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Abstract. In their recent paper on posets with a pseudocomplementation denoted by *
the first and the third author introduced the concept of a x-ideal. This concept is in fact an
extension of a similar concept introduced in distributive pseudocomplemented lattices and
semilattices by several authors, see References. Now we apply this concept of a c-ideal (du-
ally, c-filter) to complemented posets where the complementation need neither be antitone
nor an involution, but still satisfies some weak conditions. We show when an ideal or filter in
such a poset is a c-ideal or c-filter, and we prove basic properties of them. Finally, we prove
the so-called separation theorems for c-ideals. The text is illustrated by several examples.

Keywords: complemented poset; antitone involution; ideal; filter; ultrafilter; c-ideal;
c-filter; c-condition; separation theorem
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1. INTRODUCTION

The concept of a §-ideal was introduced recently in pseudocomplemented dis-
tributive lattices and semilattices in [6], [7] and [8]. Later on, it was extended to
pseudocomplemented posets under the name x-ideal in [3] where * means the pseu-
docomplementation on the poset in question. The authors used also some results
taken from their previous paper (see [2]).

It turns out that in complemented posets the aforementioned concepts of ideals
and filters play also an important role and this fact motivated us to extend our
study to complemented posets where the complementation need not be an antitone
involution in all cases. Several such examples are included in the paper. Hence, we
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obtain the concept of a c-ideal. Our goals are to present several basic properties
of c-ideals and prove the so-called separation theorems showing that under certain
assumptions for every ideal I and certain filters F' of a complemented poset such
that I N F = () there exists a c-ideal J including I with J N F = (.

In what follows we collect the concepts used throughout the paper. Some of them
are familiarly known and can be found e.g. in [1].

Let (P, <) be a poset and a,b € P and A, B C P. We define

L(A)={xeP: z<yforallye A}
and

U(A):={x e P: y<xforal ye A},

the so-called lower cone and upper cone of A, respectively. Instead of L({a}),

L({a,b}), L(AU{a}), L(AUB) and L(U(A)) we simply write L(a), L(a,b), L(A,a),

L(A, B) and LU(A), respectively. Analogously we proceed in similar cases.
Consider a bounded poset (P, <,0,1), i.e., a poset with the bottom element 0 and

top element 1. A unary operation '

on P is called a complementation if for every
x € P there exist x V 2’ and ¢ A 2’ and, moreover, z V' =1 and x Az’ = 0. If ' is
a complementation on (P, <,0,1) then (P, <,’,0,1) is called a complemented poset.
Clearly, ) =0v0 =1and I'=1A1 =0.

A unary operation

on a poset (P,<) is called an involution if it satisfies the
identity 2" ~ x and it is called antitone if z,y € P and x < y together imply v’ < z’.

Let us note that if ’ is an antitone involution on a given poset (P, <) then  satisfies
the identity ="’ =~ z’ and we can use De Morgan’s laws, i.e., (L(z,y)) = U(2',y’)
and (U(z,y)) = L(«,y') for all x,y € P.

Let P = (P, <,’,0,1) be a complemented poset. For a subset A of P we put
A ={a: z€ A}, Ap:={xzeP: 2 €A}

It is an easy observation that A C B implies Ay C By. An element a of P is called
Boolean if " = a. For nonempty subsets I and F of P we define:

> I is called an ideal of P if L(x) C I and U(z,y) NI # @ for all z,y € I,

> F is called a filter of P if U(z) C F and L(z,y) N F #( for all z,y € F.

Lemma 1. Let P = (P, <,’,0,1) be a complemented poset with antitone com-
plementation satistying x < " for all x € P, let a € P, and assume that every ideal
of P containing a contains a”. Then a is a Boolean element of P.
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Proof. Every of the following statements implies the next one: a € L(a) and
L(a)isanideal of P, a” € L(a), a < a” < a, a” = a, a is a Boolean element of P. O

Let I be an ideal of P. Then

> [ is called proper if I # P,

> I is called mazimal if I is a maximal proper ideal of P,

> I is called a prime ideal if I # P and {z,y} NI # 0 for all z,y € P with

L(z,y) C I

For a filter F of P,

> F'is called proper if F # P,

> [ is called an wltrafilter if F' is a maximal proper filter of P,

> F is called a prime filter if ' # P and {x,y} N F # ( for all z,y € P with

U(zr,y) C F.

Now we define our main concepts. An ideal I of P is called a c-ideal if there exists
some filter F' of P with Fy = I. A filter F of P is called a c-filter if there exists some
ideal I of P with Iy = F. Namely, these concepts enable to separate ideals from
filters in complemented posets as expressed in the separation theorems (Theorems 16
and 20).

It is evident that the concept of an ideal and a filter are dual to each other.
Clearly, 0, 1 are Boolean elements of a complemented poset P. Further, {0} and P
are ideals of P, and 0 € I for all ideals I of P. Moreover, an ideal I of P is proper
if and only if 1 ¢ I. Dual statements hold for filters.

The ideals of the form L(a) with a € P are called principal ideals, and the filters
of the form U(a) with a € P principal filters.

Let us repeat the following useful results from [3].

Lemma 2 ([3]). Let P = (P,<) be a poset and I an ideal of P. Then the
following are equivalent:
(i) I is a prime ideal of P.
(ii) P\ I is a prime filter of P.
(iil) P\ I is a filter of P.
Moreover, the mapping I — P\ I is a bijection from the set of all prime ideals of P
to the set of all prime filters of P.

Recall that a poset (P, <) satisfies the Ascending Chain Condition if it has no
infinite ascending chains. The Descending Chain Condition is defined dually.

Lemma 3 ([3]). Let P = (P, <) be a poset. Then the following statements hold.
(i) Every ideal of P is principal if and only if P satisfies the Ascending Chain
Condition.
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(ii) Every filter of P is principal if and only if P satisfies the Descending Chain
Condition.

Note that if P is finite then (P, <) satisfies the Ascending Chain Condition as well
as the Descending Chain Condition.

Lemma 4. Let P = (P,<,’,0,1) be a complemented poset, a € P and I a proper
ideal of P. Then either a ¢ I ora’ ¢ 1.

Proof. Ifa,a’ € I then {1} NI =U(a,a’)NI # O, i.e., 1 € I which implies
I = P contradicting the assumption of I being a proper ideal of P. O

In the following we demonstrate the role of Ij.

Proposition 5. Let P = (P, <,’,0,1) be a complemented poset, I an ideal, and F
a filter of P. Then the following are equivalent:

(i) I is proper,
(i) I # P,
(iii) INIy=0.
Moreover, also the following are equivalent:

(iv) F is proper,
(v) Fo # P,
(Vi) Fn FQ = (Z)

Proof. (i) = (ii): Ipn = P would imply 0 € Iy and hence 1 =0" € I, i.e., I =P,
a contradiction.

(ii) = (iii): Suppose I NIy # (. Then there exists some a € I N Iy. Hence
a,a’ € I. Since I is an ideal of P we conclude {1} NI =U(a,a’)NI #D,ie, 1€l
and therefore I = P whence Iy = P, a contradiction.

(ii) = (i): I = P would imply I NIy = PN P = P # (), a contradiction.

The proof for filters follows by duality. O

Lemma 6. Let P = (P,<,’,0,1) be a complemented poset, I a c-ideal, and F a
c-filter of P. Then the following hold:

1 ssume x' < 2" for all x € P. en CcI.
i) A / " for all P. ThenI" C 1
(ii) Assume ="’ < 2’ for allz € P. Then F”" C F.

Proof. (i) Since I is a c-ideal of P there exists some filter F' of P with Fp =1
and every of the following statements implies the next one: z € I, v € Fy, 2’ € F,
" eF,x" € Fy, x'" el

(ii) It follows by duality. O
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Example 7. Consider the complemented poset P = (P,<,’,0,1) shown in
Figure 1 and the table for its complementation:

1
x | 0 a b ¢ 1
2 |1 b ¢ b 0
2710 ¢ b ¢ 1
2”711 b ¢ b 0

Figure 1. A bounded poset.

We have:
> Boolean elements: 0, b, ¢, 1,
> maximal ideals: L(a), L(b), L(c),
> ultrafilters: U(a), U(b), U(c),
> P has neither prime ideals nor prime filters,
> c-ideals: L(0), L(b), L(1),
> c-filters: U(0), U(b), U(1).
The complementation defined by the above table is antitone and satisfies the
identity z’” ~ 2/, but it is not an involution. We have

L(0)" = L(0),

L(a)" = L(c)  L(a),
L(b)" = L(b),

L(e)" = L(e),

L(1)" ={0,b,¢,1} C L(1)

Lemma 8. Let (P,<,’,0,1) be a complemented poset satistying =/ =~ x’ and let
a € P and A C P. Then a € Ay if and only if o’ € Ay.

Proof. The following are equivalent: a € Ag, a’ € A, a’”" € A, a” € Ay. O
If we suppose that the complementation is antitone then we can formulate easy

assumptions ensuring that every ideal is a c-ideal and every filter is a c-filter.

Theorem 9. Let P = (P, <,’,0,1) be a complemented poset with antitone com-
plementation, F' a filter, and I an ideal of P. Then the following hold:

(i) Assume x < 2 for all x € P. Then Fy is a c-ideal of P.
(ii) Assume z'' < x for all x € P. Then I is a c-filter of P.
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Proof. (i) Let a,b € Fy. Since 0’ =1 € F, we have 0 € Fy and hence Fy # 0.
Because a/,b’ € F and F is a filter of P there exists some ¢ € L(a’,b') N F. Since
¢ < " we have ¢’ € F, ie., ¢ € Fy. Together ¢ € U(a”,b") N Fy C U(a,b) N Fy,
which proves U(a,b) N Fy # (0. If d € P, e € Fy and d < e then ¢/ € F and e’ < d’
and hence d' € F, i.e., d € Fy. Altogether, Fy is an ideal and F' a filter of P and
hence Iy is a c-ideal of P.

(ii) It follows by duality. O

If we assume that the complementation is an antitone involution, which is a rather
strong assumption, we can state the following result.

Corollary 10. Let P = (P, <,’,0,1) be a complemented poset with an antitone
involution, I an ideal, and F' a filter of P. Then

(i) Io is a filter of P, I = (Iy)o and hence I is a c-ideal of P.
(ii) Fy is an ideal of P, F' = (Fy)o and hence F is a c-filter of P.

Proof. (i) From (ii) of Theorem 9 we obtain that Iy is a filter of P. Moreover,
for x € P the following are equivalent: x € (Iy)o, 2’ € Iy, " € I, x € I. This shows
(In)o = I. By (i) of Theorem 9 we conclude that I is a c-ideal of P.

(ii) It follows by duality. O

Remark 11. If (P,<,’,0,1) is a complemented poset whose complementation
is an antitone involution and a € P then L(a)y = U(a’) since the following are
equivalent: = € L(a)o, 2’ € L(a), 2’ < a, d’ < z, x € U(a’). According to (ii) of
Corollary 10 we have L(a) = U(a')o.

Now we formulate a condition which will be helpful for the separation theorems.

Definition 12. A subset A of a complemented poset (P, <,’,0,1) satisfies the
c-condition if for every x € P the set A contains exactly one of x and 2.

Recall from Lemma 4 that for a proper ideal I of P and for arbitrary « € P the
situation z, z’ € I is impossible.

The following lemma shows that ideals satisfying the c-condition can be found
among prime ideals.

Lemma 13. Let P = (P,<,’,0,1) be a complemented poset, I a prime ideal,
and F' a prime filter of P. Then I and F satisfy the c-condition.

Proof. Ifa € P then L(a,a’) = {0} C I and hence {a,a’} N T # 0. The rest
follows by duality. O
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Recall from [5] that a poset (P, <) is called distributive if it satisfies one of the
following equivalent conditions:

L(U(x,y),z) = LU(L(z,2),L(y,2)) Va,y,z € P,
U(L(z,y),z) =UL({U(z,2),U(y,2)) Va,y,z € P.

The next result illuminates the role of distributivity of the poset P for the c-condition
both for ideals and filters of P.

Theorem 14. Let P = (P, <,’,0,1) be a complemented poset, I an ideal, and F
a filter of P. Consider the following statements:

(i) I satisfies the c-condition,
(ii) I is a maximal ideal of P,
(iil) (P, <) is distributive,
(iv) U{LU(a,i): i € I} is an ideal of P for all a € P\ I,
(v) F satisfies the c-condition,
(vi) F is an ultrafilter of P,
(vii) ({UL(a, f): f € F} isafilter of P for alla € P\ F.

Then

> (i) = (ii),

> ((ii), (iii) and (iv)) = (i),
> (v) = (vi),

> ((iii), (vi) and (vil)) = (v).

Proof. (i) = (ii): Since I satisfies the c-condition, I # P. Let J be an ideal
of P strictly including I. Then there exists some a € J\ I. Because of (i) we conclude
a’ € I, which implies a’ € J. Since J is an ideal of P we have {1}NJ = U(a,a’)NJ # 0
and hence 1 € J which implies J = P.

((ii), (iii) and (iv)) = (i): Let a € P\ I. Because of (iv), K := |J{LU(a,%): i € I'}
is an ideal of P including 7U{a} and hence strictly including I. Since I is a maximal

ideal of P we conclude K = P. Hence 1 € K and therefore there exists some i € I
with 1 € LU (a, ). This means U(a,i) = {1}. Using (iii) we have

i € U(i) = U(0,i) = U(L(a,a’),i) = UL(U(a,i),U(d’, 1))
=UL(1,U(d,i)) = ULU(d',i) = U(d',i) C U(a"),

i.e., a’ <1i. Since i € I and [ is an ideal of P we conclude a’ € I. The rest follows
by duality. O

311



The following lemma shows that the condition (iv) of Theorem 14 is satisfied au-
tomatically if the poset P in question is a join-semilattice. Dually, the condition (vii)
of Theorem 14 holds if P is a meet-semilattice.

Lemma 15. Let P = (P,<) be a join-semilattice, I an ideal of P, and a € P.
Then | J{LU (a,i): i € I} is an ideal of P.

Proof. If b,c € I then there exists some d € U(b,c) NI whence bve < de Tl
and hence bV c e I. Put J :=|J{LU(a,i): i € I}. Then

J=J{LU(avi): ie 1} = {L(avi): ieT}.
If b,c € J then there exist j, k € I with b<aV jand ¢ < aV k and hence
bVeeU(b,e)NLaV (jVk)CUDbc)NJ.

Since J is downward closed it is an ideal of P. O

Now we are ready to prove our first separation theorem.

Theorem 16 (First Separation Theorem). Let P = (P,<,’,0,1) be a comple-
mented poset with antitone complementation satisfying x < '’ for every x € P,

let I be an ideal, and I a filter of P satisfying the c-condition and INF = (). Then
there exists some c-ideal J of P with I C J and JNF = .

Proof. By Theorem 9, Fj is a c-ideal of P. Since I # () and I N F = () we have
F # P which implies F' N Fy = ) according to Proposition 5. Since F' satisfies the
c-condition, we have F'U Fy = P. Thus I C P\ F = Fy. This shows that one can
take J := Fy. [l

Example 17. Consider the following bounded posets P; and P5 which are not
lattices:

(a) (b)

Figure 2. Bounded posets.
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If the unary operation ’ is defined by

T | 00 a b ¢c d e f g 1
V1 f f f f f e ¢ 0
27|10 e e e e e f f 1

then P; = (P1,<,’,0,1) and Py = (P, <,’,0,1) are complemented posets and the
complementation is antitone, but not an involution. Moreover, it can be seen from the
table that all elements = except the element g satisfy the inequality x < z”/. We have
P;i: Boolean elements: 0, e, f, 1,
maximal ideals: L(e), L(f), L(g),
ultrafilters: U(a), U(b), U(f), U(yg),
P, has neither prime ideals nor prime filters,
c-ideals: L(0), L(e), L(f), L(1),
c-filters: U(0), U(g), U(1),
P has no filter satisfying the c-condition.
P5: Boolean elements: 0, e, f, 1,
maximal ideals: L(e), L(f),
ultrafilters: U(a), U(b), U(f),
prime ideals: L(e),
prime filters: U(f),
c-ideals: L(0), L(e), L(f), L(1),
c-filters: U(0), U(f), U(1),
filters satisfying the c-condition: U(f).
P has no filter satisfying the c-condition.
The situation for Py is different. Here U(f) is the unique filter satisfying the
c-condition. For every ideal I C L(e) we have INU(f) = () and taking J := L(e), J is
a c-ideal of Py with I C J and JNU(f) = 0.

Example 17 shows that the implication (ii) = (i) in Theorem 14 does not hold in
general.

The next result is in fact another version of the First Separation Theorem where
we use the result from Lemma 13.

Corollary 18. Let P = (P, <,’,0,1) be a complemented poset with antitone
complementation satisfying x < x” for every x € P, let I be an ideal, and F' a prime
filter of P and assume I N F' = (). Then there exists some c-ideal J of P with I C J
and JNF =.

Proof. From Lemma 13 we conclude that F satisfies the c-condition. Now
apply Theorem 16. (]
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Example 19. Consider the complemented poset P visualized in Figure 3:

Figure 3. A complemented poset with an antitone involution.
Evidently, P is neither a lattice nor distributive since
L(U(a.b),¢) = L(d',¢) = L(c) # L(0) = LU(0) = LU(L(a, ), L(b,)).

We have
Boolean elements: 0, a, b, ¢, d, a’, V', ¢, d', 1,
maximal ideals: L(a’), L(¥'), L(c¢'), L(d'),
ultrafilters: U(a), U(b), U(c), U(d),
prime ideals: L(a’), L(d'),
prime filters: U(a), U(d),
c-ideals: L(0), L(a), L(b), L(c), L(d), L(a’), L(V'), L(¢'), L(d"), L(1),
c-filters: U(0), U(a), U(D), U(c), U(d), U(a’), U®), U(), U(d"), U(1).
The complementation is an antitone involution. Thus the assumption z < z”
from Corollary 18 is satisfied. If we consider the prime filter F' = U(d) and the
ideal I = L(a) then I N F = () and there exists a c-ideal J = L(d') with I C J and
JNF =0.

Now we can formulate our second separation theorem for distributive comple-
mented posets satisfying the Descending Chain Condition, in particular for finite
distributive complemented posets. Here we need not assume that the complementa-
tion satisfies x < 2’ nor that the filter in question satisfies the c-condition.

Theorem 20 (Second Separation Theorem). Let P = (P, <,’,0,1) be a distribu-
tive complemented poset satisfying the Descending Chain Condition, let I be an
ideal, and F an ultrafilter of P. Then there exists some g € F with U(g) = F. Now
assume that x A g exists for every x € P\ F and that I N F = (). Then there exists
some c-ideal J of P with I C J and JNF = 0.
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Proof. Leta € P\ F and b € P. Since P satisfies the Descending Chain
Condition we have that F' is principal according to Lemma 3, i.e., there exists some
g € Fwith U(g) = F. Because of L(a,g) C L(a, f) for all f € Fwe have UL(a, f) C
UL(a,g) for all f € F' and hence |J{UL(a, f): f € F} =UL(a,g9) =UL(aNg) =
U(a A g) which shows that (J{UL(a, f): f € F} is a filter of P. According to
Theorem 14 we conclude that F' satisfies the c-condition. Moreover,

L(V") = L(1,b") = L{U(V',b), ")
= LU(L(V,0"), L(b,")) = LU(0, L(b,b"))
= LU(0, L(b",b)) = LU(L(V', b), L(b", b))
L(U(V,b"),b) = L(1,b) = L(b)

and hence " = b, i.e., the complementation is an involution. Now apply Theorem 16.
O

Example 21. The complemented poset P depicted in Figure 4 is distributive,
but not a semilattice.

Figure 4. A distributive complemented poset.

We have
Boolean elements: 0, a, b, ¢, d, e, a’, V', ', d, e, 1,
maximal ideals: L(a’), L(V'), L(c ) L(d’)
ultrafilters: U(a), U(b), U(c), U(d),
c-ideals: L(0), L(a), L(b), L(c), L(d), L(e), L(a’), L(V), L(c), L(d'),
L(e'), L(1).
One can easily check that for the ultrafilter F' = U(b) we have z A b = 0 for all
x € P\ F. Thus the assumptions of Theorem 20 are satisfied. Now if I denotes
the ideal L(e’) then I N F = () and there exists a c-ideal J = L(b’) with I C J and
JNF=0.

P
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Closing Remarks. It is well-known (see e.g. [4]) that for a distributive lattice
L = (L,V, A) there holds the separation theorem saying that if F' is a filter of L then
every ideal I of L being disjoint to F' can be extended to some prime ideal P of L being
disjoint to F'. Using this fact, a Stone space can be introduced on L whose subbase
for open sets is given by the sets r(a) := {P: P is a prime ideal of L and a ¢ P},
a € L. One cannot assume that such a strong result would be valid in our case where
only posets with involution are considered. However, it can encourage the readers to
try to define a certain structure on a poset which could be close to the Stone space
where the “open” subsets can be generated by means of c-ideals.

Let us note that the assumption of the Descending Chain Condition in Theorem 20
can be weakened by assuming that every nonempty subset of P contains at least one
minimal element, but we do not see an advantage of this approach.

Acknowledgement. The authors are grateful to the anonymous referee
whose valuable remarks helped to increase the quality of the paper.
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