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1. INTRODUCTION

For s > 1 let {(s) = Z n~—°. In 1979, in order to prove that ((3) and ((2) are
irrational, Apéry in [3] 1ntroduced the Apéry numbers {4,,} and {A] } given by

w2 ()

In 2009 Zagier in [36] studied the Apéry-like numbers {u,} given by
up=1, u1 =b and (n+ 1) *ups1 = (an(n +1) +b)u, —cn’u,_1 (0= 1),
where a,b,c € 7, ¢ #0 and u,, € Z for n =1,2,3,... Let

G = zn: (Z) (—1)k(2:>216”—’“.

k=0

According to [36], { A} and {G,,} are Apéry-like sequences with (a,b,c) = (11,3, —1)
and (32,12, 256), respectively. See the sequences #9 and #19 in [36], and A005258
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and A143583 in [10]. The formula
(28?20 — 2k
_ 4n—k
=35 (e) (0F)

was implicitly given in [2] and also stated by Wang in [34].
In [30], {Gn(x)}, the one-parameter generalization of G,,, was defined by

Golz) = kz; (Z) (=1)F (i) (_1k_ x) (n=0,1,2,...),

where (ﬁ) is the generalized binomial coefficient given by

@):1 and @):x@—mnﬁx—k+n P

Let Z" be the set of positive integers. For a prime p let Z,, be the set of rational
numbers whose denominator is not divisible by p. In [30], the author’s brother Sun
showed that for any prime p > 3 and z € 7, with x # —% (mod p),

> Gu(w)? = (1) @rp 2P (0 1),
n=0

where (z), € {0,1,...,p— 1} is given by x = (z),, (mod p). In [6], Guo showed that

n—1
Z(2k‘ +1)Gr(z)* =0 (mod n?) forne 7+,
k=0

When n is a prime, this result is due to Sun [30].
For m € Z%, let p1,...,ps be all the distinct odd prime divisors of m, and let

1 it m =1,
A(m) =< p1...psm? if m>1is odd,

2

4dpy . ..psm* if m is even.

Then clearly A(2) = 16, A(3) = 27, A\(4) = 64 and A\(6) = 432. For n € {0,1,2,...},
m € 7% and r € Z with ged(r,m) = 1, put

Gn(r,m) = )\(m)”Gn(%).

The paper is organized as follows. Section 2 is devoted to preliminary notations,
facts and lemmas. In Section 3, we state that

G =3 (1) o (),
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and Gy, (r,m) is an Apéry-like sequence with a = 2\(m), b = A(m)(m?2 +rm+r?)/m?
and ¢ = A\(m)2. This provides infinitely many examples of Apéry-like sequences.
Suppose that p > 3 is a prime. We also deduce congruences for

p-1 G;(,f), :i) <2kk> G;;}in)

k=0

modulo p and G(,_1)/2(x) modulo p?.  As consequences, we deduce some con-
gruences involving G,, G,(-1,3), G,(—1,4) and G,(—1,6). In Section 4, for
p—1
x € Z, with x #0, £1, —2 (mod p), we obtain the congruences for > G,(x)
p—1 n=0
and Y. nG,(r) modulo p3. In Section 5, we prove some congruences for the sums
n=0
involving G, modulo p?>. In Section 6, we establish the congruences for G,(z)
and Gp_1(z) modulo p3. In Section 7, we pose a lot of challenging conjectures
on congruences involving G,, G,(—1,3), G,(—1,4) and G, (—1,6) modulo prime
powers.
As typical results in this paper for any prime p > 3 we have

p—1 _
nG 15 — 16(—1)»—1/2
Z 16: = (9 ) p2 (mod p3)7
n=0

pz_i Gn(—1,3) _ p? (mod p3) if3|p-1,
21| —8p? (mod p?) if3|p—2,

Gp=12+64(—1)PY2p2E 5 (mod p?),

n=0

155
Gp1(—1,6) = (=1)P~D/2186624P 1 + 7102@,,3 (mod p?),
4722 — 2p (mod p?) if p=1 (mod 4) and so

Gp-1)2 = p =2+ 4y for x,y € Z,
0 (mod p?) if p=3 (mod 4),
p—1 (Qn)G
n/7m  — (_1)(p=1)/2 d p?
n=0
p—1 G2
> (8k* + 8k + 3)—L— = 3(—1)P"D/2p? 4 25p* E,,_5 (mod p°),

_ k
P (—256)

where {E,,} are the Euler numbers given by
", (2n
Esn1=0, Eg=1, k3, = —Z ( )EQn—Qk (n>1).
k=1
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2. PRELIMINARIES

In addition to the notation in Section 1, throughout this paper we also use the
following notations. Let [z] be the greatest integer not exceeding z. For a € 7
and a given odd prime p let (%) be the Legendre symbol and ¢,(a) = (a?~! —1)/p.

For positive integers a, b and n, if n = ax® + by? for some integers = and y, we

briefly write that n = ax? + by?. For n,r € Zt define H, = 1 + % +...+ 1 and

Hy(f) =142""+ ...+ n"". For convenience, we also assume that Hy = H(()TSL =0.
The Bernoulli numbers {B,} and the sequence {U,} are defined by
n—1 n
Bo=1, ), <k>Bk =0 (n>2),

k=0

n
2n
U2n—1 = 07 U() = 1, UQn = —2; <2k‘) Ugn_gk (n 2 1)

For the congruences involving B,,, E, and U,, see [11], [12], [14]. The Bernoulli
polynomials {B,,(z)} and Euler polynomials {E,,(z)} are given by

By(z) = znj <Z> Bra"* and E,(z) = zin f: <Z> (22 — 1)"* By

k=0 k=0

For any nonnegative integer m and real number z, it is well known [4], (1.5) that

o Rl -(0)

£0)-(20)

S\ _PPHp p N\ (p-1
2.3 - _ P .
(23) ;k”<k> <k+2 k+1)< k )
In 1952 Ljunggren proved (see [5]) that for any prime p > 3 and m,n € 7T,

(2.4) (Zf ) = (T:) (mod p®).
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For any odd prime p one can easily prove (see [12], Lemma 2.9) that for &k =
1,2,....p—1,

(2.5) (—1)k (p; 1> =1-pH, + %2(H,f — HP) (mod p?).

For k=0,1,2,... it is easily seen (see, for example, [15]-[18]) that
2%k 2k (3k
20 e A IRV A vl
(—4)k’ k k 27k 7

K
(?) Tk (_k-%> (_k'%> - (Bli)”gg;)'

Since (}) = z/(z — k) (“’;1), we see that

N1\ 142k (39 (M) Cr—s
2 2| "2 Ak A, i
27) <k;) ( k > 1-2k 16 202k +1) I

where C,, = (n + 1)_1(2:) is the nth Catalan number. Let p be an odd prime.
By [18], Theorem 2.4, for x, ug, u1,...,Up—1 € Zp,

(2.8) pz_f (i) <_1k_ m) ((_1)<x>puk — zk: (f) (—1)’“u,«) =0 (mod p?).

k=0 r=0

Suppose that p is a prime, p > 3. By [21], Lemma 2.2 (with k& = 2), for z € Z,
with 2 #Z 0 (mod p),

—~
8
~
ol
—~
|
—_
~—
b

(2.9) (-1)@» B, 3(—z) (mod p).

I
Il
—
o
M)
N =

From [21], Theorem 2.1, for € Z, and =’ = (z — (x),)/p,

1

(2.10) :O <“Z> <_1k_ x) = (=)@ 4 p%2/ (2’ + 1)E,_3(—2z) (mod p*).

By [21], pages 3300-3301,

1 1
(2.11) E,_3 (5) =4E,_3 (mod p), Ep_g(g) = 20E,_3 (mod p),
1 1
(2.12) E,_3 (g) =9Up_3 (mod p), E,_3 (Z) = 16sp_3 (mod p),
where {s,} is given by
n—1 n
(2.13) so=1 and s, =1->_ (k) 2n=1=2kg (n>1).
k=0
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From [19], Lemma 2.3 and Theorem 2.1, for z € Z,, x # 0 (mod p) and 2’ =
(x = (2)p)/p,

SO (@)
(2.14) S = —2H 4y, + 2px H(x>p
k=1
_ o Brp-1(=7) = By 2
=-2 =1 (mod p?).
By [31],
p—1 (x\ /(—1—x p—1 (x\ [/(—1—zx 2
(2.15) (k) (ka ) = _% <Z (k) (kk )) (mod p).
k=1 k=1

By [19], (2.5) and [11], Theorem 5.2,

Bp2(p*1) (%) - Bp2(p*1)
2

_ D . (2)
(2.16) » (p — 1) = H(pfl)/Q + EH(ZU—D/Q

= —2¢,(2) + pgy(2)* (mod p?).
By [12], p. 287,
eiry 2ol = Beeon o 3,0, 3 62 nod )

' p(p—1) 27 47 ’
B2 _1(l)—B2(_1) 3
2.18 pre—Da) - P eml) = 30(9) + 2pg,(2)? (mod p?),
(2.18) 2 =1) 4p(2) + 5pap(2)” (mod p7)
(2'19) Bp2(p71)(%) - BpQ(pfl)
p*(p—1)
3 3
= ~24,(2) ~ 565(3) + p(4(2) + 0:(3)°) (mod p?).

Lemma 2.1. Let p be an odd prime and m € Z, with m # 0,1 (mod p). Suppose
n
that ug,u1,...,up—1 € Z, and v, = > (Z)uk (n > 0). Then
k

p—1 v p—1 u
Eo_ k
k=0 k=0
Also,
p—1 p—1 k p—2 k
_ —1)"p 2 (=1)"Hj, 3
v = k+1uk—pz T uy (mod p°)
k=0 k=0 k=0
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Proof. Itis clear that

k p—1p—1
Vg, 1 k 1 (—1-5 b
o = WZ@“S‘ m<k_s>(‘” s
k=0 k=0 s=0 $=0 k=s
S e SR ()
5=0 Sk:s k—s (—m)k*S 5=0 ’ r=0 " m
e N GR  Tes
5=0 ° r=0 r s=0 ° m
p—1
Us

p—1 p—1 p—1—s 1_s p—1 p
= s _17": s
ek X (=)

k=0 s=0 r=0 s=0
— p» (p-1 =
- o = Up_ ——(=1)*(1 — pH,)u, (mod p*).
(P =+ X 0 L o )
s=0 s=0
This yields the remaining part. O

Lemma 2.2 ([29], Theorem 2.2). Let p be an odd prime, ug,u1,...,up—1 € Z,

n
and v, = > (})(=1)*uy for n > 0. For m € Z,, with m # 0, 4 (mod p),
k=0

:: (e)ae= ("5 : () e tmod )

Lemma 2.3. Let k,m € 7" and r € Z. Then (r/km) (717kr/m))\(m)k ez

Proof. Suppose that p is a prime. For n € Z' let ordyn be the unique
nonnegative integer a such that p® | n but p®*1 { n. It is well known that

ord k! = [g + [ﬁ} + [5} ¥

Thus,

k  k k 2k
S+ =+...=— d dyk!? < ——
—|—p2—|—p3+ 1 and so ord,

ord,k! <
p— p—1

SE N
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If p { m, then clearly r/m € Z,, and so (T/km) (_1_kr/m’))\(m)k € Z,. Now assume that

p | m. Since

()

:r(r—m)...(r—(k—1)m)(—r—m)...(—r—km)()\;m))k,i

and
2
ps 2k

WV

> 01"dpk;!2 if p> 2

A(m)\* p—1

Ordp( m?2 ) 2k

2k = ] > 01"dpk!2 if p =2,
p—

we also have (r/km) (717kr/m))\(m)k € 7, when p | m. Hence,

()

for any prime p, which yields (T/km) (717kr/m))\(m)k € 7 as claimed. O

Lemma 2.4 ([24], Theorem 4.1). Let p be an odd prime, b,z € Z,, bx # 0 (mod p)
and (b), < min{(z),,p — 1 — (z),}. Assume that 2’ = (x — (z),)/p and V' =
(b—(b)p)/p # —1 (mod p). Then

1

O (i) (—1 —x) 1 p+2"+1) -2 (mod p?).

kR T e ) () )

P

k=
3. BASIC PROPERTIES OF G, (z)

Recall that for n =0,1,2,...,

Gn<m>=i(’;)<—1>k(i) (7)o = amr (L),

k=0

where m € 7%, r € 7 and ged(r,m) = 1. Applying the binomial inversion formula,
> (M) e = (5) (7).
— k n n
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Theorem 3.1. Let m € Z%, r € 7 and ged(r,m) = 1. Then G, (r,m) is an
Apéry-like sequence with a = 2\(m), b = A\(m)(m? + rm + r?)/m? and ¢ = \(m)?.

Proof. By Lemma 2.3 forn=0,1,2,...,
(n ok (T/m\ [(—1—r/m n
Gn(r,m)kz_o(k>( 1) ( L )( L ))\(m) ez

Clearly, Go(r,m) =1 and

Gi(r,m) = A(m)(l - L(—l - L)) = %(m2 +rm +1r?).

m m

Using Zeilberger’s algorithm or sumtools in Maple (see [9]),
(3.1)  (n+1)2Gny1(z) = 2n(n+1) + 22 + 2+ 1)Gp(x) — n*Gp1(x) (n > 1).
Thus,

(n+ 1)2Gn+1(r, m)
= (n+1)2A(m)" G ()

2

= (20014 1) + 2+ S 1) Am)HG (L) = w2 Am) G ()

= (2)\(m)n(n +1)+ %(m2 +rm+ 7“2)> Grn(r,m) — AX(m)*n?Gp_1(r,m).

This completes the proof. O

Theorem 3.2. For n =0,1,2,... we have
" r) —1—x
= —1)"k :
%) Z%Q>() )

Proof. Set Gl (z) = §0< ) (-1 k(nl__k”). Then G{(z) = 1 = Go(z) and

Gi(x) = 2> + x + 1 = G1(x). Using Zeilberger’s algorithm or sumtools in Maple
(see [9)),

=

(n+1°C 1 (@) = @n(n+ 1) +2° + 2+ 1)G)(2) —n*Gly_y(2) (0> 1).

Thus, G, () = G, (x) for n =10,1,2,... by (3.1). O



Remark 3.1. From the definition of G, (r,m), (2.6) and (2.7) we know that for
n=0,1,2,...,

Gn(1,2)=16"-2) <Z> (—1)(2k + 1) (2:) Crr 167",
k=1
Gu(~1,2) = §_j (1) (Qk’“>216nk G
Go(—1,3) = kz:) (Z) 1) (2:) (3kk>27n_k,
Go(—1,4) = kZ:o (Z) 1) (2:) (3:) 64n—F
Gn(—1,6) = kno (Z) (1) (3:) (g:) 439

These are Apéry-like sequences with (a,b, c) = (32,28,256), (32,12, 256), (54,21,729),
(128,52, 4096) and (864, 372,186624), respectively. We note that G, (—1,3) is the
sequence #25 in [36], and G, (—1,4) and G,,(—1, 6) were first introduced in [33]. See
also [2].

Theorem 3.3. Let p be an odd prime and m,x € Z,. Then

[

S
—

G;flf) % (mod p) form # 0,1 (mod p)
=0 k=0

3 (1) e

for m # 0,4 (mod p).

(]

=

and

m(m — 4\~ () )
(i) 5 COELD

Proof. Putting up = (—1)F(})(7'") and vy = G(z) in Lemma 2.1 yields
the first congruence. Putting ux = () (71];“’) and vy = Gi(z) in Lemma 2.2

yields the second congruence. O

Theorem 3.4. Let p be an odd prime. Then

p—1 p—1 p—1
G G G
n = (— (pfl)/4 _n = ( — (pfl)/4 _n
Z (—16)” - ( 1) Z {n ( 1) Z 39n
n=0 n=0 n=0

2z (mod p) ifd|p—1andsop=x?+4y* with4 |z —1,
0 (mod p) ifp=3 (mod 4).
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Proof. Takingx = —% andm = —1, %, 2 in Theorem 3.3 and then applying [13],

Theorems 2.2, 2.9 and Corollary 2.3 yields the result. 0

Theorem 3.5. Let p > 3 be a prime. Then

0 (mod p) if p=2 (mod 3),

pii Gn(—1,3) [ 2z (mod p) ifp= 22+ 3y>=1 (mod 3) and 3 | x — 1,
(-27)

”i Ga(~1,3) _ ”i Gn(—1,3)
o TR A YE T

—L (mod p) if3|p—1,4p=L2+27TM? and 3| L — 1,
0 (mod p) if p=2 (mod 3).

Proof. Putting z = —% in Theorem 3.3 yields

Pl G(—1,3) B2 2Rk
(];(m)k =y ( 7((11)—( fn)))k (mod p).

Now, taking m = —1, %, 9 and then applying [18], Theorem 3.4 and [16], Theorem 3.2

yields the result. U

Theorem 3.6. Let p > 3 be a prime. Then
—3\ & /6y En Ga(—1,4)
(7) X eet-10=(5) X e

2z (mod p) ifp=2%+T7y?>=1,2,4 (mod 7) and (%) =1,

0 (mod p) ifp=3,5,6 (mod 7),

G550 e

2z (mod p) ifp=2%+4y>=1 (mod 4) and 4 |z — 1,
0 (mod p) if p=3 (mod 4),

p—1 p—1
T Gu(=LA) _ gyl T Gn(=1,4)
167 2256

2z (mod p) ifp=22+3y>=1 (mod 3) and 3 | v — 1,
0 (mod p) if p=2 (mod 3),
_— (=1)lP/8HP=1/224 (mod p) if p = 2% +2y%> = 1,3 (mod 8)
Gn(_1a4)
Z — = and 4|z —1,
— (—64)"
- 0 (mod p) if p=>5,7 (mod 8).

(e}

n=

3
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Proof. From Theorem 3.3 (with z = —1),

p—1 p—1 4k
Gk(— _ ( )
2 = = Ez 64 — (mod p).

Now taking n = 1,4096,—8,—512,16,256, —64 and then applying [15], Theo-

rems 2.2-2.4, 4.1 and 4.3 yields the result.

Theorem 3.7. Let p be an odd prime, x € Z,, and  # 0 (mod p). Then

Gp-1)/2(7) = <2 >

(mod p) if (), is odd.

(mod p) if (x), is even,

Moreover,

(p—1)/2 T\ (—1-x
Gp-1))2(x) = Z W{# (mod p?)  for (z), =0 (mod 2).
k=0

In particular, for p > 3,

[ 4P2* —2p (mod p?) ifp=2®+4y* =1 (mod 4),
G2 = { (mod p?) if p =3 (mod 4),
27(P=1/2(42% — 2p) (mod p?)
Gp—1)/2(— { if p=1 (mod 3) and so p = x? + 3y?,
0 (mod p) ifp=2 (mod 3),
871 . 422 — 2p (mod p?)
Gp-1)/2(— { if p=1,3 (mod 8) and so p = x? + 22,
0 (mod p) ifp=5,7 (mod 8),
432(P 1)/2(5) -4x% — 2p (mod p?)
Gp—1)/2(=1,6) = if4|p—1 andsop= x>+ 4y?,

0 (mod p) ifp =3 (mod 4).

Proof. By [13], Lemma 2.4, for k =1,2,...,(p—1)/2,

O

(e = B (s S ) - 0= )
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Thus,

G o) (pk::ﬂ (%(pk— 1)) (—1)" (@ (—1k— x)

. 2) (75~ ) ot

Using the WZ method or the summation package Sigma one can prove that

o9 SR - =) o

k=0

When n is even, this identity follows from [32], (4.5) and (4.6). Thus,

0
{0 mod p) if (x), is even,
= (z)p 2k
=2 G (@ (R g d ) e e
k S () (T ) i mod )it (o) 5 0

0
Hence, for (z), =0 (mod 2) we have

(P=1)/2 (2K (2| (—1—2
G(p_l)/g(l')z Z (k)(ki]g k ) (

k=0

mod p?).

By the identity due to Bell (see [4], (6.35)),

- ; YL even
SIS G K Ok,

if n is odd.
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In view of the above,

(p—1)/2 (Qk)
Gopnyplz)= )

k=0
(@)p g .
— d f
- (%<x o) 4@ (mod p) if {(z)p is even,
0 (mod p) if (x), is odd.
By [8] and [26],
] (Qkk)2(3kk) [ 42 —2p (mod p?) if p=1 (mod 3) and so p = x* + 3y?,
P 108% | 0 (mod p?) if p=2 (mod 3),
R2CH (3 _ [ 42% —2p (mod p?) if p=1,3 (mod 8) and p = o2 + 247,
o 256 | 0 (mod p?) if p=5,7 (mod 8),
- p .
p! (Qkk) (3kk) (gﬁ) _ (g)(4 2 _2p) (mod p?) if4|p—1andp =2+ 4y?
k=0 1728" 0 (mod p?) if p=3 (mod 4).
Now, from the above congruences for G,_1)/2(z) (with x = —%, —%, —%) and (2.6)

we deduce the congruences for G(,_1)/2(—1,3), G(p—1)/2(—1,4) and G(,_1)/2(—1,6).
It is well known (see [1]) that

pz_f (Qkk)g [ 42® —2p (mod p?) if p=1 (mod 4) and so p = z* + 4y,
k=0 64* | 0 (mod p?) if p=3 (mod 4).

By [32], Theorem 5.1, for p = 3 (mod 4),

B ) G

k=0
(r-1)/2 , 1\2 (Qk) p—1 (2k)3
- 2 k - k _
k=0 k=0
Now, putting z = —% in the previous congruences for G'(,_1)/2(z) modulo p? and then

applying the above yields the congruence for G(,_1)/2 modulo p?. This completes
the proof. O
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p—1 p—1
4. CONGRUENCES FOR Y. Gy(z) AND Y nG,(z) MODULO p?
n=0 n=0

Theorem 4.1. Let p be an odd prime, x € Z,, + # 0,—1 (mod p) and 2’ =
(2 — (2)p)/p. Then

p-1 2 (! (1)@
> Gulo) = M0 (od 7).

n=0

Hence, for p > 3,

f’i Gn(~1,3) {p2 (mod p?) ifp=1 (mod 3),
= 2 —8p? (mod p)  ifp =2 (mod 3),
Pl G-, p? (mod p?) ifp=1,3 (mod 8),
n;) 6an { —?pQ (mod p*) ifp=5,7 (mod 8),
2l Ga(—1.6) p? (mod p?) ifp=1 (mod 4),
nz::o 320 { —%7172 (mod p?) ifp =3 (mod 4).

Proof. Using (2.2),

= (i) (_1k_ x) (D' (p K 1).

Since x # p, p— 1 (mod p) we see that (pfl) (_pl:l’”) = (g‘”jfl’) (”_;ﬂl@”) = 0 (mod p?).
From the above and (2.5),

:Zle(x) = ZZI <91§> <_1k_ x) T _pg”; @ <_1k_ x) kﬁkl (mod 7.

=0 =0

From Lemma 2.4 (with b = 1),

(4.1) ZZ:: (i) (—1k_ x) 2 Jlr 1°- px;gfff)) (mod ).
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Using the symbolic summation package Sigma in Mathematica, Liu and Ni in [7]
found the identity

- () -

= Z <<x>;ﬂ> <<x>p + k> (— )k Hj,
P k k k+1
(z)p @
_ <<x>p> ((:C)p + k) (—1)k Hj, _ (=1)@» —1
prd k k E+1  (x)p((z)p+1)
_ (_1)@)? -1
= i D (mod p)
Therefore,
_ar@ 1) (=) -1 3
S o) =L T )
Taking x = —%, —i, —% yields the remaining results. O

Remark 4.1. Let p be an odd prime. Taking x = —% in Theorem 4.1 gives

(43) g % = (4(~1)®D/2 _ 3)2 (mod p)
which was conjectured by the author earlier and later proved by Liu and Ni in [7].

Theorem 4.2. Let p be an odd prime, x € 7,, x % 0,+1,—2 (mod p) and
P
x' = (x — (x)p)/p. Then

2@ + 1)1 —a(@+1)) —a(z+1)
p—1 _ (x —Dz(z+1)(z +2)
> nGnl(z) = @+ D)1 -z +1) - (z-1)(z+2)
(z — Da(z+1)(z +2)

(mod p?) if 2] (x)p,

(mod p3) if21(z),.
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Hence, for p > 3,

1
—§p2 (mod p?) ifp =1 (mod 4),

1
n=0 %pQ (mod p3) lfp =3 (mod 4),

1
——p? (mod p3) ifp=1 (mod 3),

”i nGn(—1,3) 10

n=0 %p (mod p3)  if p=2 (mod 3) and p # 5,

—ip (mod p3) ifp=1,3 (mod 8),

64" 503
n=0 1—05p2 (mod p3) if p=5,7 (mod 8) and p # 5,7,
5 .
B _= d p3 fp=1 d4
LG (-16) b (mod p?)  ifp=1 (mod 4),
432n ] 2567
n=0 %pQ (mod p3) if p=3 (mod 4) and p # 7,11.

Proof. By the definition of G, (z) and (2.3)
St = L3 () () ()
("))

(") - ()
(

)

1

For k=p—2orp—1, we have (}) = (<’2P) =0 (mod p). Thus,

G e G

Since (p;l) (—=1)* =1 — pHy, (mod p?) by (2.5), we see that

S = 5 (D) () e - -

n=0 k=0

=% () e 0 )

wHECTE RO
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By Lemma 2.4 (with b = 2),

(44) ::: (i) (_1k_ x) k i 2= (@- 1];3;,((5;1)1();5 gy (med P’).

By the proof of Theorem 4.1,

) = At

k=0

Using the WZ method or the symbolic summation package Sigma in Mathematica,
one can prove that for n > 2,

n 4 k; H ﬁ lf n is even,
n\ [/n ok He n— n
(45) Z(k)( k >( 1 E+2 1 .
k=1 _ if n is odd.
n(n+1)

L (m) (—1—x> H,
2 \k k) k+2

0 <:;> <x : k) . 1)kkfik2 _ g: <<92>p> <<x>pk+ k> (_Dkkfikz

k=0

—_
—_

@y D@y 72~ @-D(ra) medp) i ey s even,

1 _ -
- <x>p(<x>p + 1) _J)(x + 1) (mOd p) if <(E>p is odd.

If (z), is even, combining the above with (4.1) gives

p—1

N ey ) ek VR 8 NN
;::O Gnlt) =~ e De19) L aerD P aoDEr)
_ me/(a;/ + 1)1 —z(x+1)) —x(xz+1) (mod p).

(z—Dz(z+ 1)(z+2)
If (x), is odd, from the above and (4.1) we deduce that

-1

pz:nG (z) = — (p* +p)pa’ (2’ +1) _p? a(a +1)  2p? n p°

Z T (= Da(z+ 1) (z+2) z(z+1) z(z+1)  z(z+1)

2@+ —z(z+1)—(z—1)(z+2
= 2 ( (A —z(@+1) - (- 1D(z+2) (mod p?).
(x—Dz(x+1)(z+2)

Now taking = = —%, —%, —%, —% in the above congruences yields the remaining
results. 0

892



5. CONGRUENCES FOR SUMS INVOLVING G,

Lemma 5.1 ([28], Lemma 2.2]). Forn=0,1,2,...,

e Yo

Theorem 5.1. Let p be an odd prime, m € Z, and m # 0 (mod p). Then

S () () = ()

n=0 k=0
and
1536 219
- — == _(m — 64) (mod p? if — 64
0 w2 Togsa\™ O (wod pY) ifp[m =64,
Zn(”) - = (p—1)/2 2
mr ) m—128 g ECH(55)
n=0 k 2k d 2 if _ 64.
m— 64 k; (2 (m = 6ay)r med p) ifptm

Proof. Notethatp|( )for2p<k<p By Lemma 5.1 for cg, ¢1, . .., cp—1 € Zp,

p—1 /2n enG p—1 Qkk 3: p—1 n—k
(5.1) Z("ZnnG -y ang )Z(nﬁk>c”(_%)

Thus, applying [15], Theorem 4.1,

p—1 (Qn)G (p—1)/2 (2k\2 14 64k p—1 (Qk) (4k) 9
n = -0 = k) \2k
7;) mr 1;0 (1 m) = (kzzo s ) (mod p?)

i(f;)(kmxr:krﬁg(f;)mé(fj)xr

=k(1+2)f +kx(1+2)*1 = (1+22) k(1 + )"
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taking ¢, =n in (5.1) we deduce that

p— 1n(2n)G (r— 1)/2( )2(4k i() ( %)r

SR (s

1
(1- %) <(1)2® + (3L§3> 2(1- %)> (mod p*) if p | m — 64,

m m m

m—128 "SRG

p—yy 2/ (m — 64))F (mod p?) if ptm — 64.
k=0

This yields the remaining part. (]

Theorem 5.2. Let p be an odd prime. Then

p—l (2”)Gn { 422 — 2p (mod p?) ifp=1,3 (mod 8) and so p = x? + 2y?,

s 0 (mod p?) if p=5,7 (mod 8),
p—1 (Qn)G
_\n/J 7R q)(p=1)/2 2y
7;64”(71—#1) (=1) (mod p°)

Proof. Taking m = 128 in Theorem 5.1 and then applying [15], Theo-
rem 4.3, (1.6) and Lemma 2.2 yields the first congruence. It is well known [4], (1.47)
that

k
(5.2) > (Zf) (—1)’"rix = ﬁ for z & {0,—-1,...,—k}.

r=0

For %p < k < p we see that

(2:) (p—]f—k> (_;)k N (p; 1>(_1)k<p2—k1>1_1? - 2k1+1 mod )

Now, taking m = 64 and ¢, = (n + 1)~! in (5.1) and then applying the above
and [20], Theorem 2.2 gives

p—1 ( n)G (p—1)/2 ( )2( k )
L Gan(n+ 1) kZ:O "6k §)<>k+r+1
p—1 (2k)2(4k) p—1—k i (—1)r
k 2k
N Z 64% Tz:;) (r) E4+r+1

k=(p+1)/2
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(p=1)/2 (2K\2 (4k p—1 2k\ 2 (4k Nk
> () Gr) | 1 3 (i) (zk)< k >ﬂ

= -
k 2k+1 k _1_
k=0 64 E+D() e (p+1)/2 64 p-1-k/ p
(p—1)/2 ( )( ) (2k) (4k)
= + Z 7}& 2k)__ — (—1)P=1/2 (mod p?).
— 4k(2k + 1) (ot 0)/2 64F(2k + 1)
This completes the proof. O

Theorem 5.3. Let p > 3 be a prime. Then

4z% — 2p (mod p?)

n — n — . 2 2 —
Z o = Z e = ifp=2x?+4y* =1 (mod 4),
0 (mod p?) if p=3 (mod 4),

422 — 2p (mod p?)

n = —ns __ = if p = 2 2=1 d
Z% A5 ;(_192)n ifp=ua"+3y (mod 3),
"= "= 0 (mod p?) ifp=2 (mod 3),
2
$ GG S~ G0 o ifp=a?+7y*=1,2,4 (mod 7)
630 4~ (—4032)" SR A el el
n=0 n=0

0 (mod p?) ifp=3,5,6 (mod 7).

Proof. This is immediate from Theorem 5.1, [15], Theorem 5.1 and [35],
Corollaries 5.1 and 5.2. (Il

6. CONGRUENCES FOR G_1(x) AND G,(x) MODULO p3

Theorem 6.1. Let p > 3 be a prime. Then
bo1(—1,3) = (=1)P/3l729P71 £ 7p2U, 5 (mod p?),

G
— (_1)p-1)/2 —1, 155, 3
Gp-1(—1,6) = (-1 1866247~ + 5P E,_3 (mod p°),
Gp_1(—1,4) = (=1)P/4140967 1 + 13p>s,_3 (mod p?),

where {s,} is given by (2.13).
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Proof. Supposethatz € Z, and 2’ = (x—(x),)/p. Since (_1,;”) (—1)k(’c:k),

appealing to (2.5),

i p—1 x 1—x
_ - _ 1)k T
k=0
p—1 p—1
. o\ (—1—-=x AN
2 WO 2 OO
k=0 k=1
2 p—1 k
S (D) (73 ) ez - ) mod ),
2 k k
k=0
It is well known (see [4], (1.45)) that zn: (M(=1)"r~! = —H,. Thus, appealing
to (2.8) and (2.14), =t

( 1)<x>pp71 o\ (~1-a\p, _pi:l z\[-1—2z\1
k k b= k ko )k
k=1 k=1
_ (2
= —2H + 2px’H<m>p
sz(p—l)(_x) — Bp2p-1)

=-2 2o—1)

(mod p?).

Osburn and Schneider proved (see [32]) that

(6.1) 3 (Z) (” ; k) EI T o (;i)k.

By [7],

(6.2) zn: (Z) (n ‘]'; k) (—1)FHZ = 4(—1)"H2 + 2(—1)" zn: (_]:2) .

Thus,
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From (2.9), (2.10) and the above,

(6.3) Gp_1(z) = (=)@ 4 22/ (2! + 1)E,_3(—2)

—2p(=1){r Bp2(p-1)(=2) = Bpzp-1)
p(p—1)
B2, (—J;) —B2p_1)\2
22 (—1){x)p p2(p—1) p?(p—1)
Fay (( Pp—1) )

() B, 5(~)) (mod p°).

For m = 3,4,6 we see that (—1)(~1/™)»

= (=1)P/m, Takingz = —%, -1 —1in (6.3)
and then applying (2.17)—(2.19) and (2.11)—(2.12) we deduce that

37 47 6

Gpo1(—1,3) = 27771G,_, (—%)

3 3 3 2
_ o1 \p/3 (1 _ (3 3 2 2(_3

= 27 (=1)P (1 - 2p( =50 (3) + 1p0,(3)?) + 20* (-5 6(3)) )

1 2
2 _—— . — .
w7 3 3“) Wyp-3
= (_1)[[)/3]271)_1(1 +pap(3))® + U3
= (—1)P/3I729P 1 4 72U, 5 (mod p?),

Cpor(~1,4) = 647G,y (1)

4
_ 3
= 6471 (= 1)/ (1 = 2p( = 3,(2) + 5pap(2)? ) +20%(=34,(2))?)
1 3
2 —_— . — .
+p? (=77 +1) 165

= (—1)P/ 464771 (1 + pg,(2))° + 13p?s,_3
= (=1)lP/44096P1 4 13p%s,_3 (mod p?),
Gp—1(—1,6) = 432P71G,_1(—1/6)

= 43271 (= 1)P/9) (1 - 2p( - 26,(2) - ;qp(?)) +p(a(2)?+ qu(?))z’))

+ 207 (20,(2) + gqp(s))Q) +p2(—% : % +1) 205, 5
= ()43 (14 pgy(2)* (14 pay(3))° + p s
= (—1)P~1/21866247 1 + %ﬁEp,g (mod p?).
This proves the theorem. ([
Remark 6.1. Taking x = —% in (6.3) and then applying (2.16) yields

(6.4)  Gp_1=(—1)P1/2256P"1 + 3p?F, 3 (mod p*) for any prime p > 3.
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This was conjectured by the author earlier and later solved by Liu and Ni, see [7].
Theorem 6.2. Let p > 3 be a prime. Then
Gp=12+ 64(—1)(”_1)/2p2Ep_3 (mod p?),
Gp(—1,3) = 21 + 243(—1)PFp2U, 3 (mod p?),

Gp(—1,4) = 52 + 1024(=1)P/4p2s 5 (mod p?),
Gp(—1,6) = 372+ 8640(—1)P~Y/2p2 B, 5 (mod p?).

=

Proof.  Suppose that z € Z, and z # 0 (mod p). Since (P,')(-1)* =
1 — pHy, (mod p?),

o £
S ] B wr () RV 4 T
== () () DGy
- 3 WO

B o

Using the WZ method or the summation package Sigma in Mathematica, one can
prove the identity

65) z”: (Z) <n—]|€—k> (—kl)ka _ 22”: (—1612)’“.

k=1

Thus, appealing to (2.9),

SO RO
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Now, combining the above with (2.14) and (2.15) gives

(6.6) Gp(x):1—< )( 1-= +2p Bp2p—1) (=) = Bp2(p-1)

p*(p—1)
Bp2p—1) (=) = Bpr(p-1) 2 (@), 3
+2p2( =) ) + P2 (1) E,_s(—2) (mod p°).
Taking # = —%, -1, —1, —1 in (6.6) and then applying (2.17)—(2.19), (2.11)—(2.12)

and (2.4) yields
1 —1\?
G, = 16”Gp<—§) = 167 (1 - ( p2> +2p(—2p(2) + pap(2)?)

+20%(=24,(2))* + p*(-1) " TV2E, (%)>

2
2
167 <1 - <;) 1677 — 4pg,(2) + 10p%q,(2)% + p?(—1)P~D/2. 4Ep3>

—4+16(1+ pr(Q))4(1 - 4p(Zp(2) + 10p2q;0(2)2)
+16P - 4(=1)P~D/22E
=12+64(-1)P"V2p2E, 4 (modp ),

Gy(~1,3) = 277G, (5 1 _27p< ( )( >+2p(_gqp(3)+%p(h)(3)2>
2 (~30®) + 0B, o))
=2 (1= (20) (W) 2177 - 300y 3) + 620,31 4 90T )

= — (i) (i’) +27(1 + pgy(3))* (1 — 3pgy(3) + 6p°q,(3)?)

+ 277 - 9(—=1)P8p20, g
=21 + 243(-1)P¥1p2U,_3 (mod p?),

Gp(—1,4) = 64”Gp(—i) = 647 (1 — (j) (f) T 2p(—3qp(2) + gpqp(2)2>
P3P 4 PP E, (7))

_ _(?P\ (% P _1\lp/4,2
= <p><2p) +64P - 16(—1)Pp°s,_3

+64(1 + pgy(2))°(1 — 6pgp(2) + 21p%qp(2)°)

2\ (4
- <1> <2> +1024(—1)P/4p25, 4

+64(1+ 6pgp(2) + 15p%45(2)*) (1 — 6pgp(2) + 21p°45(2)?)
=52 +1024(=1)lP/4p%s, 5 (mod p?)
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and

o0 =6, (g) = (1= () ()

+ 2p( —2¢,(2) — ;%(3) +p<Qp(2)2 + qu(g)Q))

w27 (= 22 = 50®) 0P, () )

= 4327 (1 - (?;f) (gﬁ) 43277 — p(4qp(2) + 3¢,(3))

(10052 + 6g,(3)° + 12qp<2>qp<3>>)
44327 . 20(—1)PV/2p2E, 4

=~ (1) (5) + 45200+ 502"+ pp(3)°0 = Dl +30,3)
+ 97 (10,(2)* + 605(3)° + 120,(2)q5(3))) +432 - 20(~=1) P~ V2p* B,y

=372+ 8640(—1)P"V/2p2E, 3 (mod p?).
This completes the proof. (I

Theorem 6.3. Let p > 3 be a prime, x € Z, and z # 0 (mod p). Then

p—1

> @k(k+ 1) + 2(z + 1) + 1)(=1) Gy (x)?

()

T —1—z
+2p3(—1) @ (p) ( ) )H@)p (mod p*).

Moreover,

p—1 G2
> (8K + 8k + 3)( 5’“ oF = 3(=1)P=D/2p2 L 25p B, 5 (mod p°),
k=0

Gr(-1,3)"
(=729)"

p—1
> (18K + 18k + 7)== = 7(—1)P/3p? 4+ 130p* U, 5 (mod p°),
k=0

p—1

—1,4)?
Ge(1,4) = 13(—1)IP/4p? 4 425p*s, 3 (mod p°),

32k% + 32k + 13) =~
( + + )(—4096)k

=0
p—1 2
Gr(~1,6) _ 11285
9k2 9 17—1_1(101)/22 Y AR 5y
go(?k + 72k +3 )( 136621)F 31(-1) p°+ =3P Ep-s (mod p°)
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Proof. By (3.1) and [23], Theorem 3.3 (with r = 2, up = Gi(z), b(k) =
2k(k+1)+2°+z+1landec=1),forne 77,
n—1
(6.7) Z(ij(kj + 1) 422+ 2+ 1) (=1)""1FG(2)? = n?C(z) G (z).

k=0

Hence, appealing to (6.3), (6.6) and (2.14),

p—1
> @k(k+1) + 27 + 2+ 1)(-1)* G ()’
k=0
= p?*Gp-1(2)Gp(2)
z\[(—1—=x
=p* (-1~ 2pH<x>p)(1 - ( )( ) + 2pH<m>p)
p p
z\ [(—1—=x
= (-G) (7))
p p
e
+2p3 (-1 <I>P(x>< >H mod p?).
p°(—1) » ) (a), (mod p%)
Taking n = p, x = —%, —%, —%, —% in (6.7) and then applying Theorems 6.1-6.2
and (6.4) yields the remaining results. O

7. CONJECTURES ON CONGRUENCES INVOLVING G, G,(—1,3),
Gn(—1,4) AND G, (—1,6)

Calculations by Maple suggest the following challenging conjectures.
Conjecture 7.1. Let p be a prime, p > 3. Then

Gap = Ga +3072(=1)P~V/2p2E, 5 (mod p?),
Gop_1 = (—1)P~V/2164 =D G 1 164p°E,_3 (mod p?),
Gsp = Gs3 + 94464(—1)(”_1)/2p2Ep_3 (mod p?),
Gap(—1,3) = Go(—1,3) 4 20412(—1)P¥p2U, 5 (mod p*),
Gap_1(—1,3) = (=1)P/8l274P=D G, (—1,3) + 660p°U,_3 (mod p?),

82580 ;
Gap_1(—1,6) = (=1)P~D/24324P=1 G, (—1,6) + TpQEp_3 (mod p?).
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Conjecture 7.2. Let p be a prime, p > 3.
(i) If p=1 (mod 4) and so p = x> + y? with 4 | x — 1, then

p—1 p—1 p—1
Gn _ Gn _ G P
10 = (—1)p—/4 Z = (—1)p=1)/4 3o = 2x — o (mod p?),
n=0 n=0 n=0
p—1 _ p—1 p—1
nG (—1)p—1)/4 nG _ nG p
= D= _(—1)p—D/4 = g4 = d p?
n:O( ) 3 n=0 8" ( ) n§=:0 32n o z (mo ! )
(ii) If p =3 (mod 4), then
— 2 =G 1 q »
_ +1)/4 no_ —3)/4 no_ 2
n=0 n=0 n=0 ((p—3)/4)

Conjecture 7.3. Let p be an odd prime. Then
2

4o — 2p — % (mod p?®) ifp=a2?+2y*=1,3 (mod 8),
x

pD_ (mod p?) if p=>5 (mod 8),
([i p)
E

]
Conjecture 7.4. Let p be an odd prime. Then

> (mod p®) ifp=7 (mod 8).

p—1 Qk Gk
Z 64 2]€ —1) 2(_1)(p—1)/2p2 (mod pg).
k=0

Conjecture 7.5. Let p > 3 be a prime. Then

4, 8 , P
zi 2k )G 9% +27P (mod p~) ifp=2a"+4y” =1 (mod 4),
72k 2k—1 - 9 9
= - §R1 (p) — o7 (mod p?) if p=3 (mod 4),
~ 22 2 (mod p?)  ifp—a? +4y? =1 (mod 4)
”i Hay 37 o7 ,
2L BT6R(2k — 1) 9 A .
- §R1(p) + 2—7]) (mod p®) ifp=3 (mod 4),

B 2
where Ri(p) = (2p+ 2 — 2”’1)(%73@ :
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Conjecture 7.6. Let p be an odd prime. Then
3
p—1 Qk)Gk —§(4x2 —2p) (mod p?) ifp=a2+2y%>=1,3 (mod 8),

1
—gRg(p) (mod p?) ifp=>5,7 (mod 8),

Ra(p) = (5 —4(=1)P~1/%)

X (1 +(4+ 2(—1)(:0—1)/2)}7 —42rt o1y - gH[p/g]) (%(p; 1)) |

Conjecture 7.7. Let p > 3 be a prime. Then

p—1 (Qkk)Gk _ ng (mod p?) ifp=1a®+3y* =1 (mod 3),
(= 488k =) —SR?,(P) - %p (mod p?) if p =2 (mod 3),
p1 ok —ng + ép (mod p?) ifp=a?+3y%>=1 (mod 3),
D (—19(2§k)((2;£ 1) - 89 3 4
k=0 —gRa(p) + gp (mod p*) if p=2 (mod 3),
where

Conjecture 7.8. Let p be a prime, p # 2,3,7. Then

4 —26 7 — 2 2

()G 7U° + qgggP (mod p?) ifp=2®+7y* =1,2,4 (mod 7),

ST F i |

= X_: + 1333P (mod p %) ifp=3,5,6 (mod 7)
and

1408 o 268 e
b1 63 ¥ Taaz? (modP
Z )Gk = ifp=a*+7y*=1,2,4 (mod 7),
—4032)F(2k — 1) .

O

- 3
325 (F)" | 1024
63 d if p = d7).
632}/@4—1 1323p(mo P) ifp=3,5,6 (mod 7)
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Conjecture 7.9. Let p be an odd prime. Then

—~1)/4 p 3
[ )
Z(Zn—l—l)%E ifp=a2?+y*=1 (mod 4) and 4 |z — 1,

0 (mod p3) if p=3 (mod 4).

n=0

Conjecture 7.10. Let p > 3 be a prime. Then

’S Gn(—1,3)
ot (—27)m
2x_2£ (mod p?) ifp=22+3y>=1 (mod 3) and 3 | x — 1,
x
= 1
3 (%(P - 1)) 2\
—=p (mod p”) ifp =2 (mod 3),
2°\s(p—9)
R Ga(~1,3)
n=0 3"
_L+%(modp2) if3|p—1,4p=L>+27TM?> and 3| L — 1,
=) 4 p-208
—_— —' 2 5 =
3p( 3 ) (mod p*) if p=2 (mod 3),
”i Gn(=1,3)
o 243"
_L+% (mod p?) if3|p—1,4p=L*+27M? and 3| L —1,
0 (mod p?) if p=2 (mod 3)
and

— = —x—i—% (mod p?)
for p = 2* + 3y* = 1 (mod 3) with 3 | z — 1,
p—1
nGn(=1,3) _ 2p 2
for 3| p—1 with4p = L* +27TM? and 3| L — 1,

— 2 "% =0 (mod p?) for p=1 (mod 3).
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Conjecture 7.11. Let p be a prime, p > 3. Then

_g, 7! 21(2) — 19 /6% K= G(—1,4)
(7);0(;"(_1’4) - 2 (5);} 4096™
_ P 2 ifp— a4 Ty? = ith () =
2T o (mod p?) ifp=a*+Ty* =1,2,4 (mod 7) with (7) 1,
10p .
(/) (mod p?)  ifp=3 (mod 7),
. [p/7]
- 5p 2 P
_m (mod p*) ifp=5 (mod 7),
(p/7]
P (modp?)  ifp=6 (mod 7
[3p/7]) (mod p?) if p=6 (mod 7),
) [p/7] L
6\ <= Gn(—1,4) ~ 3\ &= Gn(—1,4)
= Jnl o — (3 _9(—1)e=/2y( 2 kNt R
(p) 2 g - B )(p) ngo (—512)"
Qx_zﬁ (mod p?) ifp=2%+4y> =1 (mod 4) with 4 |z — 1,
x
= -1
op (%(p— 3)) 2 .
= (mod p*) ifp=3 (mod 4),
2 \1(p-3)
R Ga(—1,4) —3\\ [ 2\ o= Ga(—1,4)
26 (4 - 3(7)) (7) n§=:0 2567
23:—2%(m0dp2) ifp=22+3y?> =1 (mod 3) with 3 | z — 1,
= -1
7 %(p - 1)) 2\
—=p mod p®) if p=2 (mod 3),
2 (%(p—5) ( : )
& Ga(—1,4)
o —64)"

_\p/8+e-1)/2(9, — P 2
(-1) (23: 2x) (mod p?)

ifp=a2+2y>=1,3 (mod 8) with4 |z — 1,
lip—1 -1
(Q(fl ] )) (mod p?) ifp=5,7 (mod 8).
3P

4
T2 (Cne-nre?

Conjecture 7.12. Let p > 3 be a prime.
(i) If p=1,2,4 (mod 7) and so p = x> + Ty? with x = 1,2,4 (mod 7), then

(__3):”(;”(_1’4):20(6)2% _%(x_ 2%) (mod ?).

p p
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(ii) Ifp=1 (mod 4) and so p = x? + 4y? with x = 1 (mod 4), then

()X =5 () X Pt = =5 o= ) o2

n=0

(iii) If p =1 (mod 3) and so p = 22 + 3y* with z =1 (mod 3), then

EinGa(=1,4)  _/—2\ 5 nGu(~-1,4) 7 P
2 g = _7(_);0 2567 _5(””_%) (mod p*).

n=0 p
(iv) If p=1,3 (mod 8) and so p = x? + 2y? with z = 1 (mod 4), then
(= 1)/ (12 pi nGn(=LY) P mod ).
2z

Conjecture 7.13. Let p > 3 be a prime, m € {—3267,—1350,—108, 44, 100,
135,300, 1836, 8748, 110700, 27000108} and p 4 m(108 — m). Then

—1 —1 2
(28 Gr(=1,3) _ (mlm = 105), 5 GG a2
=\ k mk P — (108 — m)k '
Conjecture 7.14. Let p > 3 be a prime. Then
p—1 Qk)Gk( ) —15
—of 12 2
kZ:O (15k +2) (—3267)F ,2< ’ )p (mod p*) forp # 11,
p—1 2k
G
(81k + 13)% = 13(1—5)]) (mod p?) forp # 5,
k=0
p—1 Qk)G (_1 3) _6
7, = _ 2
ZSk‘-i—l (C108)F ,< p )p (mod p?),
k=0
p—1 2k
Gr(—1,3
(32k + 21)% = 21(%)1) (mod p?) for p # 11,

E

=0

-1 Qk)Gk( ) _9
k+3) =3(—)p (mod p?) forp # 5,
SIS o)

k
— 135

p—1 Qkk)Gk(—].,?))

p—1 2k
Z(Sk‘ - Q)M = —2(_15)p (mod p?) forp #5,
(32k + 1)( )

p
300F = (§ p (mod p?) forp # 5,

o
[}
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-1 2%k
[)22(96]6-1- 11)M 11(%51)}7 (mod p?) for p # 17,

e 1836%
p—1 2k
Gk(_lag) p
(160k + 17)(’“)8T8k = 17(5)]) (mod p?),
k=0
p—1 2k
G —12
(6144k + 527)% = 527(73)]9 (mod p?) for p # 5,41,
k=0
= () Gr(~1,3) —267
1 Ak )T 9 ! ) f .
3 (1500000k + 87659) SPETT 87659( p )p (mod p?) for p # 53,89

k=0

Conjecture 7.15. Let p > 3 be a prime,

m € { — 24591257600, —2508800, —614400, —20480, —2048, —392,
175,400, 1280, 4225, 12544, 83200, 6635776, 199148800}

and p t m(256 —m). Then

pl p—1 2
,;0 (2:) Gk(n:kl,zx) _ ( — 256) )Z 2:;)_(4k) I

0

Conjecture 7.16. Let p > 3 be a prime. Then

1

i

(%) Gr(=1,4)

k=0(81k; +23) (C392)F =23(—1)P"Y/2p (mod p?) forp #7,
p—1 2k G ( ) -6
kZ:O(Gk' + 1)7( () 212)48) = (?)p (mod p?),
p—1 2k

(%) Gr(—1,4) —-10
;}(162]6 + 17)W = 17(7)]) (mod p?) forp # 5,
p—1 2k
Z(4802/<: + 361)% = 361(%2)}7 (mod p?) for p # 5,
k=0
p—1 2k

¥ )Gk< ) —22

(3 Gr(=1,4)
(—24591257600)*

p
> (192119202k + 8029841)
k=0

= 8029841(_758);9 (mod p?) for p #5,7,13,29
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and

p—1 2k G _
2(8116 + 88)% 88(77)17 (mod p?) forp # 5,7,

p—1 2\ 7 1,4 _3
Z(?)k - 1)% = —(?)p (mod p?) forp # 5,

p—1 2k
(%)Gr(=1,4) _ /-5
I;)(l(ak 1) (?)p (mod p?) forp#5,

p— 2k -1 4 o
2(8116 + 8)% 8(77)}7 (mod p?) forp # 5,13,

o2+ 19 BIGCLY g PRI 7
z_:( * )W: (7)]0 (mod p*) forp #7,
p—1 (Qk)G (_1 4) _13
kki’ —_ —19 9

1§)<1296k+ 113) 33200% = 113( . )p (mod p*) for p # 13,
p—1 (2k)G (_1 4) .

1 k NIRRT 5 %) = -1 )
k;( 03680k + 6599) i = 6599 p ) (mod p?) forp# 7,23,
5 (3)Gr(=1,4)

> (3111696 + 162833)

=37
= 162833(—p )p (mod p?) for p # 5,29, 37.
k=0

199148800

Conjecture 7.17. Let p > 3 be a prime,

m € { — 16579647, —285768, —52272, —6272, 5103, 34496, 886464, 12289728,
884737728,147197953728, 262537412640769728}

and pt m(1728 — m). Then

z::< ) 1 6) _ (m m — 1728) )”2:1 1728_)(6k) mod ).

O

Conjecture 7.18. Let p > 3 be a prime. Then

p—1 2k . .

(125k + 24)% = 24(?2)17 (mod p?) forp#7,
k=0
p—1 2k G _

(125k + 13)% =13 (?3)]) (mod p?) for p # 11,
k=0
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3
|

1 2k
(%)Gr(=1,6)
1331k + 1 16)7’
(1331k + 109) (—285768)’“

(Qk) ( )
(— 16579647)’“

-1
= 109(7)17 (mod p?) forp #17,

T
=}

7
(614125k + 36968) 36968(?)1) (mod p?) forp#7,19

k=0
and
p—1 2k
Gi( ) =7

(125k — 8)()5T = —8(?)1) (mod p?) forp #17,
k=0
p—1 (Qk)Gk( ) 11
Z(512k‘ + 39)7k =39(— )p (mod p?) forp#7,11,
p 34496 ( » )
p—1 (2k)Gk( ) ~19

(512 - = — %) f 1
:05 k+37) 886464’“ 37( » )p (mod p*) for p # 19,

;-.

Z 64000% + 3917) (£)Gr(~1.6) —3917(_3) (mod p?) for p # 11,23
s 12289728F p )P ARG IorD 7 44, 29,
p—1 (Qk)Gk(—l 6) 43

12000k + 24853) kL~ — 94 d p?) f 4
kZ:O(E) 000k + 24853)~ 22— 853( . ) (mod p2) for p # 7,43,
p—1 (Qk)G (_1 6)

4403k + 3312613) ~kL KA 7).
kzzo( + )147197953728F

= 3312613(_767);9 (mod p?) for p # 7,31, 67,
p—1 2k
Gr(~1,6)
3k 4 41 (k) ?

1;0(53360 + 3T8TOA60T5A18) S s 19610769725

—163
= 3787946075413 (T) p (mod p?) for p #7,11,19,127,163.

Remark 7.1. Let p be a prime, p > 3. For the values of m in Conjecture 7.13,
Conjecture 7.15 and Conjecture 7.17, the congruences for

SR ISV <k> S <3k><6k>
(108 — m)k’ 256 —m 1728 m)k

k=0 k=0 ( k= 0

modulo p? were conjectured by Sun in [25], [27] and the author in [13], and partially
solved by the author in [15]—[17].
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Conjecture 7.19. Let p be an odd prime and m,r € Z+. Then

Gumpr = Gppr—1 (mod p*"),
Grpr(—1,3) = Gpppr—1(—1,3) (mod p*"),
Grpr(—1,4) = G,ppr—1(—1,4) (mod p*"),
Grpr(—1,6) = Gpppr-1(—1,6) (mod p*").

Conjecture 7.20. Suppose that p is an odd prime, m € {1,3,5,...} and r €
{2,3,4,...}. Then

Gmpr—1)/2 = pQG(mpr—Q_l)/Q (mod p*" ') for p =3 (mod 4),
Gimpr—1y/2(—1,3) = pQG(mpr_g,l)/Q(—l, 3) (mod p*"~1) for p=2 (mod 3),
Gmpr—1y/2(—1,4) = pQG(mpr_g,l)/Q(—l,él) (mod p* 1) for p=>5,7 (mod 8),
G mpr—1y/2(—1,6) = pQG(mpr~—2,1)/2(—1, 6) (mod p*"~*) for p =3 (mod 4).

Conjecture 7.21. Suppose that p is an odd prime, m € {1,3,5,...} and r €
{2,3,4,...}. Then

G(mprfl)/Q = (41‘2 - Qp)G(mpr71,1)/2 - p2G(mpr72,1)/2 (mod pr)
for p = 2* + 4y*> = 1 (mod 4),
Glmpr—1)/2(—1,3) = (—=1)P~V/2(42? — 2p)G pr—1 _1)/2(—1,3)
- pZG(mpT_Qfl)/2(_1ﬂ 3) (mOd pr)
for p = 2* + 3y®> = 1 (mod 3),
G(mprfl)/Q(—l,ll) = (41‘2 - Qp)G(mpr71,1)/2(—1,4)
- pQG(mp"*z—l)/Q(_la 4) (mOd pv")
for p = 2% + 2y* = 1,3 (mod 8),
G(mp"’—l)/Q(_lv 6) = (4%2 - 2p)G’(mpT—l—1)/2(_17 6)
- pZG(mpT_Qfl)/2(_1ﬂ 6) (mOd pr)
for p =2 +4y* = 1 (mod 4).

Conjecture 7.22. Suppose n € Z*+. If z € (—1,0), then G,(x)? < Gpi1(z) x
Gp-1(x). Ifz € [-1,0], then G, (2)? > Gpy1(2)Gp1(2).
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