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NONLINEAR SYSTEMS OF PARABOLIC
PDE’S FOR PHASE CHANGE PROBLEMS

NoBUYUKI KENMOCHI

ABSTRACT. This paper is concerned with non-isothermal models for phase tran-
sitions. The models are described as a system of nonlinear parabolic PDEs with
constraints. We discuss them from the viewpoint of abstract theory on time-
dependent subdifferential operators in Hilbert spaces.

Introduction

We study the following two models for diffusive phase transitions, which are
coupled systems of nonlinear parabolic PDEs.
Phase—Field System with Constraint (PFC):

(p(u)—l—w)t — Au = f(t,z) in @ :=(0,T) x 2,
vwy — kAw + f(w) + g(w) —u>0 inQ,
%+au=ho(t,w), _n=0 on ¥ :=(0,T)xT,

u(0,-) = up, w(0,-)=wo in Q.
Phase-Separation System with Constraint (PSC):

(o) +v), - Au=f(t,z) nQ,
vwy — A{—kAw + B(w) + g(w) —u} 50  inQ,

du dw
%+au—ho(t,z), %—0 on X,

—a%{—nAw +B(w)+g(w)—u}>30 onX,
u(0,-) =up, w(0,:)=wo in Q.

AMS Subject Classification (1991): 35B40, 35K55, 35K60.
Key words: phase transition process, variational inequality, monotone perturbation.
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Here, Q is a bounded domain in RY (1 < N < 3) with smooth boundary
I':=089, 0<T < 400, and we suppose the following conditions (p), (8) and
(9):

(p) p: R — R is an increasing bi-Lipschitz continuous function; we denote

1 and by p-! a

by C(p) a common Lipschitz constant of p and p~
non-negative primitive of p~!.
(B) B is a maximal monotone graph in R x R such that for some numbers

04,0 with —00 < 0, < 0* < 400

D(B) = low,0"];

under this condition, there is a non-negative proper l.s.c. convex func-
tion B on R such that Bﬁ = in R.
(90 g: R — R is a Lipschitz continuous function with compact support
supp(g) in R; under this condition, there is a primitive § of g such
that § is non-negative on [o.,0*].
Moreover, we suppose that kK > 0, » > 0 and a > 0 are constants and

(ho) o € Wi (Ry s A(T)).
This work is concerned with the abstract treatment of systems (PFC) and

(PSC); in fact, we show that in an adequate Hilbert space H the above systems
can be reformulated in an evolution equation of the form

(AUY' () + 3¢ (U(t)) +p(U()) 2 £(t) inH, 0<t<T,
U(0) =Up,

where 8! is the subdifferential of a time-dependent convex function ¢! on
H and p is a Lipschitz continuous operator, with bounded range, in H and
£ and Uy are given data; further A is a linear, monotone, positive, selfadjoint
and continuous operator in H . The basic idea for the reformulation as above is
found in [5, 6, 12, 24]. For papers treating the related topics, see the references.

We shall mainly discuss system (PSC), since the abstract treatment of (PFC)
is quite similar.
1. Evolution operators associated with (PSC)
Let V = H'(Q) with norm
1
|2lv = |V2|32(q) + alzliar)®
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V* be the dual space of V, F be the duality mapping from V onto V* and
(-,) : V*xV — R be the duality pairing. Further let

Vo:={z€ H'(Q); [zdz =0}
Q

be the Hilbert space with norm
|zlve = |V2|L2(0);

denote by (-,-)o the duality pairing between V' and Vj, and by Fy the duality
mapping from V; onto V. Note that

Vo C L3(Q)o := {z € L*(Q); [2dz =0} C V¢
Q

with compact injections. We denote by mp the projection from L2(Q) onto
L?Qy.
For the initial data ug,wo we suppose that

ug € L*(), wo € L®(N) with o, < wp < 0* a.e. in N, Jwodz =¢c, (1)
Q

where c is a constant with

C

Oy <
12|

<o*, ie., € int-D(fB). (2)

<
€]
For the boundary function ho we consider a function h : Ry — V such that for
each t >0

a(h(t),z) + (ch(t) — ho(t),2), =0 forall z€V;

by assumption (ho) we see that h € W'li’z(llh; V), where

C

a(z1,22) = /Vz1 . V22 dz
Q

and
(+,)r denotes the inner product in L?(T'),
(-,+) denotes the inner product in L%().
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DEFINITION 1. (Weak formulation for (PSC)). Let 0 < T' < +oco. Then a
couple of functions u and w is called a weak solution of (PSC) on [0,T], if the
following conditions (w1)-(w3) are fulfilled:

(wl) p(u) € C([0,T];V*) nWL2((0,T];V*) N L2(0, T; L*(R)),
ue L ((0,T];V),

loc

w — ]é[ € C’([O,T]; L2QO)) NL%0,T;Vp), wE leoc((O,T];I:ﬂ(Q)),
w' € L3 ((0,T); Vg), B(w) € L*(0,T; LY()),
(w2) p(u)(0) = p(uo) and
(p(u)'(t) +w'(t), z) + a(u(t) — h(t), z) + a(u(t) — h(t), z)F = (f(t), z)
for all z€V and a.e. t € [0,T], 3)

(w3) w(0) =wo, u’;‘ﬂ =0 ae. onl forae te[0,T],
and there is £ € L2 ((0,T]; L%(2)) such that

loc

£(t) € B(w(t)) ae.in Q forae te[0,T],
v(w'(t),n), + K(Aw(t), An) — (£(t) + g(w(t)) — u(t), An) =0 (4)

for all n € H2(Q)NL%Q, with g—z =0a..onI andforae. t€[0,T].
For an abstract setting of (PSC), we consider a Hilbert space
Xo :=V* x L*Qq
with inner product (-,-)x, given by
([el,vl], [ez,vz])xo := (e1, Fteg) + v(v1,v5) for any [e;,v;] € Xo, i =1,2.
Now, for each t > 0 we define a function @}(-) on X, by
r‘{p:'l(e —v— ﬁ)dx + %lelig(m +({ﬁ(v + ﬁ)dm — (h(t),€)

vo(le, v]) = if [e,v] € L2(Q) x Vo and B(v+ ]ﬁ[) € L'(),

+00 otherwise.

()
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THEOREM 1. (a) For each t > 0, } is proper, Ls.c. and convex on Xj .

(b) The subdifferential 8} of pf in Xo is characterized as follows: [e*,v*] €

a¢% ([e,v]) if and only if
. _ c
e* = F(p e—v— ﬁ) - h(t)),

and there is § € L*(Q) with £ € B(v + (&) a.e. in © such that

* -1 c . *

vu =nF0v+7ro[£—p (e—v— ﬁ)] in Vg,
ie.,
c

v{v*,n)o = ka(v,n) + (€ —p H(e—v— I—ﬁ),n) forall neVy.

(o) If [e},v}] € Bph([es vi]), i =1,2, then
(le1,v1] — €3, v3], [ex, va] — [e2, v2]) 5 =
= (p‘l(el —v; — h%—l) —p ' (e2—v2 — I—él),(el —v)— (e2 — vz)) +
+&|V(v1 — U2)|2Lz(g) + (61— &2yv1 —vg) 2
> g7l(en =00 = (02 = )y + KIVEs — 02) o

where &;, i = 1,2, are the function { as in (7).

Next, let Ap be an operator in X, defined by
AO([ea v]) = [e, K'Fo_lv]’ [ev v] € XO ’

and Gy defined by

1 c
Go([e,v]) == [O, — 7o [g(v + I—Q—I)” , le,v) € Xo.
Then it is easy to see that Ao is linear, continuous, selfadjoint in Xo and

(AO([ea 'U]), [e,v])Xo = |e|%/‘ + K’”l”l%’o' for all [ea ’U] € XU :

(6)

(7)

Hence Ay is positive in Xo. Further Gy is clearly Lipschitz continuous in Xj.
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COROLLARY to Theorem 1. Let {u,w} be a weak solution of (PSC) on
[0,T]. Then the function U(t) := [p(u(t)) + w(t),w(t) — ]%I] satisfies that

UeC(0,T]; Xo), U' € L, ((0,T; V* x V), ¢o(U) € L'(0,T),  (8)

and

{ 4 AU (t) + b (U(t)) + Go(U(T)) > f(t) in Xofor a.e. t € [0,T], o)

U(0) = Up := [p(uo) + wo, wo — ]5—|],

where f(t) := [f(t),0] for ae. t € [0,T]. Conversely, if U(t) := [e(t),v(t)]
satisfies (8) and (9), then the couple {u,w} with u = p~!(e — v — ﬁ') and
w = v+ 1§ is a weak solution of (PSC) on [0,T].

The idea for the proof of Theorem 1 is found in Visintin [24], the theorem
can be proved by applying it extensively (see [12; Part II] for a detail proof).

2. Abstract evolution equations in Hilbert spaces

Throughout this section, let H be a (real) Hilbert space with inner product
(-,-)u and norm |- |g, and 4'(-) be a proper l.s.c. convex function on H for
each t € R} . Now, let us consider the abstract Cauchy problem

(Av)'(t) + 8¢t (v(t)) + p(v(t)) 2 £(t) in H, t >0,
v(0) = vy,

CP(¢, vo) {

where A is a linear operator in H, p is a nonlinear operator in H, £ €
L% (Ry; H) and vo € D(0). This problem is discussed for a family {¢*} in
Uy (a; Ko), specified below by a function a € Wl:,cl (R4+) and a constant Ko > 0.

We denote by ¥g(a;Ko) the class of all families {t)*};>¢ of proper ls.c.
convex functions on H which satisfy the following conditions (¥1)-(¥3):

(U1) o*(2z) > Kolz|% for all z € H and t > 0.
(¥2) D(3t) = D(¢°) for all ¢ >0, and

[6t(2) — 9°(2)| < |a(t) — a(s)| (1 +%°(2)) for all 5,¢ > 0 and z € D(¢°).

(¥3) For each r > 0, the set |J {z € H;9*(z) < r} is relatively compact
in H. £20
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Further we suppose that p is a Lipschitz continuous operator in H, the range
R(p) of p is bounded in H and there is a non-negative potential P: H — R
such that VP = p; in this case, if v € W12(0,T; H), then P(v) € W(0,T)
and

%P(v(t)) = (VP(v(t), v'(t)),  forae tel0,T].

Also, we suppose that A is a linear, continuous, positive (i.e., (Az,2)yg > 0 if
z # 0) and selfadjoint operator in H ; in this case, the fractional power % of

A, denoted by Az , is defined as a linear, continuous, positive and selfadjoint
operator in H again, and A is the subdifferential of the continuous convex
function ja(2) := 3|A%z|} for z € H.

For uniqueness of a solution to CP({,vy) we require the following condi-
tion (*):

(*) For each € > 0 there is a number C(g) > 0 such that

1 2
|21 — 2ol < (2t — 23, 21 — 22)m + C(€)| A% (21 — 2) |34

for all z; € D(¢'), zf € ¥*(z;)), i=1,2, and t>0.

DEFINITION 2. Let 0 < T < +o00, £ € L?(0,T;H) and vy € D(4°). Then
a function v: [0,T] — H is a solution of CP(f,v0) on [0,T], if A%v €
c(0,T]; H) nWL2((0,T); H), ¢t(v) € L(0,T), (A3v)(0) = A2vy and

£(t) — p(v(t)) — (Av)'(t) € 8y (v(t)) forae. te[0,T].
Remark 1. In Definition 2, note that (Av)'(t) = A2 [(A%v)’(t)] € H for a.e.

t €[0,T], since (AZv)'(t) € H for a.e. t € [0,T].
Now the solvability of CP(£,vo) is mentioned in the following theorem.

THEOREM 2. Assumc that {*} € Uy(a, Ko) and p is as above. Let 0 < T <

+o00, £ € WH2(0,T; H) and vo € D(°). Then CP(¢,v9) admits one and only
one solution v on [0,T] such that

t3(A3v) € L*(0,T; H), tyt(v) € L°(0,T).
In particular, if vo € D(¢°), then
Asv e W2(0,T; H), +t(v) € L®(0,T).
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A solution of CP(¢,v) is constructed as the limit of the solutions vy of
approximate problems with parameter A > 0 as A — 0:

cp { [A’U,\ + /\’U)‘]l(t) + 8¢f\(v,\(t)) +p(v,\(t)) = E(t), 0<t<T,
A vA{0) =g,

where 9% is the Yosida-approximation of 9*. See [12] for a detail proof of
Theorem 2.
3. Asymptotic behaviour as ¢t — 0

Let p be as in the previous section and {y'} € Wgy(a;Ko) and further
suppose that

e L'Ry; H); £2°:= Jim (t) in H, (10)
a € LI(R-I-)’ (11)
Yt — 9>  (in the sense of Mosco) as t — o0, (12)

where 1™ is a non-negative proper l.s.c. convex function, with D (™) = D(«°),
on H . Here, by “4* — 9> (in the sense of Mosco) as t — +00” we mean that
the following two conditions (M1) and (M2) are fulfilled:

(M1) if t, — +oo and z, — z weakly in H, then

lim inf ' (2,) > ¥>(2).

n—-+o0o

(M2) For any z € D(9*°) there is a function w : Ry — H such that
w(t) >z inH, ¢'(wt)) —¢v>™(z) ast— +oo.

From the definition of the convergence in the sense of Mosco we immediately
see that
¥ (2) > Kolz|% forallze H,

that is, ¥ is coercive on H, and for each r > 0 the set {z € H;¢>*(z) < r}
is compact in H . Therefore, the stationary problem

Y™ (Voo) + P(Voo) D €*° in H (13)

has at least one solution v and the set of all solutions is compact in H; a
solution of (13) is not unique in general, since p is not monotone in H .
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THEOREM 3. Let p be as in Section 2 and {y'} € ¥y(a:Ky), and sup-

pose that vg € D(¢°) and (10)—(12) hold. Then, for the global solution v of
CP(@, ’Uo) s

(1) (A%v)’ € L?(to,+oo; H) for each finite to > 0.
Moreover, the w-limit set

w(v) := {z € H; v(t,) — z in H for some t,, with t, — +oo}
satisfies that

(ii) w(v) is non-empty, connected and compact in H ,
(ili) any point ve, € w(v) is a solution of (13),

(iv) for any veo € w(v),
Jim {37 (v(t)) + P(v(t)) = (£2),0(1)) g} = ¥ (voo) + P(ve0) = (€%, v00)pr -

Applying a modified technic in [19], we can prove Theorem 3. See [12] in
details.

4. Application to (PSC)

Applying Theorems 2, 3 to system (PSC), we obtain not only an existence-
uniqueness result, but also an asymptotic stability result for it.

THEOREM 4. Assume that (p), (8), (9), (f), (ho), (1), (2) hold and
FelRGIA®);  f2 = lm f() i IX®);

and
By € I'(R LA(); k= lim ho(t) in L*(T);

let h*° be the function in V' such that
a(h®,z) + (ah® —h’,z)r =0 forall z€eV.

Then (PSC) admits one and only one global (in time) weak solution {u,w}.
Moreover, the following statements hold.
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(a) For every finite T >0,

t3p(u) € L®(0,T; L*(Q)), tip(u); € L2(0,T;V*),

£3 (w — ﬁ) € L®(0,T; V), tiw, € L3(0,T;Vy),

tie € L*(0,T; L3()), t2B(w) € L®(0,T; L} (1)),

where ¢ is the function as in (w3) of Definition 1.

(b) For every finite T > 0,

plu) € L2(T, 400 (), w = 1 € L¥(T 00 V%),

B(w) € L= (T, +o00; L}(R)),
p(u); € L3(T,+00; V*), w; € L*(T,+o0; Vy)

(c) u(t) = uwo in L%(Q) as t — 400, where ux, € V is the solution of
(Yoo — h®, 1) + a(uee — R, n)r = (f*,n) forall neV.
(d) The w-limit set w(w) of w as t — +o0, le.,
w(w) := {z € L*(Q); w(t,) — z in L*(Q) for some t,, with t, — +oo},

is non-empty, connected, and compact in L?(Q), and furthermore any
Woo € w(w) satisfies the system

Ka(Weo,M) + (€co + 9(Woo) — Uoo,n) =0 for all n € Vg,
Woo — ﬁ € ‘/05
o € L%2(Q), £ € B(weo) a-e. in .

For a complete proof of Theorem 4, see [12].

In the one-dimensional case, we see further results on the w-limit set w(w)
with the structure of the corresponding stationary problem for the isothermal
phase separation model (Cahn-Hilliard model with constraints) (see [3]).
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