 = ko, ¥» = 1. Thus we have to choose t, =0
and find kg = ¢, = 1. Our condition (60) reduces to

Ba — B1 > kily + kolo

which in the special case of k1 = ko = 1 reduces to the optimal spectral gap
condition (61) found by Y. Latushkin and B. Layton, | ].

Corollary 50. Under the general assumptions in Sec. 3.2, let f satisfy (16) with
weighted sum norms

'yz(w) = Eil\wl\ + £i2|w2| R fil,fig >0 fOT’ w e R2. (62)

Let t., 1. and ko with the properties as in Theorem /2. Then condition (28) and
hence the claim of Theorem 42 hold if

k1koko + 1.
B2 — B1 > kaliy + kakolos + %\/ liola1ksky . (63)

Proof. Calculating the zeroes of G with G(p) = [2 — B1 — ksl11 — ksliap —
kakgla1 p~t — kykolao, we find (63) as a sufficient and necessary condition for (26),
(27).

First let
P(t) :== max{a®fy “t~, 1}

as in | , Lemma 3.1]. Here and in the following we set 0° := 1 in order
to continuously extend the expression for i) to the limit case a = 0. We choose
t. := af; " and hence we have 1, = 1. To satisfy (25) we note that

b 5&[3;1 ~
5/ il)(r)e_ér dr + 9, tlir? e_‘st = 5aaa55a/ P %" dr + e_(saﬂz 1 .
0 —t. 0
The right hand side is monotonously increasing in § > 0. Therefore, we may satisfy

(25) for 0 < 6 §,82 —,81 < ﬁg with

(B2 — B1)™
b5

If kg = klﬂ?, k4 = kgﬁg and 611 = 612 = 621 = 622 = 67 condition (63) reads

kig := Oéa/ r % "dr4+e“—-1>0, kg: =1+ k1o .
0

Bo = B > (ka8 + hako 5 + (L + kokaka) /55 ) €. (64)
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Now we assume that Z is a Hilbert space, A is a time-independent, selfadjoint,
positive linear operator on Z with dense domain and compact resolvent, f is a
continuous mapping from R x X, X = D(A®), into Z satisfying a global Lipschitz
condition || f(t,z) — f(t,y)llz < Lz — y|la for 2,y € X. Let Ay < A < -+
denote the eigenvalues of A counted with their multiplicity and let 71 be the
orthogonal projector from Z onto the N-dimensional subspace spanned by the
first N eigenvectors of A. Then (13) is satisfied with k1 = ko = 1, 81 = An,
B2 = An+1, and we find the spectral gap condition

a/2 a/2
o o 2 A + A
AN+1 — AN > ((AN/Q + )\N/il) + klo%()‘NH - >\N)a> ¢ (65)
N+1

which holds if

>\N+1 — AN >2()\j‘<{+)\?\/+1+k10(>\]\1+1 —)\N)a)g. (66)
Romanov | ] showed that a spectral gap condition
AN+1 = AN > (AR g + AR (67)

is sufficient for the existence of an N-dimensional (autonomous) inertial manifold.
Note that the right hand side in (66) is at most by the factor 2(1 + k19) worse
than the right hand side in the sharp condition (67), where k19 = 0 for « = 0 and
k10 =~ 0.46 for o = %

For a < %, we may apply Corollary 48 which yields the strong spectral gap
condition (67), too. If a € ]3,1], we refer to Remark 45, which says that our
approach also allows to get the sharp condition (67) in that case. Moreover, for
some evolution equations it usefull to distinguish the space X = D(A%), in which
the semiflow acts, from the space D(A7Y) used in the Lipschitz inequality: One has
to choose o € [0,1] in such a way that f is a sufficiently smooth mapping from
R x X as required for the existence theory. However it is possible to satisfy and
to require a Lipschitz inequality || f(z) — f(y)|lz < v(z —y) for x,y € D(A) with
7 € [0,min{e, $}[ and some norm v on D(A?"). Especially, for v(z) = {|z|p(a~),
our Corollary 48 yields a spectral gap condition

AN = AN > (Mlyyy + A%

which is weaker than (67) if v < «. As an concrete application we consider a
reaction-diffussion equation

ur = uge + F(&,u, Vu), u(t,0)=u(t,1)=0

with

[F(§,u,v) — F(&§u',v")] < lolu — [ + L1]v =]
in Z = L([0,1]) as studied by P. Brunovsky and I. Teress¢ak, [ ]. Here
—A is the Laplacian with Dirichlet boundary condition on [0, 1], and f(¢,2)(§) =
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F(t,& 2(£), Va(€)). For the existence theory we need o > 3, but it is possible to

choose v(x) = v/20g|x|+v/2¢; \x\% in order to cover the gradient in the nonlinearity.
Corollary 48 yields the spectral gap condition

1 1
AN+1 = AN > V2(200 + LA} + A3t S

i.e.
(2N + )7 > 2v200 + V2(2N + 1)ty

which is weaker than the spectral gap condition found in | ].

Now let
Y(t) =By "t +1

as in | ]. Then ¢, = 00, 1, = 1 and we may choose
klozzf(l—a), k‘95=1—|—k10

to satisfy (25). In the special case €1 = ly = £, k3 = k15¢, ka = koff3, condition
(63) reads now

B2 — b1 > (klﬁ? (1 + E1ko(1 + k10))\/ 5968 + k2(1 + E1o) 52) (68)

For a Banach space Z, a time-independent, sectorial linear operator A on Z
with dense domain D(A), and a time-independent, continuous mapping f from
X = D(A®) into Z satisfying a global Lipschitz condition ||f(z) — f(y)|lz <
l)|z—yl||x where X = D((A+a)*) with fixed a € R, @ € [0, 1] with Ro(A)+a > 0,
and under assumption (13) with (t) = f5 “¢t~ + 1, Temam showed (] 1,
Theorem IX.2.1) that there are constants ¢; and ¢y independent of the Lipschitz
constant ¢ and the boundedness constant ¢y of the nonlinearity f, such that the
spectral gap condition

Bo— B >c1(lo+ L+ ) By +BY), B *>caly+0) (69)

implies the existence of an autonomous inertial manifold in the autonomous case.

Note that our condition (68) is of similar form as (69) but (68) contains only
known constants and is applicable for the nonautonomous case, too. Moreover, in
contrast to (69), in our condition (68), the right hand side is linear in the Lipschitz
constant /.

Finally let
Y(t) = a®By + 1.
Then we choose t, := oo and have 1, = 1. Since
Ty [e'e)
5/ Y(r)e T dr = 5,85“/ (a*T™% + B3)e 7 dr
0 0
=a%By*I'(1—a)+1,
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for 9 > 0, we may choose

kig := OzaF(]. — a) , ke =1+ Mlﬁo (70)

By
in order to satisfy (25) for § €]0, 32— 01[. In the special case {1 = by = ¢, ks = k153,
k4 = k23S, condition (63) takes the form (64).

Whilst we are yet not in a position to deal with retardation or stochastic
perturbation, we try to compare our result with that one found by L. Boutet de
Monvel, I.D. Chueshov and A.V. Rezounenko in | | and by I.D. Chueshov,
M. Scheutzow in [ ] for the special case of a semilinear parabolic equation
without perturbation and without retardation. There Z is a Hilbert space, A is
a time-independent, selfadjoint, positive linear operator on Z with dense domain
and compact resolvent, f is a continuous mapping from R x X, X = D(A4%),
into Z satisfying a global Lipschitz condition || f(¢,z) — f(¢,9)|lz < |z — y| »-
Let \; < A2 < --- denote the eigenvalues of A counted with their multiplicity
and let m; be the orthogonal projector from Z onto the N-dimensional subspace
spanned by the first N eigenvectors of A. Chueshov and Scheutzow | | found
the spectral gap condition

)\N+1 — Ay >2 ()\% + >\(11V+1 + aaF(l — a)()\N+1 — )\N)a) l, (71)
and Boutet de Monvel, Chueshov and Rezounenko found
/\N+1 — Ay >4 (/\% + )\?\/4_1 + OéaF(l — Oé)()\]\u,_l — )\N)a) l,

which is is little bit worse than (71).

In this situation the exponential dichotomy condition (13) is satisfied with
k‘l = k‘Q = 1, ﬂl = )\N, 52 = )\N+17 k‘g = )\%,, k‘4 = )\?VJrl, and we find again
the spectral gap condition (65) but here with k¢ given by (70). Obviously our
condition (65) is a little weaker than (71). Note again that Corollary 48 would
only require the spectral gap condition 67. So we have good chances to extend
our result to retarded semilinear parabolic equations and, possibly, to semilinear
parabolic equations with stochastic perturbation.

Summarizing the examples above, one can see that at least in these examples
our approach allows to get the same or weaker spectral gap conditions.
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