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Abstract. The half-linear differential equation
(Jo/|*sgn ')’ = (AT 4 b)) [u[*sgnu, t > to,

is considered, where o and \ are positive constants and b(t) is a real-valued continuous
function on [tg,00). It is proved that, under a mild integral smallness condition of b(t)
which is weaker than the absolutely integrable condition of b(t), the above equation has a
nonoscillatory solution ug(t) such that ug(t) ~ e * and uf(t) ~ —Ae™ (£ — o0), and
a nonoscillatory solution uy (t) such that uj(t) ~ e* and u}(t) ~ Xe* (t — c0).
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1. INTRODUCTION
In this paper we consider the half-linear ordinary differential equation
(1.1) (|u'|*sgnu’) = (N> 4+ b(t))|u|*sgnu, t > to,

where o« > 0 and A > 0 are constants and b(t) is a real-valued continuous function
on [tg,00). If & =1, then (1.1) reduces to the linear equation

(1.2) u”" = (A2 4+ b(t))u, t>to.

It is known that basic results and qualitative results for the linear equation (1.2)
can be generalized to the half-linear equation (1.1). The important works relating
to (1.1) are summarized in the book of Dosly and Rehdk (see [2]).
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It is well-known (see, for example, [1], page 90 and [3], Corollary 9.2, Chapter XI)
that if

(1.3) /Oo 1b(s)| ds < oo,

to

then the linear equation (1.2) has a nonoscillatory solution ug(t) such that
(1.4) uo(t) ~ e M, uf(t) ~ —de M, t — o0,

and a nonoscillatory solution us(t) such that

(1.5) uy (t) ~ e, wi(t) ~ AN, t— oo

Recently Naito and Usami in [11], Theorem 1.1 (i) have generalized the above result
for the linear equation (1.2) to the half-linear equation (1.1): if (1.3) holds, then the
half-linear equation (1.1) has a nonoscillatory solution ug(t) satisfying (1.4) and a
nonoscillatory solution w(t) satisfying (1.5).

For the linear equation (1.2) it is also known (see [3], Corollary 9.2, Chapter XI)
that if

t e8]
(1.6) tlim e 2Mh(r) dr = / e 2 Mh(r)dr exists and is finite
=00 Jyo to
and
o0 o0
(1.7) / e sup / e 22 h(r)dr| ds < oo,
to o2s o

then (1.2) has a solution ug(t) satisfying (1.4) and a solution u;(t) satisfying (1.5).
It is easy to see that if (1.3) holds, then (1.6) and (1.7) hold.
In the present paper we consider the half-linear equation (1.1) under the conditions

t 00
(1.8) tlim e (T (p) dr = / e~ (FDATp(r) dr  exists and is finite
o0 to to
and
o0
(1.9) tlgrolo el@tDMP, (1) =0 and el@tDAs 1P (5)| ds < oo,
to
where
o0
(1.10) Dy(t) = / e (FDAp(s)ds, L > to.
¢
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It can be checked that if (1.3) holds, then (1.8) and (1.9) hold. Throughout the
paper the condition (1.9) is used under the assumption that (1.8) holds.

Let o = 1. Then (1.8) becomes (1.6). It is seen that (1.7) implies (1.9) with o = 1.
In fact, if (1.7) holds, then

t

lim e sup

t—o0 —1 o>s

/ e 22p(r)dr| ds = 0.

Therefore, since

t t
/ e sup ds > / e?** dssup
t—1 o=s t—1

/ e 22h(r) dr

/ e 2Mh(r) dr

o>t
1 (o)
> 2_(1 _ e—2/\)62/\t / e—QArb(,r) dr/,
t
we find that -
lim e / e 2Mp(r)dr| = 0.
t—o0 t

This implies that if (1.7) holds, then the former half of (1.9) with & = 1 holds. It is
clear that if (1.7) holds, then the latter half of (1.9) with o = 1 holds.
In the next section it is proved that the condition (1.9) is equivalent to the condi-

tion
(1.11) tlggo e~ (@FDME, (1) =0 and /t:o e~ (@FDAs|@, ()| ds < oo,
where
(1.12) Uy(t) = /t eletDAsp(s)ds, ¢ > to.
to

We can show the following theorem.

Theorem 1.1. Suppose that (1.9) (or, equivalently, (1.11)) holds. Then the
half-linear equation (1.1) has a solution ug(t) satisfying (1.4) and a solution w1 (t)
satistying (1.5).

Theorem 1.1 generalizes the classical result for (1.2) in Hartman [3], Corollary 9.2,
Chapter XI and the recent result for (1.1) by Naito and Usami [11], Theorem 1.1 (i).
Consider now the general half-linear equation of the form

(113) (| sgnu')’ = q(Olul” sgnw, ¢ > o,
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where ¢(t) is a real-valued continuous function on [tg,00). It is well-known (see,
for example, [2], Theorem 1.1.1) that all local solutions of (1.13) can be continued
to tp and oo, and so all solutions of (1.13) exist on the entire interval [t, 00). An
analogue of Sturm’s separation theorem remains valid for (1.13) (see, for example, [2],
Theorem 1.2.3). Hence, if the equation (1.13) has a nonoscillatory solution, then any
other nontrivial solution is also nonoscillatory. Clearly, if u(¢) is a solution of (1.13),
then, for any constant ¢, the function cu(t) is also a solution of (1.13). In particular,
if u(t) is a solution of (1.13), then so is —u(t). Therefore we can suppose without loss
of generality that a nonoscillatory solution of (1.13) is eventually positive. Note that
a solution wg(t) satisfying (1.4) and a solution wi(t) satisfying (1.5) are eventually
positive.

In the last three decades, many results have been obtained in the theory of oscil-
latory and asymptotic behavior of solutions of half-linear differential equations. It is
known that basic results for the second order linear equations can be generalized to
the second order half-linear equations. The important works are summarized in the
book of Dosly and Rehak (see [2]). For the recent results to half-linear equations we
refer the reader to [4]-[15].

This paper is organized as follows. In Section 2 we state several preliminary results
which are related to the condition (1.9) and the condition (1.11). The main idea of the
proof of Theorem 1.1 is to show the existence of solutions with suitable asymptotic
conditions of generalized Riccati differential equations which are associated with the
half-linear equation (1.1). A few results concerning generalized Riccati differential
equations associated with (1.1) are stated in Section 3. The proof of Theorem 1.1
is presented in Section 4. An example illustrating the main result is provided in
Section 5. The Riccati technique is particularly useful in the qualitative theory of
half-linear equations, see, for example, [2], [4]-[6], [8]-[15].

2. PRELIMINARY RESULTS

In this section we first prove that the condition (1.9) is equivalent to the condi-
tion (1.11).

Lemma 2.1. The condition (1.9) holds if and only if the condition (1.11) holds.

To shorten notation, we put
(2.1) B=(a+1)A

This notation is used throughout the paper.
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Proof of Lemma 2.1. Suppose first that (1.9) holds. Integration by parts gives

t t
\If,\(t)z/ e(a+1))‘5b(s)ds=/ e?Pse™P5p(s) ds

to to

t
= —e?PlD)\ (1) + X0 Dy () + 2 / P2, (s)ds
to
and so
—Bt Bt 28t —pt 28 [ 28
(2.2) e PHUA(E)] < €7 Pa(L)] + e D (to)]e +@/ e“7%| Py (s)|ds
to

for t > tg. By the former half of the condition (1.9), the first term of the right-hand
side of (2.2) tends to 0 as t — oo. It is clear that the second term of the right-
hand side of (2.2) tends to 0 as ¢ — co. The last term of the right-hand side of (2.2)
also tends to 0 (¢ — oo). In fact, by 'Hospital’s rule we have
lim i/t €231, (5)] ds = lim ———e| (1)) = = lim ¢*|d(£)| = 0.

Bt t—oo Beft B t—oo

t—o0 e to

Therefore we obtain lime™ W, (t) = 0 as t — co.
From (2.2) it follows that

t t t
@3) [Pl < [ Hlos)ds+ )] [ o ds

to to to

t s
+26/ e P (/ eQﬁT|<I>)\(r)|dr> ds
to to

for t > to. By the latter half of the condition (1.9), the first term of the right-hand
side of (2.3) converges as ¢ — oo. It is clear that the second term of the right-
hand side of (2.3) converges as t — oo. The last term of the right-hand side of (2.3)
also converges as t — oco. In fact, by integration by parts and the latter half of the
condition (1.9) we find that

¢ s 1 K
/ e P (/ 62/67"|<1>,\(7“)|d7“) ds = — —e_ﬁt/ S NOIE
to to B to

1 t
+ B/ efﬁsezﬁs|<1>k(s)| ds
t
1 OOO

Bto

< eP%|®y (s)] ds < oo.

Therefore we get
/ e P Wy (s)] ds < oo.

to

This proves that (1.9) implies (1.11).
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Conversely, suppose that (1.11) holds. Integration by parts gives

t t t
(2.4) / e Pb(s)ds = / e 2P5ePsp(s) ds = e 2PN, (1) + 2,8/ e 250, (s) ds
to

to to

= e Pt P, () + 28 /1t e (e Wi (s)) ds

for t > to. By the former half of the condition (1.11), the first term of the last
member of (2.4) tends to 0 and the second term is convergent as ¢ — co. Therefore,
(1.8) holds. Then, as in the above calculation, we find that

Dy (t) :/ e Pb(s)ds = 25/ e 2P </ ePb(r) dr) ds, t=>to,
t t

t

and hence
o0
By (t) = —e~ 2P0, (1) + 25/ 205, (s)ds, t > to.
t
Thus we have
Bt —pt 2B > —28s
(2.5) e Dy (1) < e WA ()] + T ) e [Ta(s)|ds, = to.

By the former half of (1.11), the first term of the right-hand side of (2.5) tends to 0
as t — oo. The last term of the right-hand side of (2.5) also tends to 0 (¢ — c0). In
fact, by I’'Hospital’s rule we have

(2.6) lim

oo e—Bt

o0
) . 1 _
J eI = fim i e )

1
= — 1i 7'Bt =
= Bthm e 7 UA(t)| = 0.

Therefore we get e®'®,(t) — 0 as t — oc.
From (2.5) it follows that

t t t [e%e]
(2.7) /e63|‘1>,\(s)|ds</ e_63|\lf,\(s)|ds+26/t eBS</ e_26T|\II>\(r)|dr> ds

to to

for t > to. By the latter half of (1.11), the first term of the right-hand side of (2.7)
converges as t — 0o. The second term of the right-hand side of (2.7) also converges
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as t — oo. Indeed, by integration by parts, it is seen that

t [ee] 00
(2.8) /to eﬁs(/S eQﬁT|\II)\(r)|dr) ds = ,Bel—ﬁt/t e 28%|W, (s)| ds

1 o0 9
- m/t SR NOICE
0

1 t
+—/ e85, (5)|ds.
B to

Since we have (2.6), the first term of the right-hand side of (2.8) tends to 0 as t — oo.
From the latter half of (1.11), the last term of the right-hand side of (2.8) converges
as t — oo. Consequently we obtain

oo
/ %@, (s)] ds < oo.

to

This shows that (1.11) implies (1.9). The proof of Lemma 2.1 is complete. O

Lemma 2.2.
(I) Suppose that (1.9) holds. Define the function ®y(t) by

~

oo
(2.9) Dy (t) = / eletXs|9, (5)|2ds, > to.
t

Then we have

. (a+1)AtH _
(2.10) tlgroloe Dy(t)=0
and
(2.11) / e(a“))‘S(/I\))\(s) ds < o0.
to

(I) Suppose that (1.11) holds. Define the function W (t) by

t
(2.12) \Il)\(t):/ e~ (OFDA| @) (5)[2ds, ¢ > to.

to

Then we have

(2.13) lim e~ (HDNG, (1) = 0
t—00
and
(2.14) / e~ (OFDA Y (5) ds < oo.
to

323



Proof. Let 8 be the constant defined by (2.1).

(I) Suppose that (1.9) holds. The function </I\>)\(t) is well defined since e’|®,(t)]
is integrable on [tg,00) (the latter half of (1.9)) and ®,(t) — 0 as t — oo. By
I'Hospital’s rule and the former half of (1.9), we see that

~ 1 o 1
lim /'@y (t) = lim ; / 3| ®y ()2 ds = Btllm (e @x(1)])? = 0,
t o0

t— o0 t—oo e B
which proves (2.10). Integration by parts gives

~

t t
~ 1 1 g2 1
/ 5Dy (s)ds = =Pt Dy () — =Py (t0) + —/ e?%| @y (s)2 ds
to g g B Ji
for ¢t > tg. The first term of the right-hand side of the above equality tends to 0 as
t — oo by (2.10). Since e”*|®, ()| — 0 (t — c0), we have
@ (1)* < ™[ a(1)]

for all large t. Since e’!|®,(t)| is integrable on [tg, 00), the function e25t|®,(¢)|? is
also integrable on [tg, c0). Consequently, (2.11) holds.

(IT) Suppose that (1.11) holds. By I'Hospital’s rule and the former half of (1.11)
we see that

~ 1/t 1
: —pBt — i = —Bs 2 e —pBt 2 _
Jim e a0) = Jim 5 [ e P9 s = 5 fim (e (D)7 =0
proving (2.13). By using integration by parts we have

t N 1 N 1 t
/ e PWy(s)ds = —Befﬁtllf,\(t) + B/ e 2851wy (s)|* ds

to to
1 t
< —/ e 205\ Wy (s)2ds, t > to.
/3 to
Since e AW, (t)| — 0 as t — 0o, we have
e WA < e WA()]
for all large ¢. Since e~ #*|W,(¢)| is integrable on [tg,00) (the latter half of (1.11)),

the function e~2%t|W, (¢)|? is integrable on [ty,00). Consequently, (2.14) holds. The
proof of Lemma 2.2 is complete. (I
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3. PRELIMINARY RESULTS (CONTINUED)

We use the asterisk notation
£ =1[¢["sgné, SER, a>0.

It is easy to see that, for £,1,&1,& € R and a, a1, s > 0,

> (€)= €, (€)™ = €

b (gn)as = gloaen), (gue)W/r g, (gU/myee —g,

> £%* =5 if and only if & = n(1/®)*;

> &Y < €9F if and only if & < & €0 < €9 if and only if & < &o;
> f(§) = £“* is a continuous function of £ € R.

With this asterisk notation, the equation (1.1) is rewritten in the form
(3.1) (') = a(ATE Hb(t)u™, t>to.

Throughout the paper the following fact plays an essential part. Let wu(t) be a
nonoscillatory solution of (3.1). We may suppose that u(¢) > 0 for ¢t > T (> to). Put

w(t)

(3.2) o(t) = (u(t) )a*, t>T.

Then v(t) satisfies the generalized Riccati differential equation
(3.3) V(1) = a(ATL 4 b(t) — alu(t)| @t/ =T

Conversely, if v(t) is a solution of (3.3) on [T, c0), then

(3.4) u(t) = exp (/tv(s)(l/a)*ds), E> T,

T

is a positive solution of (3.1) on [T, 00). The proof is immediate.

If a nonoscillatory solution u(t) of (3.1) on [T, 00) satisfies the asymptotic condition
of the type (1.4), then the function v(¢) which is defined by (3.2) satisfies lim v(t) =
—A* as t — oco. Put w(t) = —A* —ov(t) for t > T. From (3.3) it is evident that

(3.5) W (t) = —aX 4 b(1) + alA* + w(t)| TV > T

It is also clear that tlim w(t) = 0. Therefore we can suppose that |w(t)| < 2\~ for
— 00
t>T.
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Define the constant 8 by (2.1), and the function ¢(w) by

1 A%
(3.6) plw) = (@ +w)er /e et D28 ) < S
(0%

Note that |A* + w| = A* 4+ w for |w| < $A“. Then (3.5) is rewritten as
(3.7) w' (t) = —ab(t) + Bw(t) + ap(w(t)), t=>T.

Similarly, if a nonoscillatory solution u(t) of (3.1) on [T, 00) satisfies the asymptotic
condition of the type (1.5), then the function v(¢) which is defined by (3.2) satisfies
limo(t) = A* as t = oo, w(t) = =A* 4+ v(t) (t = T) satisfies

(3.8) W (t) = (X 4 B(1)) — alX* + w(t)| TV T

and limw(t) = 0 as ¢t — co. We suppose that |w(t)] < 2A* for ¢t > T. By using the
constant 3 given by (2.1) and the function ¢(w) given by (3.6), the equality (3.8) is

rewritten in the form
(3.9) W (t) = ab(t) — Bu(t) — ap(w(t), t>T.

In this paper the equations (3.7) and (3.9) play an important role. For the proof
of the existence of a solution ug(t) (or ui(t)) of (1.1) satisfying (1.4) (or (1.5)), we
use (3.7) (or (3.9)). We need the following lemmas.

Lemma 3.1. Let « > 0 and A > 0 be constants. Define the function ¢(w)
by (3.6). Then we have

0 < p(w) < L(a, Jw?  and  |¢' (w)] < 2L(a, M) |w]

for |w| < 3\, where
1/3\(1/a)-1
G (3) A o<ast
Lo =3 77 /e
—a+1
T‘gQ (—) A « , > 1.
Define the function ¢ (w) by
e 1/ 1 —a+1 A®
(3.10) P(w) = A" +w)/*—A— a)\ w, |w| < 5

Then we obtain the the following estimate for ¥ (w).
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Lemma 3.2. Let « > 0 and A\ > 0 be constants. Define the function ¢ (w)
by (3.10). Then we have

|¢(w)| < M(aa/\)w2a |w| < 77
where
U BV e g,
M(a,n) =4  20° \2
’ o — 1] f1\A/e)=2
— A2l o> L
202 \2 ’ 2

For the proofs of Lemmas 3.1 and 3.2, see [11], Lemma 2.1 and Lemma 2.2.

4. PrROOF OF THEOREM 1.1

In this section we give a proof of Theorem 1.1. For the proof of the existence of
a solution ug(t) (or uy(t)) of (1.1) satisfying (1.4) (or (1.5)) we use (1.9) (or (1.11)).
As before, 8 > 0 is the constant given by (2.1).

Proof of Theorem 1.1. We will first prove the existence of a nonoscillatory
solution ug(t) of (1.1) which satisfies (1.4). As mentioned above, we use (1.9) and
solve the generalized Riccati differential equation (3.3). To this end, we utilize the
equation (3.7). As an integral form of (3.7) it is natural to consider

(4.1) w(t) = ozeﬁt/ e P5b(s)ds — aeﬁt/ e Po(w(s))ds, t=>T,
t t

where T is a suitable number. Note that the first term of the right-hand side of (4.1)
is equal to ae'®,(t), where ®,(t) is given by (1.10). We define ®,(t) by (2.9).
By (I) of Lemma 2.2 we have (2.10) and (2.11).

By (1.9), (2.10) and (2.11), the functions ¢%|®,(t)| and e%'®y(t) tend to 0 as
t — oo and are integrable on [tg,00). Let L(«a, \) be a positive constant appearing
in Lemma 3.1. For simplicity of notation, we put

(4.2) v =3aL(a, \).

It is possible to take a number T' > ¢( so that

N A\
(43) 0 |BA(1)] + 1 Br() < 5 12T,
and
o ~ 1
(4.4) aL(a, )\)/ (0| @y (s)] + 7e?* D (s)) ds < G
T
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Then, by (4.4), we have
& ~ 1
(4.5) aL(a,/\)’y/ eﬁsflb\(s) ds < g
T

Let Cp[T, 00) denote the Banach space of all bounded continuous functions w(t)
on [T, 00) with the supremum norm

(4.6) [Jw]| = sup [w(t)].
t=>T

Define the set W by
W = {w e Cp[T,0): |w(t)] < ae’|®x(t)] + v ®,(t) for t > T}.

If w e W, then |w(t)| < 2A* for t > T (see (4.3)). The set W is a nonempty closed
subset of Cp[T, ). Define the integral operator F on W by

(Fw)(t) = ozeﬁt/ e P5b(s)ds — aeﬁt/ e Pp(w(s))ds, t=T,
t t

where p(w) is given by (3.6). Observe that Fw is well-defined for w € W and that
(Fw)(t) is a continuous function on [T, 00).
Let w € W. By Lemma 3.1 and the definition of Fw, we get

(Fu)o) < ac®so) + e’ [ " e (w(s))] ds

(o)
< P @y (1)] +04L(04,)\)e6t/ e Psw(s)|? ds
¢

for t > T. As a general inequality we have (A + B)? < 242 + 2B? for all real
numbers A and B. Therefore, if w € W, then

/ e*ﬁsl’tv(s)fd“/ e (2(ae| @5 (5)])? + 2(7e” 1 (5))?) ds
t t
<2020 (1) + 292 B (1) / P, () ds
t

for t > T. Here, in the last step, the decreasing property of ® A(t) has been used.
Hence, in view of (4.2) and (4.5), we obtain

2 ~ ~ SN
[(Fw)(t)] < ae®!| @y (1)] + gfyeﬁtflb\(t) + 2al(a, /\)’yzeﬁtqb\(t)/ 5Py (s)ds
¢
< a1 @y ()| + e DA (1), t=T.
This implies that F maps W into W.
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Furthermore, it can be proved that F is a contraction mapping on W. In fact, if
wi,we € W, then

|(Fwn)(t) = (Fw2)(#)] < ae’™ /too e Pp(wi(s)) — p(wa(s))|ds, t>T.

The mean value theorem implies that there exists 6(t) € (0,1) such that

p(wi(t)) — p(wa(t)) = ¢'(§(1)) (w1 (t) — w2 (t))

with
§(t) = wi(t) + 0(t) (w2 (t) — wa(t)).
Then, noting that

E(0)] < ae®|@A(0)] + 7™ Bu(D), 2T,
and using the estimate for |¢’'(w)| in Lemma 3.1, we see that
[p(wr (1)) = @(wa(t))] < 2L(a, \) (@™ |@x(1)] + 7€ @1 (1)) wi (1) — wa(t)]
for t > T. Therefore we find that

[(Fw1)(t) — (Fws)(t)]

o0
< 2al(a, /\)eﬁt/ e P (ae* |y (s)| 4+ ve D, (s)) ds||wr — wa|
t

(o)
<2000, ) [ (@6 0a6)] + 267 Ba(s)) dsllun el
¢
for ¢t > T. Therefore it follows from (4.4) that

(Fun) - (Fua) )] < gl —wall, 27,

which yields
1
|Fwr = Fuall < gllws = wall
Thus, F is a contraction mapping on W as claimed.
By the contraction mapping principle, F has a fixed element w € W. This fixed

element w(t) satisfies (4.1), and so it satisfies (3.7). By the definition of ¢(w) we
find that w(t) satisfies (3.5). By the construction of w(t) we have

[e3%

~ A
(4.7) ()] < ae™@r(1)] + 1" Br(1) < T, 1T,
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which gives A* + w(t) > $A* > 0 for ¢t > T. The function v(t) defined by v(t) =
—A* —w(t) (t > T) satisfies (3.3) and v(t) < —3A* < 0 for ¢t > T. For this v(t),
define u(t) by (3.4). It is seen that u(t) is a posmve solution of (3.1) on [T, o).
Using the function ¢ (w) given by (3.10), we have

)\7(1+1

(4.8) % — v(t)(l/a)* _ _()\a + w(t))l/a — )\ -

w(t) —P(w(t))

for t > T and integration of (4.8) gives

’U,(t) L B B A~ a+1 .
(4.9) log 7% = —A(t=T) / 5)d / (w

for t > T. Since ¢Pt|®,(t)| and P, () are integrable on [to, 00), the inequality (4.7)
implies

(4.10) /00 |w(s)|ds < 0.

T

From Lemma 3.2 and (4.7) it is seen that

[W(w(t)] < M(a, Nw(t)?, t>T.

2

Since w(t) — 0 ast — oo (see (4.7)), we have w(t)* < |w(t)| for all large t. Therefore,

(4.10) gives

(4.11) / [(w(s))|ds < oo.
T
By (4.9), the solution w(t) is written in the form
u(t) = c(t)e ™, t>T,

where

c(t) = u(T) exp ()\T — A / s)ds — / Y(w > t>T.

Then, from (4.10) and (4.11), it is clear that c(¢) has a positive finite limit as ¢t — co.
Put lim ¢(t) = ¢o (> 0). Since tlim w(t) = 0, the equality (4.8) gives
—00

t—o0
!
tim Y0
t—00 u(t)
Since u(t)/e=* = ¢(t) — co (t — 00), the above equality implies u/(t)/e~* — —Aco

(t = 00). Then the function ug(t) = u(t)/co is a solution of (1.1) and satisfies (1.4).
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Next we prove the existence of a nonoscillatory solution w4 (¢) which satisfies (1.5).
For this purpose, we use (1.11) and solve the equation (3.9). An integral form
of (3.9) is

¢ ¢
w(t) = e PETy(T) + ae_ﬁt/ e4b(s)ds — ae_ﬁt/ " o(w(s))ds
T T
fort > T, where T is a suitable number. If we take w(T) = ae T, (T), where U (t)
is defined by (1.12), then the above equality becomes

t t
(4.12) w(t) = aefﬂt/ P%b(s) ds — aefﬁt/ Pp(w(s))ds, t>T.

to T
The first term of the right-hand side of (4.12) is equal to ae™ "W, (¢).

Now, define W, (t) by (2.12). By (II) of Lemma 2.2, we have (2.13) and (2.14).
From (1.11), (2.13) and (2.14), the functions e[ W (¢)| and e=#'W,(¢) tend to 0 as
t — oo and are integrable on [tg,00). Therefore it is possible to choose a number
T > tg so that

~ @
(4.13) ae P, ()] +ve Py (t) < & t>T,
and
o ~ 1
(4.14) aL(a, /\)/ (ae 25|y (s)| + ve Wy (s))ds < 6
T

where 7 is given by (4.2) and L(«, A) is a positive constant appearing in Lemma 3.1.
The inequality (4.14) implies
e 1

(4.15) aL(a,)\)'y/ e P5Wy(s)ds < 6
T

Let Cg[T, o) denote the Banach space of all bounded continuous functions w(t)
on [T, 00) with the supremum norm (4.6). Define the set W by

W = {w e Cp[T,00): |w(t)| < ae P W, (t)| +~ve P1Ux(t) for t > T}.

If we W, then |w(t)| < $A* for ¢ > T (see (4.13)). The set W is a nonempty closed
subset of Cp[T, 00). Define the operator F on W by

¢ ¢

(Fw)(t) = ae_ﬁt/ e4b(s) ds — ae_ﬁt/ P p(w(s))ds, t>T,
to T

where ¢(w) is given by (3.6). It is clear that (Fw)(¢) is a continuous function on

[T, o).
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Let w € W. By Lemma 3.1,
t
|(Fw)(®)] < ae” P |0A()] + ae*ﬁt/ ™ lp(w(s))| ds
T
t
< ae~ P10, (1)] + al(a, Ao / o[ (s)[2 ds
T
for t > T. It is found that

/ e*Juw(s)[? ds </ o”*(2(ae™ | W(5)])* + 2(ye P Wa(5))*) ds
T T

< 2a2\f'>\(t) + ZWQ@A(t)/ e‘ﬁs\fb\(s) ds
T

for ¢ > T. Here, in the last step, the increasing property of T A(t) has been used.
Hence, by (4.2) and (4.15), we obtain

2 ~ ~ ¢ ~
[(Fw)(t)| < ae™ Py (t)| + g’ye*ﬁt\Il)\(t) + 2aL(a, )\)72e*ﬁt\11)\(t)/ e W, (s)ds
T
< ae YU\ ()| + ye PLUN(), t=T.

This implies that 7 maps W into itself. Moreover, it is shown that F is a contraction
mapping on W. In fact, if wy,wy € W, then

Fun)® - Fuao] < [ lofun(s) - plunle)lds, 13T,
As in the previous calculation we have
(w1 (1)) — plwa(D)] < 2L (e A)(ae W (1)) + v~ T (1)) (1) — w2 (1)
for t > T. Therefore we find that

[(Fw1)(t) — (Fws)(t)]

t

< 2al(a, )\)e_ﬁt/ e (ae P |Wy (s)] + e P Wy (s)) ds|lw — wy|

T
t

< 2aL(a, /\)/ (ae P50 (s)] + ye~ T (s)) dslwr — ws
T

for t > T. Hence, (4.14) yields

1
|Fwr = Fuwal| < gllws = wall
Thus, F is a contraction mapping on W.
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By the contraction mapping principle, F has a fixed element w € W. This fixed
element w(t) satisfies (4.12), and so it satisfies (3.9). By the definition of p(w) we
see that w(t) satisfies (3.8). Therefore the function v(t) = A\* 4+ w(t) satisfies (3.3).
By the construction of w(t) we have

(03

- A
(4.16) lw(t)] < ce P, (t)] + ye P, (1) < ot T,

and hence v(t) > 2X* > 0 for ¢ > T. For this v(t), define u(t) by (3.4). It is seen
that u(t) is a positive solution of (3.1) on [T, 00). Using the function ¢ (w) defined
by (3.10), we have

/ —a+1
u (t) _ ’U(t)(l/a)* _ ()\a +w(t))1/a = \+ A

(4.17) w(t) + Y (w(t))

u(t

for t > T and integration of (4.17) gives

ﬂ _ B )\*&Jrl .
(4.18) log (T =\t —-T)+ / s)d +/ P(w

for t > T. Since e P!|Wy(t)| and e #1W, () are integrable on [ty, o), the inequal-

ity (4.16) implies
/ lw(s)|ds < oo.
T

By Lemma 3.2 and (4.16) we have

[Y(w(t)| < M(a, Nw(t)?, t>T.

Since w(t) — 0 as t — oo (see (4.16)), we have w(t)? < |w(t)| for all large t.
Therefore, the integrability of |w(t)| on [T, 00) gives

/ " fow(s))]ds < oo.

T

By (4.18), the solution u(t) is written in the form

where
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Then it is clear that ¢(¢) has a positive finite limit as ¢ — co. Put tlim c(t) = a
—00

(> 0). Since tl_i}m w(t) = 0, the equality (4.17) gives
o0

!
lim w(t)

=\
t—o00 u(t)

Since u(t)/eM = c(t) — ¢1 (t — 00), the above equality implies u/(t)/e* — Ay
(t = 00). Then the function uy(t) = u(t)/c1 is a solution of (1.1) and satisfies (1.5).
This finishes the proof of Theorem 1.1. O

5. AN EXAMPLE

We now give an example illustrating the main result. Consider the equation (1.1)
with

(5.1) b() = S0U) Lt t0(>0).

Since b(t) is bounded on [tg, 00), the condition (1.8) is clearly satisfied. It is easy to
see that

t e8]
lim b(s)ds = / b(s)ds exists and is finite,

t—o00 to to

and

o 3 t2
/ b(s)ds = SH;EQ ), t 2 to.
t

Then we find that
By (t) = / o~ (e+DAsp(5) g
t

= e~ (@t DA /too b(r)dr — (a+ 1))\ e~ (@A (/ >

. 2 [e’s)
— e—(atD)Xt sin(t%) —(a+ 1))\/ e—(at+1)As sin (s d t>to,
t

2t2 252
and so
1 > 1
a+1 —(a+1)As
[Da(t)] < e (2T 2t2+(a+1)>\/t e~(e+D) 5 &
< o-(arire L 1 n elatx L erpxed o to
212 2t2 27 T
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Then it is obvious that the condition (1.9) holds. Therefore, by Theorem 1.1, we
can conclude that the equation (1.1) has a solution wg(t) satisfying (1.4) and a
solution u;(t) satisfying (1.5).

The function b(¢) which is given by (5.1) satisfies

(5.2) /t ~ b(s)| s = oo

To prove (5.2), note that

2
1 T T 2 T T . 2
(5.3) 5/ Mola:/ Mds</ |b(s)|ds+/ |Sm7(38)|ds
t t s

2 g 0 s to to

for 7 > tg. Then, since

o0 [ee] . 2
/ Mda:oo and / Mds<oo,
t t

) ) 53
the inequality (5.3) implies (5.2). Therefore we cannot apply (i) of Theorem 1.1
in [11].
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