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A Marchaud type inequality

JORGE BUSTAMANTE

Abstract. We present a new Marchaud type inequality in LP spaces.
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Classification: 26A15, 26D10

1. Introduction

For 1 < p < oo, the Banach space P consists of all 2n-periodic, pth power
Lebesgue integrable (class of) functions f on R with the norm

n 1/p
1= (5 | rras)

We also set Coy for the family of all 2r-periodic continuous functions on R with

the norm
[fllooc = sup [f(z)].
z€[—m,7m]
Moreover
P L7, if 1<p< oo,
Cor, if p=o0.

Notice that X °° is not the space of essentially bounded functions.
FormeNand 1 <r <p<oo,r# oo, set

(1) Wi ={feXP: f=¢p ae o, oM oMY e AC, o™ e X7}

In the case p = r = oo, we set W . = O3} (functions m-times continuously
differentiable).

Forme N, f e XP 1 <p< oo, and £ > 0 the usual modulus of continuity
(smoothness) of order m of f is defined by

(2) win (f1)p = sup A fllp,
ES
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where
m

A7 (@) = Y 0F () o ),

k=0

The Marchaud inequality appeared for the first time in [7], but there are various
extensions. Let us recall a few.

Theorem 1 (H. Johnen, [5, page 302]). Assume 1 <p < oco. If f € LP and

1
(3) /0 Wimtn(fy Wy 4

uk—i—l

for somek e N, 1 <k <m-—1, thenfGWﬁp,andfor 0<t<1land neN,

2
(4) wm(f(k),t)p < Crm <tm/ Wit (f, W)p du + /t Wit (f, W)p du>.
t 0

um+k+1 uk—i—l

Another kind of estimate was given by H. Johnen and K. Scherer in [6]. If
1<k <m-—1and (3) holds, then f € W;f’p and

t Wm ,u
wm 1 (F¥), 1), < C /0 bl n g, e xr

A proof was also included in [3, pages 178-179].

Recall that if 1 <7 < p < oo and f € XP, then f € X" and | f|» < | fllp-
Therefore wy, (f,t)r < wm(f,t)p.

In this note we show that a result similar to (4) holds, if we replace wy,(f,u)p
by W (f, )y, with 1 <7 < p. In fact, we prove the following theorem:

Theorem 2. Assume 1 < r < p < oo and m € N, m > 2. There exists
a constant C' such that, if f €L, 1 <k<m—1, and

1
wm(fa S)r
(5) /O m dS < o,

then f € Wfp and for 0 <t <1/2,

t
k m—1—k wm(f; S)T wm(fa t)r
(6) Wmfk(f( )7t)p § C<t Hf”r Jr/0 S1+k+1/r71/p ds + t1+k '

Notice that the case k = m —1 is not included in Theorem 2. It is done because
in such a case the term corresponding to || ||, does not go to zero when ¢t — 0. The
result can be improved. As we show in Proposition 2, if we assume condition (5),
then f € Wf’r. A stronger property holds, but it requires to consider fractional
derivatives and fractional moduli of smoothness (for definitions see [1]). In fact,
it can be proved that under condition (5) there exists 8 € (0,1) such that the
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fractional derivative D**# f exists a.e. This kind of problems goes beyond the
scope of the paper.

2. Known results

In this section we recall some known facts.
The classes W], can be described in terms of strong derivatives. A function
f € LP has a strong derivative, if there exists g € ILP such that

Hf(-+h)—f(-)

=0.
h

p

lim
h—0+

-9

In such a case we denote g = Dgl) f. For m € N, the strong derivative is defined
by ng)(f) = Dgl)(ngfl)f). It is known that f € W if and only if f has

a strong derivative ng)f, see [2, Theorem 10.1.12]. Moreover, if f € W}, then

D™ § = (™) where ¢ is associated to f as in (1). In what follows we identify f
and ¢. Moreover, if f € W), all strong derivatives of lower order exist, see 2,
Theorem 10.1.6].

It is known that D™: W7, — P, defined by D™ f = ng)f is a closed linear
operator, see [1, Lemma 2].

In the next result, for 1 < s < oo, L¥[a, b] denotes the usual Lebesgue space.

Theorem 3 (V.N. Gabushin, [4]). Assume p,q,r > 1 are real numbers, 0 <
k<m, k,neN, and
m—Fk
q

(1) +-2

=
SAE

There exists a constant A such that, if f € L9a,b] and f(™ € L"[a,b], and
0<d<(b—a), then

D Fllp < APV f g + 8P D™ ).

Proposition 1 (see [3, page 45]). If 1 < p < oo, f € L?, m,n € N and s > 0,
then

(8) wm (f,ns)p <™ wn(f,s)p,

9) Wi (fst)p < 2wm—1(f,)p-
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Theorem 4 (see [3, page 177]). If 1 < r < oo and m € N, there exist positive
constants My and My such that for f € " and 0 <t

(10) lem(fa t)r < Km(fa t)r < MQWm(fa t)ra

where

Ko (f,t)r = inf {[[f —gll» +¢™[D™gll}.

gewn,

For n € Ny, let T,, be the family of all trigonometric polynomials of degree not
greater than n. For f € L" define

3. Two results related with strong derivatives

Theorem 5. Let r be a real number, 1 <r < oo, and k,m € N. If f € L" and

(11) /Olmds<oo,

S1Tk

then f € VV,]7 for every j, 0 < j < k. Moreover if {gn}nen Is a sequence satis-
tying g, € W), and

1 1
_ m < -
(12) If = gnllr+ nm”D gnllr < Cwm(fan)ra n €N,

with a constant C' which depends not on f or n (whose existence is guaranteed
by Theorem 4), then

(13) (D7 f)(@) = (DIgn)(@) + > (D (gnar — Gnai—1))(x)  ace.

i=1
for each j, 0 < j <k, and every n € N.

PrOOF: Let {gn}nen C W/, be a sequence such that (12) holds.
Fix j, 0 < j <k, and for n,v € N set
oo v

G = Z(g”2i - 9"2"71)7 Su,n = Z(gn2i - gn2i*1)a

i=1 i=1
and

v

HV,”J = Z(D]gn? - ngn2i*1) = Dj(Sll,n)-

=1
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If j =0, it follows from (12) that

im ||f = gn = Symlr = lim ||f = gnov|l» = 0.
v—00 V—00
Hence f — g, = G, a.e. for each n € N. This proves (13) for j = 0.

In what follows we assume 1 < j < k.
First, we prove that H, , ; is a Cauchy sequence in L".
k < m, from Theorem 3 (with 6 = 1/(n2%) and p = ¢ = r) and (12), we obtain

If v,0 € N, since

v+o
1Hytoms = Homglle < 37 1D (guzs = g 1)l»
1=v+1
v+o v+o
< A Z n2 ||gn21 gn2i— lH +A Z 21 m—j (gn21 _gngi—l)”,,.
1=v+1 1= 1/—‘,—1
v+o
< A Z TL2 ”gnQZ - f”T + Hgn2’ 1 fHT)
1=v+1
v+o
21 m 1
+ AC Zl 2y m(f, n2)
1=v+

v+o TLQ’L m

+4C Z (n2iym=i gm * (f’nQ’ 1)

< 24C Uf(nzi“)jwm (7. %) +2AC Vf(mi)j wm(f, n12 )

(here we have used (8) and it will be used again in the next inequality)

v+o

v+o
§2m+1AC’Z(n2i+1)jwm(f7 #) +2Acz (n2?) me<f7 i)
vtotl _V” Vol 1/(n2 1
<o Y even(gg)se X [,

1=V 1=V

Yo m(f, )

Therefore, it follows from (11) that {H, ;5
there exists g € L" such that |Hyn; — g|» — 0, as v — .

Since Sy — f — gn = Gn, Hyn(f) = D¥(S,,) — g in L", as v — oo, and
n = G € W,]7 and DI(f — gn) =

2, is a Cauchy sequence in I". Thus

D’ is a closed linear operator, then f — g
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Dif — Dig, = g. Hence

Digy+Y (Dguy = DIgnyi-1) =g+ Diga=DIf  ae.
=1

O

Proposition 2. If 1 <r < p < oo, and f € L" satisfies (11) with k € N, then
fewr,.

PROOF: Tt is known, see [9, page 334], that if
> B (f) < o,
i=1

then f is equivalent to a function g € Xffm. On the other hand, there exists
a constant C such that for each f € L", see [9, page 325],

(14) B (f) < Coom (£, =) .

Hence
oo - [eS) - 1 oS i+1 s 1
;Z Ei.(f) <y ;l wm(f, —i+1_>7- < C1;/i s wm(f,g)rds

o 1 Y wn (f, 1)y
— k—1 _ m\J,U)r
= Cl/1 s wm(f, g)r ds = C’l/o T dt < 0.

4. Proof of Theorem 2

Given t € (0,1/2], choose n € N such that

1 1
<t< — < 2m.
1+n n

Set 7(j) = (14+n)2? and \; = 1/7(j). If f € LP, taking into account (10) for each
J € No we can fix h; € W such that

(15) ||f - thT + )‘;”HDmth7 < 2M2w7n(fa )‘j)r-

Step 1: From Proposition 2 we know that f € W,’.f,.. Hence there exists ¢ such
that f = ¢ ae., o, ... o™ 1 e AC, and ¢™ € L". Thus we only need to
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find G € P, such that
(16) o™ =G a.e.

Of course, we can assume that f = .

The conditions h; € W/ and 0 < k < m imply D¥h; € LP. In fact D¥h; is
an (absolutely) continuous function.

Taking into account that h; — f in the norm of L", see (15),

(17) J=ho+ Z(hi+1 — hy) a.e.
i=0
Since (D*h;y1 — D¥h;) € LP for each i € N, if
(18) Z |D*hivy — DRl < 00
i=0

then the series
(19) D*hg + " (D*hit1 — D¥hy)
i=0

converges in LP, see [8, page 109].
Let us verify that (18) holds. In order to simplify the notations we set o =

1/r—1/p.
In the case ¢ = r < p, condition (7) holds. Since )\f < 2w, Theorem 3 can be
used (with & = A;, recall that we consider ¢ = r) and it follows from (15) that

A D*hizr — DFhill, < A, [[hixa = Billr + A" [ D™ hizr — D™ hl|r)
< AN Y (Nhigr = fllr + 1 = Rillr + X NID™ Bil|r + 27 N1 (| D™ higa |l)
< 2Mo AN (Wi (fs Ad)r + 2" wim (fs Aig1)r)

Ai
1< 2/ ds.
Xig1 S

Therefore, using (8), one has (recall that k + « > 0)

Note that, since \; = 2\;41,

> > —_aWm ;>\i r
> D" hjg1 = D*hyllp < 2014 2" AMy > A; %
j=0 i=0 i
= m m )\z r i d
<41+ 2M)AM: Y %/ =
i=0 A Aigr 8
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m m w'f” f) T
saeenany [ el

Ao
20 — m m wm(f,s)r

<4(1+2m)AM2™ /t Wi (f, 8)r

0 Sl—‘,—k—i—l/r—l/p ds < 09,

where we use condition (5). Thus the series (19) converges in LP. The limit of
the partial sums of the series (19) will be denoted by Mj,.

We will show that in (16) we can take G = M}. Since hy can be chosen as
gnt1 in (12) and h; as g(,41)2i, it follows from (13) that

My, = Dkgn+1 + Z D¥ (g(n+1)2’7+1 — g(n+1)2i) = Dkf a.e.
=0

We have proved that f € Wk
Step 2: We will need an estimate of || D™ 'hg||, in terms of || f||, and wy, (f, ),
Take into account that

1
— =1 <2n <
" +n < <

o

We use again Theorem 3 (with ¢ = 1) and (15) to obtain

Mr“%ﬂpSAm%W+MMmmJSAWﬂM+Hﬂ—%Hﬁme%WJ
171l + 2Mawm (f, Ao + 53 2Mawm (£, Ao}
0

(f7 )r

AL

<4(
< A(IF 1+ 200" F 20 Mo (f,1), )
(

< AN fllr + 2Maf 1+2m)%)_

Step 3: Let us verify (6). From (8), (9) and (10), we know that

— _ 1
wnb—k(Dk.ﬁ t)p <2™ kwnb—k (Dkfa ) < 21+m kwnb—l—k (Dk.ﬁ )
p p

14+n 14+n
21+m k A A 1 1
(22) < =37 (ID"7 = DMholly + e D™ ol
21+m b k k 1-k 1
< =55 (1D = Drholly + 47K D™ o]l ).
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From (22), (17), (20), and (15) we obtain

Wmfk(Dkf’ tp < Co < Z ”thjJrl - thj”p + tmlkHDmlhO”p)

§=0
t
wm(fas)r 11—k wm(f; t)r
§02</0 stthm ||f||r+w .
O
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