Mathematica Bohemica

Gaurav Mittal; Rajendra K. Sharma

The unit groups of semisimple group algebras of some non-metabelian groups of order
144

Mathematica Bohemica, Vol. 148 (2023), No. 4, 631-646

Persistent URL: http://dml.cz/dmlcz/151979

Terms of use:

© Institute of Mathematics AS CR, 2023

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/151979
http://dml.cz

148 (2023) MATHEMATICA BOHEMICA No. 4, 631-646

THE UNIT GROUPS OF SEMISIMPLE GROUP ALGEBRAS
OF SOME NON-METABELIAN GROUPS OF ORDER 144

GAURAV MITTAL, Roorkee, RAJENDRA KUMAR SHARMA, New Delhi

Received May 10, 2022. Published online December 19, 2022.
Communicated by Simion Breaz

Abstract. We consider all the non-metabelian groups G of order 144 that have exponent
either 36 or 72 and deduce the unit group U(F¢G) of semisimple group algebra F,G. Here, ¢
denotes the power of a prime, i.e., ¢ = p" for p prime and a positive integer . Up to isomor-
phism, there are 6 groups of order 144 that have exponent either 36 or 72. Additionally, we
also discuss how to simply obtain the unit groups of the semisimple group algebras of those
non-metabelian groups of order 144 that are a direct product of two nontrivial groups. In all,
this paper covers the unit groups of semisimple group algebras of 17 non-metabelian groups.
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1. INTRODUCTION

Let F,G denote the semisimple group algebra of a finite group G and a finite
field F,, where the prime p is such that p { |G|. The determination of the unit groups
of finite group algebras is a well known and extensively studied research problem (cf.
[1], [5], [9], [11], [12], [16], [18], [3], [20] and the references therein). This is because
the units of group algebras can be utilized in coding theory as well as in cryptography
etc., (see [6], [7], [13]). Moreover, for the isomorphism problems and exploration of
Lie properties of group algebras, units are very useful (cf. [2]).

It is known that a group is metabelian, provided its derived (or commutator)
subgroup is abelian. Bakshi et al. in [1] studied the unit groups of the semisim-
ple group algebras of metabelian groups. Therefore, most of the research in this
direction is focused on deducing the unit groups of the semisimple group algebras
of non-metabelian groups. In view of this, it is important to know the possible
orders of non-metabelian groups. Pazderski in [19] classified the positive integers
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for which there is no non-metabelian group. Consequently, we see that there are
non-metabelian groups of order 24k, 54k, 60k etc., where k is a positive integer.
For the non-metabelian groups of order up to 72, unit groups of their corresponding
semisimple group algebras are discussed in [14]. The paper [14] covers all the non-
metabelian groups of order 24, 48, 54, 60 and 72. Further, the unit groups of the
semisimple group algebras of non-metabelian groups of orders 108 and 120 (except Ss
and SL(2,5)), are studied in [15], [17]. The unit group of the semisimple group al-
gebras of the symmetric groups S,, can be deduced by determining the degrees of
irreducible representations of S;, together with the result that the group S, splits
over every field (cf. [8]). The unit group of the semisimple group algebra of SL(2,5)
is determined in [22]. In view of the above discussion, we see that the study of unit
groups of the semisimple group algebras of non-metabelian groups up to order 120
is complete, except that of the groups of order 96.

In this paper, we continue in the direction of determining the unit groups of the
semisimple group algebras and determine the units groups of the semisimple group
algebras of some non-metabelian groups of order 144. To be more precise, we cover
the unit groups of group algebras of 17 non-metabelian groups that fulfill one of the
following three conditions: (i) exponent 72, (ii) exponent 36, (iii) or that are direct
product of their nontrivial subgroups. In order to deduce the unit group U(F,G) for
p > 3, first, we deduce the Wedderburn decomposition of the group algebra F,G.
After obtaining the Wedderburn decomposition, it is straightforward to deduce the
unit group. The rest of this paper is structured as follows. The discussion of all the
non-metabelian groups of order 144 is given in Section 2. In addition to this, in this
section, we discuss a result about the Wedderburn decompositions (or unit groups)
of the semsimple group algebras of those groups that are direct product of nontrivial
groups. Further, all the basic definitions and results needed in this paper are given
in Section 3. Our main results related to the unit groups are discussed in Sections 4
and 5. The last section is concluding in nature.

2. NON-METABELIAN GROUPS OF ORDER 144

In this section, we discuss all the non-metabelian groups of order 144. Up to
isomorphism, there are 197 groups of order 144 and 28 of them are non-metabelian.
We write all the 28 non-metabelian groups of order 144 in the following list:

(1) (QsxCy)-Cy, (15) O3 x (A4 x Cy),
(2) (Qs xCy) x Cy, (16) C3 % (Cy - Sa),
(3) ((C2 x C3) x Cq) x Cy, (17) (C3 x SL(2,3)) x Cy,



(4) C3 x (Qg x Cy), (18) (C3 x Ay) x Cy,
(5) ((C4 x C2) x Cq) x Cy, (19) ((C4 x S3) x C3) x Cs,
(6) Ca x (((Cq x C2) x Cy) x Cy), (20) S3x SL(2,3),
(7) (C5x C3) x ((Cy x Cq) x Cy), (21) Cs x SL(2,3),
(8) (C3 x (C3) % (Cy xCy), (22) C3 x (((Cy x Cq) x C3) x Csy),
(9) (C3 x C3) x Dyg, (23) (Cs x C3) x QDqg,
(10) (O3 x C3) x QDss, (24) S5 x Sy,
(11)  (C3 x C3) x Q1s, (25) Oy x ((S3 x S3) x Cy),
(12) (C3 x C3) x (Cy x Cy), (26) C3 x ((C5 x C3) % Qsg),
(13) C5 x (Cs - Sy), (27) Cg x Sy,
(14) Cs5 x GL(2,3), (28) (9 x ((Ca x Ayg) x C).

For the following 13 groups in the preceding list that are a direct product of non-
trivial groups, the Wedderburn decomposition can be calculated using [14] and the
references therein, together with the results that F,(G x H) = F,GQQF,H for any
finite groups G and H (see also Remark 3.1 in [17]), and Fa

Foo QFp = (Fp)s Mo, (Foo) R Fyp = My, ([Fqu 0% [Fqb) ~ D M, (Fy)
Fq Fq Fq

t times

where a,b € Z1 and t = ged(a,b), | = lem(a,b). Here, we keep the same serial
number of the groups as in the previous list:

(4) Cy x (Qs % Cy), (6) Co x (((Cq x C) x Cy) x Cy),
(13) C5x (C2-Sy), (14) Cs5 x GL(2,3),
(15) C5x (Ag x Cy), (20) S3 x SL(2,3),
(21) Cg x SL(2,3), (22) C3 x (((Cy x Cq) x C3) x C3),
(24) S3 x Sy, (25) 5 x ((S3 x S3) x Cq),
(26) Cy x ((C3 x C3) % Qs), (27) Cg x S4,
(28) Co x ((Cq x Ayg) x Ca).
For example, we know that F,S; = F2 @& My(F,) ® M3(F,)? and F,Ss = F2 @ My(F,)
for any p > 3. This means that for the group (24), i.e., S3x Sy, we have F (S5 x S4) =
FqSs @ FqSs = (F] & Ma(F,)) @([Fﬁ ® My (Fq) & Ms(F,)?) = (Fi @(Fg & My(Fq) ®
¥

My(F0)?) @ (Ma(Fy) @(F; © Ma(Fy) & My(F,)%)) 2 (Ff & Ma(Fy)? © My (Fy)")
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(M2(Fy)? @ My(F,) ® Mg(F,)?). In view of this, we conclude that the Wedderburn
decompositions of group algebras of those groups that are direct products of two
nontrivial groups can be calculated easily. Further, it is straight-forward to compute
the unit group from the Wedderburn decomposition. This means one can easily ob-
tain the unit groups of the semisimple group algebras formed by above-mentioned 13
groups. Consequently, in this paper we focus only on those groups that are not
a direct product of two smaller nontrivial groups.

3. PRELIMINARIES

Let € denote the primitive eth root of unity, where e is the exponent of G. As in [4],
we define Ir = {n: € — &" is an automorphism of [F(e) over F}, where F is a finite
field. We observe that the Galois group Gal([F(&), [F) is a cyclic group. Consequently,
for any ¢ € Gal(F(e), F), there exists a s € Z* such that ((¢) = €°. In other words,
Ir is a subgroup of the multiplicative group Z}. Let g € G be a p-regular element, so
p1lg|. We define 7 as the sum of all conjugates of g for a p-regular element g € G.
Further, let the cyclotomic F-class of v, be denoted by S(vg) = {7gn: n € Ir}. To
this end, we recall the following two results from [4]. The first result is related to
total number of cyclotomic F-classes and the second result is related to the number
of elements in any cyclotomic F-class 7. Let J(FG) denote the Jacobson radical of
group algebra FG.

Theorem 3.1. The number of simple components of FG/J(FG) is equal to the
number of cyclotomic F-classes in G.

Theorem 3.2. Let z be the number of cyclotomic F-classes in G and € be same as
defined earlier. If K; and S for 1 < s < z represent the simple components of center
of FG/J(FG) and the cyclotomic F-classes in G, respectively, then |Ss| = [Ks : F]
for each s, after suitable ordering of the indices.

Next, we recall the following result with which we already know that [F is one of the

simple components of Wedderburn decomposition of FG/J(FG) (see [14] for proof).

Lemma 3.1. Let A; and As denote the finite dimensional algebras over [F. More-
over, let Ay be semisimple and v: A; — As be a surjective homomorphism. Then
we have that A;/J (A1) & As + Ag, where A3 is a semisimple [F-algebra.

Due to Lemma 3.1, we see that if J(FG) = 0, then F is always a simple component
of FG. To this end, we state a result that characterizes the set Ir (cf. [10]).

634



Theorem 3.3. Let F be a finite field with order ¢ = p” for some prime p and
r € 7%, Let e fulfill ged(e,q) = 1, € be the primitive eth root of unity. Moreover,
let |g| denote the order of ¢ modulo e, then we have Iy = {1,q,¢>,...,¢!9~'} mode.

Finally, we end this subsection by stating two results from [21]. The first result
is related to the commutative simple components of the group algebra F,G and the
second one is related to the relationship between the Wedderburn decomposition of
F,G and Wedderburn decomposition of F,(G/H), where H is a normal subgroup
of G. Let G’ denote the commutator subgroup of G.

Theorem 3.4. Let the group algebra RG be semisimple, where R denotes a com-
mutative ring. Then, we have RG = R(G/G') & A(G,G'), where R(G/G') is the
sum of all commutative simple components of RG, and A(G,G’) is the sum of all
non-commutative simple components.

Theorem 3.5. Let H be a normal subgroup of G and RG be a semisimple group
algebra. Then RG = R(G/H) @ A(G, H), where A(G, H) denotes the ideal (left)
of RG generated by the set {h —1: h € H}.

4. NON-METABELIAN GROUPS OF ORDER 144 HAVING EXPONENT 72

In this section, we consider all the non-metabelian groups of order 144 that have
exponent 72 and deduce the unit groups of their semisimple group algebras. The
non-metabelian groups of order 144 that have exponent 72 are (up to isomorphism)
G1 := (Qs % Cy).Ca, and G2 := (Qg x Cy) x Cs.

4.1. The group G; = (Qs x Cy) - Co. The presentation of G is the following:

Ty [z 2]z

[u, z), y*2 72, [z, 9], [w, ylt " tw ™t [ ylu™

[t, 2], [u, 2], w?a ™ [t wle ™ [u, w], Pu™ fu, 8], 0?),

—1 1

Jw, 2Ju T T [t 2]t
1

<x7ya zZ, W, t,’U,Z xQU_la [ya J,‘]Z

w™, [u,y), 2% [w, 2],

1

where [z,y] = 7'y lzy. Also G; has 15 conjugacy classes as shown in the table

below.

2

e r Yy 2 w u zw Yy yt zw 2u TYW wa y22 yth
S 13 82 6 1 18 8 8 12 2 18 8 8 8
1 4 93 4 2 8 9 18 12 6 8 18 9 18
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where R, S and O, respectively, denote the representative, size and order (of the
representative) of a conjugacy class. From the above description of G1, it is clear
that G1 has exponent 72. Also G} = Qs % Cy. Next, we give the unit group of F,G1
when p > 3.

Theorem 4.1. The unit group U, of F,G4, for ¢ = p* and p > 3, where [, is

a finite field having q = p* elements, is as follows:

(1) for p* € {1,17,55,71} mod 72, U; = (|FZ)2@GLQ('F(I)GEBGL3(|FQ)2@GL4([FQ)4@
GLe(Fg);

(2) forp* € {5,11,13,29,43,59,61,67} mod 72, U; = (F (’;) ®GLy(F,)®GL3(F,)?®
GL4(Fq) ® GL6(F,) @ GLo(F e 2) @ GLo(F B 3)®GLy ( 3);

(3) forp* € {7,23,25,31,41,47,49,65} mod 72, U; = (F Z) ®GLo(F,)>*®GL3(Fy)*®
GL4(Fy) ® GLs(Fy) ® GL2(Fys) ® GL4(Fys);

(4) for p* € {19,35,37,53} mod 72, Uy = (F})?®GLa(F,)* & GL3(Fq)*®GL4(Fy)* @
GLG([Fq) (S¥) GLQ([qu).

Proof. Since F,G; is semisimple, using Lemma 3.1 we get

m—1
(4.1) F,G1 = F, @ M,,.(F,) for some m € Z.

r=1

First assume that k is a multiple of 6. Then for any prime p > 3 we have
p* =1 mod8 and p* = 1 mod9, which means p* = 1 mod72. Therefore, as
Ir = {1}, |S('yg)| =1 for each g € G;. Hence, (4.1), Theorems 3.1 and 3.2 provide

that F,Gp % [Fq@M (F4). Utilizing Theorem 3.4 with G1/G} = C3 to obtain

13

F,G1 = F @ Mn ( ¢), where n, > 2 with 142 = 3 n2. To this end, consider the
r=1

normal subgroup Hi := (u) of G;. Note that G1/H; = ((Cz x C3) x Cy) x Cy) and

Fo(Gr/Hy) = F2 @ My(Fo)* @ My(F,)? & Mg(F,) (cf. [1 ]) This with Theorem 3.5
implies that [F ¢G1 = F2 & My(Fo)* @ Ms(Fy)* & Mg(F )@M (Fg), where n, > 2
with 72 = Z n2. This equation gives the following 2 p0551b111t1es for nls, (22,4%)

and (2,33 74, 5) where y* means (y,v, ..., ztimes). Since the Wedderburn decom-
position is unique for the group algebra F,G1, suppose, if possible, that the second
possibility is true, i.e., (2,3%,4,5) is the required choice for n/s. We will arrive at
some contradiction to show that (22, 4%) is the actual value of n’s. By assumption,
we have F,G1 = F2 @ Ma(F,)® @ Ms(F)® ® My(Fy) ® Ms(Fy) & Me(F,). Since this
holds for any prime p > 3, we let p = 5. Due to Proposition 1 from [3], we know

j
that if F,G = @ M,,(F,,), then p does not divide any of the n;. Consequently,
t=1
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(2,33,4,5) can not be the choice for n’s. Therefore, we have
(4.2) FoG1 2 F2 & Ma(Fy)® & Ms(Fy)? @& My(Fy)* & Me(F).

Now, we consider the other remaining possibilities for k. We can easily see that for
any k, p* € {1,3,5,7} mod 8 and p* € {1,2,4,5,7,8} mod 9. Due to this, we have 24
possible values of p* modulo 72. Note that for p* € {1,17,55, 71} mod 72, |S(v,)| = 1
for all g € Gy as Ir = {1}. Consequently, the Wedderburn decomposition is given
by (4.2). Further, for p* € {5,11,13,29,43,59,61,67} mod 72, we have that S(v,) =

{Vya’)/y?v')/y%}a S('yzw) = {7zwa7xyw} S('Yyt) = {'Yytv')/yz2tv')/y2w}v and for the other
representatives g, S(vg) = {1g}- Therefore (4.1) and Theorems 3.1, 3.2 imply that

F,G1 = FQ@MM( q) ® M,.(F, 2)@Mnr( 3). Since G1/G} = Cy, Theorem 3.4
r=1 r=8

yields F,G1 = F? @ My, (Fq) ® My (F, )@M (Fg42). Further, again consider the

normal subgroup H1 = (u) of Gj. Usmg [14] we know that Fo(G1/Hy) = F2 &
M (Fy)®Ms(Fg)?® Mg (Fg)@® Ma(F,s). This with Theorem 3.5 provides that F G1
F2 @ My (Fq) ® Ms(Fq)? ® Mg(Fq) ® My, (Fg) @ My, (Fg2) ® My (Fys) ® My, (Fgs) with
72 = n? +2n3 + 3n3, n, > 2 for all r. The last equation has a unique solution given
by (4,2,4). Consequently, the Wedderburn decomposition is given by
(4.3)
F,Gh = [Fg@MQ([Fq) @Mg([Fq)Q S My(Fq) ®Me(Fq) ® Ma(Fp2)® Ma(Fys) ® My(Fys).
Next, for p* € {7,23,25,31,41,47,49,65} mod 72, we observe that S(vy,) = {7y, 7,2,
Yy=2}, S(vyt) = {Vyt> Vy=24» Vy2w }» and for the other representatives g, S(vy) = {74}
Therefore (4 .1), Theorems 3.1, 3.2 and 3.4 with G1/G} = C5 deduce that F,G1 =
F2 @ M, (Fy) @ M, (Fgs). To this end, again consider H; and use Fq(G1/H;) =
F2 69 Mg([F ) ® Mg([F )2 @ Mg(Fq) ® Ma(F,3), along with Theorem 3.5, to see that
3
FoG1 = F. @ My(Fy) & Ms(Fy)* & M6([FQ)Q91MHT([FQ) @ Ma(Fys) & My, (Fgs) with
r=

3
72 = E n? + 3n2, n, > 2 for all r. The last equation has two solutions given by
=1

(22, 42) and (2,4,5,3). Consequently, with the same logic as considered in the case
when Iy = {1}, we conclude that the required Wedderburn decomposition is

(4.4) FoG1 2 Ff @ Ma(Fy)° © M3(Fy)* ® Ma(Fg) © Mo(Fy) © Ma(Fgz) © Ma(Fop).

Finally, we are remaining with the choices p* € {19,35,37,53} mod 72. For these
choices, we observe that S(Vzw) = {Vzw, Yayw}, and for the other representatives g,
S(vg) = {7vg}. Therefore, (4.1), Theorems 3.1, 3.2 and 3.4 deduce that F,G1 =

11
F2 Q_}an,,,([Fq) ® M,,,(Fgp2), n, > 2. To this end, again consider H; and uti-
lize Fy(G1/H1) = F2 & My(Fy)* & M3(Fy)? @ Mg(F,), along with Theorem 3.5,
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4
to reach at FyG1 = F2 & My (Fg)* & Ms(Fy)* @ Mg(Fq) @ My, (Fq) & My, (Fg2) with
r=1

72 = i n2 + 2n2, n, > 2 for all r. The last equation has three solutions given
by (2;, 4§), (2,3,4,5,3) and (4*,2). To this end, we consider the normal subgroup
Hj := (z) with the corresponding factor group G1/Hz = C3.54. From [14], we know
that Fo(G1/H2) = F2 & My (Fq) & Ms(Fq)? & My(Fy) @ Ma(Fg2). Consequently, we
conclude that My(F,2) must be the Wedderburn component of F,G which implic-
itly implies that (4%,2) is the possible choice for n.s. Therefore, the Wedderburn
decomposition is

(4.5) FoG1 = F2 ® Ma(Fg)* @ M3(Fg)? ® My(Fg)* © Mg(Fg) ® Ma(Fpe).

It is straight-forward to deduce the unit group from the Wedderburn decomposition.
O

4.2. The group G2 = (Qs % Cy) x Cy. The presentation of G is the following:

<x’ y7 Z? w7 t’ u: :L'Q’ [y’ x]z_ly_l’ [27 x]z_17 [w’ z u_lt_lw_l’ [t’ x]t_lw_lﬂ

[w, 2], %272, [z, 9], [w, ylt ™ o™ [t ylu ™ w ™t fu, g, 22

[w’ Z]? [t7 Z:I, [u’ Z]? w2u717 [t7 w]u717 [u7 w]) t2u717 [u7 t]? u2>'

Also G2 has 15 conjugacy classes, as shown in the table below.

2

R e 2 y 2z wuzw y* yt zw zu zyw wa y22 yz2t
S 13 8 2 6 1 18 8 8 12 2 18 8 8 8
O 12 9342 8 9 18 12 6 8 18 9 18

Note that G5 has exponent 72 and G = Qg x Cy. Next, we give the unit group
of [FqGQ.

Theorem 4.2. The unit group U, of F,G>, for ¢ = p* and p > 3, where F, is

a finite field having q = p* elements, is as follows:

(1) for p* € {1,17,19,35} mod 72, Us = (F})?© G La(Fq)° ® GL3(F¢)* ® GL4(Fy)* &
GLG([F(])§

(2) for p* € {5,7,13,23,29,31,47,61} mod 72, Uy =2 ([F;)2 ® GLy(Fy) ® GL3(F,)* @
GL4([Fq) S¥) GL(;([Fq) D GLQ([qu) D GLQ(IF(IS) D GL4([Fq3);

(3) forp* e {11,25,41,43,49,59,65,67} mod 72, Uy = (F})2®G La(F¢)*®G L3 (Fq)*®
GL4(Fy) ® GLe(Fy) ® GLa(Fys) ® GL4(Fys);

(4) forp* € {37,53,55,71} mod 72, Uy = ('F;)Q@GLQ('F(I)4@GLg('Fq)Q@GL4([Fq)4@
GLG([Fq) (S¥) GLQ([qu).
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Proof. On the similar lines of the proof of Theorem 4.1, we have F,Go =

m—1
F, & M, (F,), for some m € Z. Note that the group G also has a normal
r=1

subgroup H; := (u) such that Go/H; = ((C2 x C3) x Cg) x Cy). Therefore,
as in Theorem 4.1, for p* € {1,17,19,35} mod 72, we note that |S(v,)| = 1
for all ¢ € Gy as Ir = {1}. Consequently, the Wedderburn decomposition is
given by (4.2). Next, for p* € {5,7,13,23,29,31,47,61} mod 72, we have that
S(vy) = {vy W2 W2 by S(Vaw) = {Vows Yoywts S(vye) = {Vyt: Vyz2t, Vy2w}, and for
the other representatives g, S(v4) = {7v4}. We note that this case is also simi-
lar to that in the group G;. Therefore, the Wedderburn decomposition is given
by (4.3). Next, for p* € {11,25,41,43,49,59,65,67} mod 72, we observe that
S(vy) = {2 Yy}, S(e) = {yts Vyz2e> V2w )}, and for the other representa-
tives g, S(v4) = {7} In this case, the Wedderburn decomposition is given by (4.4),
since this case is again similar to that in the group G;. Finally, we are remaining
with the choices p* € {37,53,55,71} mod 72 and for these choices we observe that
S(Vaw) = {Vows Yeyw |, and for the other representatives g, S(v4) = {,}. Note that
the group Gs has no normal subgroup Hs such that Gy /Hs is isomorphic to Cy Sy as
in the previous theorem. Therefore, the results of previous theorem are not applica-
ble in this case. So (4.1) (with Gy replaced by G2), Theorems 3.1, 3.2 and 3.4 deduce

that FoG2 = F2 @ My, (Fq) ®M,,,(Fs2), n, > 2. Consider the normal subgroup H;
and utilize F (Gg/Hl) = F2 Ma(Fg)* & Ms(Fg)? & Me(F,) along with Theorem 3.5
4
to arrive at FqGa = F2 @ M (Fy)* & Ms(Fy)? & M(Fq) @ My, (Fg) & My, (F2) with
r=1

4
72 = Y n2 +2n%, n, > 2 for all r. This equation has three choices for nls (22,43),
r=1
(2,3,4,5,3) and (4%,2). At this point, we consider the normal subgroup Hs := (2)

with the corresponding factor group Go/Hs = GL(2,3). From [14], we know that
Fq(G2/Hs) = [FgEBMQ('Fq)EBM3(|Fq)2EBM4(|FQ)@M2(|F¢]2). Consequently, we conclude
that M(F,2) must be the Wedderburn component of F,G, which implicitly implies
that (4%,2) is the possible choice for n’s. Therefore, the Wedderburn decomposition
is again given by (4.5). O

5. NON-METABELIAN GROUPS OF ORDER 144 HAVING EXPONENT 36

In this section, we consider all the non-metabelian groups of order 144 that have
exponent 36 and deduce the unit groups of their semisimple group algebras. Up to
isomorphism, there are 4 non-metabelian groups of order 144 that have exponent 36.
Among them, the groups of order 144 that are not the direct product of two smaller
groups are G3 := ((Ca x C2) x Cg) x Cy, G4 := ((Cy x C3) x C3) x Cy.
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5.1. The group G3 := ((Cy x C2) x Cy) x C4. The presentation of Gs is the
following;:

2,y 2w, tus 22y yal, [z alw 2, fw, 2o [ el

[, z]u™ "t 2, [z, 9], [w, y), [t y), [u, y], 22w 2, [w, 2],

[t, 2Ju 71 [u, 2]t wd, [t w), [u, w], 2, [u, 1], u?).

Also G5 has 18 conjugacy classes as shown in the table below.

2 2 2

R ez yzwtazy at yz yw yt 22 wt xyt yz2 ywt 2w’ yzw
S 118182 31818 8 2 3 8 6 18 8 6 8 8

01429324 4186 2 9 6 4 18 6 9 18

Clearly, the exponent of Gs is 36. Also G = (Cy x C3) x Cy with G3/Gf =
Next, we give the unit group of F,G3 when p > 3.

Theorem 5.1. The unit group Us of F,G3, for ¢ = p* and p > 3, where F, is

a finite field having q = p* elements, is as follows:

(1) for p* € {1,17} mod 36, Us = (F})* ® GLa(F4)® ® GL3(Fg)* ® GLs(Fq)?;

(2) for p* € {7,11,23,31} mod 36, Us = (F;)* @ F}, ® GL2(F,)* ® GL3(F,)* @
GL6(Fg)? ® GL3(F2) ® GLo(Fys)?;

(3) for p* € {5,13,25,29} mod 36, Us = (F;)* &G La(Fy)? & GL3(Fy)* ®GL6(F,)* &
GLy(Fg)%;

(4) for p* € {19,35} mod 36, Us = (F;)* ©F > © GLa(Fy)* © GL3(Fy)* ©GLs(Fy)* @
GL3(F,2).

Proof. Since F,G3 is semisimple, using Lemma 3.1 we have

m—1
(5.1) F,Gs = F, @ M, (F,) for some m € Z.
r=1

First, assume that for each g € G, |S(vg)| = 1. Hence, (5.1), Theorems 3.1 and 3.2
provide that F G3 2 [Fq@Mn (Fg). Utilizing Theorem 3.4 with G3/G5 = C4 to
r=1

14
obtain F,G3 = [} G} M, (Fq), where n, > 2 with 140 = E n2. To this end, consider

the normal subgroup H, := (y) of G3. Note that G3/H1 ((Cy x C3) x Cg) x Co)
and Fq(Gs/Hy) = F2& Ma(Fo)* @ Ms(Fq)? @& Mg(F,) (as in Theorem 4.1). This with

7
Theorem 3.5 implies that [ G3 = Fi & My(Fg)* ® Ms(Fg)? & Me(Fy) @Mn,,,([Fq),

where n, > 2 with 70 = E n2. This equation gives the following 3 p0551b111t1es
r=1
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for n's, (25,52), (24,3, 3,6) and (3°,4). In order to deduce the uniqueness, we utilize
the normal subgroup Hs := (¢, u) of G3. Note that G3/Hy = Cg x Cy. Since G/ Ho
is a metabelian group, from [1] we know that F,(Gs/Hz) = Fj & My (F,)®. This with
Theorem 3.5 concludes that (3°,4) cannot be the possrblhty for n/s. Further, with
a similar argument as in Theorem 4.1, we know that (2°,5%) cannot be a possible
choice as it contains the Wedderburn component Mj5(F,). Consequently, the only
possible choice is (24,3, 3,6), i.e., the Wedderburn decomposition is

(5.2) FoGs = Fy @ Ma(Fq)® @ Ms(Fy)* @ Mg(Fy)>.

Now, we look for the possible values of p*. For any k, we have that p* € {1,3} mod 4
and p* € {1,2,4,5,7,8} mod9. Due to this, we have 12 possible values of p*
modulo 36. Note that for p* € {1,17} mod36, |S(y,)| = 1 for all ¢ € G5 as
Ir = {1}. Hence, the Wedderburn decomposition is given by (5.2). Further, for
pF € {7,11,23,31} mod 36, we have that S(7s) = {Va, Yay }» S(V2) = {V2s V22, Vo2 |

S(Vat) = {VatsYayt}r S(Vyz) = {VyzrVys2:Yyzw2}, and for the other representa-
tives g, S(vg) = {’yg} Therefore (5.1) and Theorems 3.1, 3.2 imply that F,G1 =

F, @M (F )@Mn( )@M (F, )Since Gs3/Gy =2 Cy and[F(Gg/G3)
[FQ@[F Theorem34y1e1ds[FG1—[F2@[F @M (Fq) ® M7 (F, )@M (Fgs)

IR

with n, > 2. At this point, again consider the normal subgroup H1 of G3 and
Fo(Gs/Hy) = F2 & My(F,) & Ms(Fg)? & Mg(Fy) & Ma(Fgs) (as in Theorem 4.1).
This with Theorem 3.5 implies that F,G3 = [F ® Fpe @ May(Fy) @ Ms(Fg)? @

M (Fq) & My(F, )@Mn( q) ® My, (Fp2) & M,,(F,s), where n, > 2 with 70 =
E nZ + 2n3 + 3n4 Thls equation has four solutions given by (2,2,5,2), (2,6, 3,2),

(3, 4,3,3) and (5,5,2,2). For uniqueness, we utilize the normal subgroup Hs of Gs.
Further, we know that Fo(Gs/Hs) = F2 @ Fp2 @ My(Fq)? & My(Fgs)? (cf. [1]). This
with Theorem 3.5 ensures that (3,4, 3, 3) cannot be the possibility for ni.s. Moreover,
(2,2,5,2), and (5,5, 2,2) cannot be the possible choices due to the similar reason as
stated in Theorem 4.1. Consequently, the Wedderburn decomposition is given by

FoGs = F2 @ Fp2 @ Ma(Fg)® @ M3(Fg)® @ Me(Fg)? & M3(Fy2) @ Ma(Fya)”.

Next, for p* € {5,13,25,29} mod 36, we have S(v.) = {7z, 722, Vow2}, S(Vyz) =
{VyzsVy22: Vyzu2}, and for the other representatives g, S('yg) = {’yg} Therefore,

equation (5.1) and Theorems 3.1, 3.2 imply that F,G; = F @Mn (Fy) @ My, (Fgs).

rf

Since F,(G3/G5) = Fj, Theorem 3.4 yields F,Gs = F @ M, (Fy) @ My, (Fgs)
=9
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with n, > 2. We again consider the normal subgroup H; of G3 and F,(Gs/H;) =
F2 & My (Fq) & Ms(Fq)* & Mg(Fy) @ Ma(Fgs). This With Theorem 3.5 implies that

F,Gs = [F4@M2([F )@ M3 (Fq)? @ Mg(F,) @ Ma(F, )@M (Fq) ® M, (F,3), where

> 2with 70 = E n2+3n2. This equation has three solutlons given by (2,2,5,5,2),
(2,3,3,6,2), and (3,3,3,4,3). In order to obtain the uniqueness, we consider the
normal subgroup Hs of G3 and recall that F,(G3/Hz) = [Fg ® My (Fg)? @ Ma(Fs)2.
This and Theorem 3.5 ensure that (3,3,3,4,3) cannot be the possibility for n/s.

Moreover, as (2,2,5,5,2) can not be the possible choice, the required Wedderburn
decomposition is given by

FoGs = [Fé ® MQ([FQ)Q ® MS([Fq)4 ® MG(FQ)Q ® MQ([Fzﬂ)Q-

Finally, we are left with the choices p* € {19,35} mod36. We observe that
S(vz) = {Vas Yy} S(Vat) = {Vat, Vayt}, and for the other representatives g,
S(ve) = {4} Therefore, (5.1) and Theorems 3.1, 3.2 imply that F,G3 =

13
F, 6—91M (Fyq) @ My, (Fg). Since Fy(G3/GYy) = F2 @ Fg2, Theorem 3.4 yields

F,G3 = [Fq ®F, @ My, (Fq) ® My3(F,2) with n, > 2. At this point, again consider
r=1

the normal subgroup H; of Gz and Fo(Gs/H) = F2® My(Fy)* @ Ms(Fy)* ® Me(F,).
This together with Theorem 3.5 deduces that FG3 = F2®F .2 & Ms(Fy)* @& Ms(Fy)* @

Mq(Fy) @ My, (Fq) ® M, (F,2). We now engage the normal subgroup H; and recall

that F (G3/H2) = F2qF 2 @ Ma(F,)®. Again apply Theorem 3.5 with Hy to see that
F,G3 = [Fgea[queeMQ([F ) ®M3(Fq)2®Me(Fy) DM, (Fg)® M, (Fy2), where n,. > 2
with 54 = n? +2n3. This equation has two solutions given by (2, 5), and (6, 3). How-
ever, as (2,5) can not be the possible choice, the required Wedderburn decomposition
is given by

FoGs = F2 @ Fp2 @ Ma(Fy)® @ Ms(Fg)* ® Me(Fq)? ® M3 (Fge).

This completes the proof. O

5.2. The group G4 = ((Cy x C3) x C3) x Cy. The presentation of G4 is the
following;:

<$7y, zZyw, t,u: 12'“'_17 [y,x], [va]a [w,x], [ta J)], [uvx]a yQZ_la [Zvy]v

[w, ylu™ ¢ w ™ [t yluT T [u,y), 22 [w, 2], [t 2],

[u’ Z]? w2u717 [t7 w]u717 [u7 w]) t2u717 [u7 t]? u2>'
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Moreover, we see that the group G4 has 42 conjugacy classes. Further, the exponent
of G4 is 36 and G, = Qg with G4/G) = C15. For this group, we are not giving the
full details in the following theorem since the procedure to obtain the unit group is
similar to the one in preceding Theorems 4.1, 4.2 and 5.1.

Theorem 5.2. The unit group Uy of F,G4, for ¢ = p* and p > 3, where [, is
a finite field having q = p* elements, is as follows:
(1) for p* = 1 mod36, Uy = (F;)'® & GLa(Fy)'® ® GL3(F,)%, for p* = 17 mod 36,
Uy = (F;)? ® (F5.)® © GLa(Fy)® ® GL3(Fy)* © GLa(Fy2)® @ GL3(Fp)?, for
P =19 mod 36, Uy = (F})'® & GLy(F2)° & GL3(Fy)° and for p* = 35 mod 36,
U= (F;)* @ (F.)* © GL2(Fg2)® © GL3(Fy)? © GL3(Fy2)?;
(2) for p* € {5,29} mod 36, Us = (F;)* @ (F}»)* @ (Fls)* © GLa(Fy)? ® GL2(Fg2)* @
GLg([Fq)2 D GLg([qu)2 D GLQ(I]:qﬁ)2,'
(3) forp* € {7,31} mod 36, Uy = (F})°®(F}s) @G L3(F,) ®G La(F g2 )* ©G La(F 4o )?;
(4) for p* € {11,23} mod 36, U, = ([F;)QEB([FZ2)2@([F;6)2@GL3([F ) ®GLy(F, 2)3@
GLg([Fq2)2 &) GLQ([FqG)z;
(5) for p* € {13,25} mod 36, Uy = (F;)° @ (F}s)* ® GL2(Fy)® @ GLa(Fye)* @
GLs3(F,)S.
Proof. Since F,G, is semisimple, we have

m—1
(5.3) FyGa = Fy @ M, (F,) for some m € Z.

r=1
Let p* = 1 mod 36. This means for each g € G4, |S(vg)| = 1. Hence, (5.3) together

with Theorems 3.1 and 3.2 gives F,G4 = F @M (F4). We utilize Theorem 3.4
24 r=
with G4/G) = Cig to obtain F,G4 = [F18 @ M (Fy), where n, > 2. To this end,

consider the normal subgroup H; := (u) of G4 and note that G4/H; = Cy x ((C2 x
C3) x Cy). This quotient group G4/H; is a metabelian group. Therefore, using [1]
we know that [Fq(G4/H1) = .8 @& M3(F,)®. This with Theorem 3.5 implies that

FoGa = F2 @ Ms(F,)° @ M, (F,), where n, > 2. Next, we consider the normal

subgroup Hs := (z) of G4 and note that G4/Hs = ((C4 x Co) x C3) x C5. The

quotient group G4/Hs is a non-metabelian group. Therefore, using [14], we have

that Fy(G4/Hs) = FS @ My(F,)° @ Mg([F )2 This with Theorem 3.5 further implies
12

that F,Gy = F1¥ @ My (F,)® @ Ms(F,)° @ M, (F,), where n, > 2 with > n2? = 48.
i=1

Consequently, we are left with the only p0551b1e choice of n’.s given by (212). Thus,

the Wedderburn decomposition is

FoGa = F}° @ My(Fg)'™® ® M3(F,)°.
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Now, we consider p* € {5,29} mod36. Here, we see that |S(v,)| = 2 for 12
representatives of conjugacy classes of G4, [S(74)| = 6 for 24 representatives
of conjugacy classes of G4 and |S(y4)] = 1 for the remaining 6 representa-
tives of conjugacy classes of G4 Therefore, (5 3) and Theorems 3.1, 3.2 imply

that F,Gy = q@M (F )@M (Fgp2) @ M, (Fg). Since G4/Gy = Cig
and F,(G4/G)) ~ [F2 P [F2 69 [F el Theorem 3.4 yields F,Gy = F2 & [F2
4
F2e @ M, (Fy) @ M, (F.2) @ M, (Fs) with n, > 2. At this point, we again
r=1 r=>5 r=9

consider the normal subgroup H of Gy and utilize Fy(Ga/H1) = F; © F2, © F2s @
M;(F,)? & M3 (F 2 )2, ThlS with Theorem 3.5 1mphes that FqG4 = [F2 &) [FQ &) [F &)

M;5(Fq)? @ Ms(F2)? @M (F )@Mn( )@Mn( 6 ). Further, as in the pre-

vious case, we con51der the normal subgroup Hg of G4 and utilize Fy(G4/Hs) =
F2e& [Fzz @ M(Fy)? & Mo(F,2)* @ Ms(F4)?. This with Theorem 3.5 further shows

that F,Ga = FoFLOF @ Ma(Fy)? @ M (Fy2)? @ Ms(Fg)*® M (Fe2)? @ M, (Fy),
where n, > 2 with 6(n? +n3) = 48. This leaves us with the only poss1ble choice of
ni.s given by (2,2) and therefore the Wedderburn decomposition is

FoGa = F2 & F2 @ Flo ® Ma(Fy)* & M (Fp2)* & Ms(Fy)? & Ms(Fy2)? & Ma(F o).

Next, we consider p* € {7,31} mod36. In this case, we have that |S(v,)| = 3
for 12 representatives of conjugacy classes of G4, |S(v4)| = 2 for 6 representa-
tives of conjugacy classes of G4, |S(74)] = 6 for 12 representatives of conjugacy
classes of G4 and |S(y4)] = 1 for the remaining 12 representatives of conju-
gacy classes of G4. Therefore, (5.3) and Theorems 3.1, 3.2 imply that F,G4 =

11 14 18 20
Fo @ M, (Fq) @ My, (F2) @ My, (Fpe) @ My, (Fge). Since Fo(G4/Gh) = Fi&
r=1 r=12

r=15 7" 19
FS,®F%;, Theorem 3.4 yields F, G422 [FG@[F43@M (F )@M (F, )@ M, (Fge)

with n,, > 2. Next, we consider the normal subgroup Hy of G4 and utilize
Fo(Gs/Hy) = FS & [F4 ® Ms(F, )6. This with Theorem 3.5 implies that F,G4 =

FS & [F4 ® M3(F,)° @ My, (Fg2) @ My, (F4). Again, we consider the normal sub-
group Hs of G4 and utlhze (G4/H2) =] [F6 ® Ma(Fgp2)3 @ Ms(Fg)2. ThlS with The-
orem 3.5 further deduces that F,Ga = F) @ Fls @ M3 (F,)° @ Ma(F,2)? @ M, (Fys),

where n, > 2 with 6(n? + n3) = 48. This leaves us with the only posmble choice
of nls given by (2,2) and therefore the Wedderburn decomposition is

FoGa =2 FS @ Fls © M3(Fq)® @ Ma(Fy2)® @ Ma(Fyo)?.
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Further, we consider p* = 19 mod 36. In this case, we have that |S(v,)| = 1 for 24

representatives of conjugacy classes of G4 and |S(vy4)| = 2 for the remaining 24

representatives of conjugacy classes of G4. Therefore, (5.3) and Theorems 3.1, 3.2
32

23
imply that F,G4 = Fq @ M, (Fq) @ M, (Fg). Since Fo(G4/GY) = Fi3, Theo-

rem 3.4 yields F,Gy = F3 @ M, (Fy) @ My, (Fg2) with n, > 2. Next, we consider
the normal subgroup H; of G4 and utlhze F (G4/H1) = 18 & M3(F,)°. This with
Theorem 3.5 implies that F,Gy4 = [Fls & Ms(F,)° @Mnr( 42), where n, > 2 with

2 E n? = 72. This provides us the only possible ch01ce of n'.s given by (2°). Conse-
i=1

quently, the Wedderburn decomposition is F,Gy = F13®Ms(F,) @My (F42)°. Finally,

we remark that, similar to the procedure already followed in this theorem, the re-

maining Wedderburn decompositions can be deduced. This completes the proof. [

6. CONCLUSION

We have completely characterized the unit groups U(F,G) of the semisimple group
algebra of 17 non-metabelian groups of order 144. The 17 groups considered in
this paper either have exponent 72 or 36 or they are direct product of nontrivial
subgroups. This paper completes the study of characterization of unit groups of
U(F,G) for all groups G up to order 144 except that of groups of order 96, 128
and 144 (having exponent 12 and 24). Finally, this paper motivates the study of
unit groups of the group algebras of non-metabelian groups of higher order.

Acknowledgment. The authors are extremely thankful to the reviewer for
his/her valuable suggestions and comments that improved the overall quality of
the paper.
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