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Abstract. Let G be a group generated by a set of finite order elements. We prove that
any bicrossed product H,, 4(q) > k[G] between the generalized Taft algebra H,, 4(q) and
group algebra k[G] is actually the smash product H,, 4(q)tk[G]. Then we show that the
classification of these smash products could be reduced to the description of the group
automorphisms of G. As an application, the classification of H,, 4(q) >4 k[Cn; x Ch,] is
completely presented by generators and relations, where C), denotes the n-cyclic group.
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1. INTRODUCTION

The factorization problem was firstly considered by Maillet (see [17]) and was
subsequently introduced to other mathematical objects for extensive research, such
as algebra (see [9]), coalgebra (see [10]), Lie algebra (see [20]), groupoids (see [7]),
Hopf algebra (see [19]), and so on. In the original setting, the factorization problem
is to describe and classify all groups X which can factor through groups G and H,
that is X = GH, and G N H = {1}. Although this problem seems very simple
and natural, there is still no comprehensive and feasible way to solve it, and even
describing and classifying a group which factors through two finite cycle groups is
still an open question.

An important step in dealing with the factorization problem for groups was the
bicrossed product construction introduced in the paper by Zappa (see [24]); later on,
Takeuchi discovered the same construction in [23], where the terminology bicrossed
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product was firstly brought up. The main ingredients in this construction are the
so-called matched pairs of groups. Subsequently, Majid in [18] generalized this notion
to the context of Hopf algebras, and considered a more computational approach of
the problem. The present paper is a contribution to the factorization problem for
Hopf algebras.

In paper [3], the authors proposed a strategy for classifying the bicrossed product
of Hopf algebras following the Majid’s construction. The method proposed in [3]
was followed in [8] to classify bicrossed products of two Sweedler’s Hopf algebras,
in [14], [15] to compute the automorphism of Drinfeld doubles of purely nonabelian
finite group and quasitriangular structure of the doubles of finite group, respectively;
then in [4] to classify bicrossed products of finite groups, in [5] to classify the comple-
ments for Hopf algebras and Lie algebras, in [1] to classify bicrossed products of two
Taft algebras, and finally in [2], [6] to classify bicrossed products of Taft algebras and
group algebras. In 2019, Lu, Ning and Wang in [16] described all Hopf algebras that
could factor through the Sweedler’s Hopf algebras and Kac-Paljutkin Hopf algebra
by generators and relations.

Motivated by the above results, in this paper we describe the bicrossed products
between the generalized Taft algebra H,, ¢(¢) and the group algebra k[G], where G
is a group which admits a generating set of consisting of finite order elements.

This paper is organized as follows. In Section 2, we recall basic definitions and facts
needed in this paper. In Section 3, we compute the bicrossed products H,, 4 > k[G].
Theorem 3.1 shows that any bicrossed product H,,q > k[G] is in fact a smash
product. In Section 4, as an application of the above theorem, we determine the
sufficient and necessary conditions for two different bicrossed products H,, ¢#k[G] and
Hp,.qaff' k|G| to be isomorphic via quadruple (u, p, 7, v). Finally, we apply our theorem
to Hp,,q(¢q) and group algebra k[C),, x Ch,], where C,, denotes the n-cyclic group.

Throughout this paper, k is an arbitrary field of characteristic zero. Unless other-
wise specified, all algebras, coalgebras, bialgebra, Hopf algebra and homomorphisms
are over k. We put ® shorthand for ®;. For a comultiplication of coalgebra C, we
use Sweedler’s notation A(c) = ¢1 ® ca.

2. PRELIMINARIES

In this section, we recall some basic definitions and results.

For any positive integer n, the cyclic group of all nth roots of unity in the field & is
denoted by Uy, (k) = {w € k: w™ = 1}; if the order is n for U, (k), then any generator
of Uy, (k) is called a primitive nth root of unity.

Let m,d > 2 be two fixed positive integers, d | m, and ¢ € k the primitive dth root
of unity. In [21] Radford considered the following Hopf algebra H,, 4(q) (abbreviated
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as Hy, q) is generated by h, = as an algebra, subject to the following relations:
=1, 2¢=0, xzh=qha.
The coalgebra structure is given as follows:
Ah)=h®h, Alx)=zh+1®z, e(h)=1,
e(x)=0, Sh)=h"t=n"""1 S(z)=—ah L
Obviously {hiz7: 0 < i < m —1,0 < j < d— 1} is basis of Hp,q, and § =

{1,h,h?,...,h™~1} is the set of group-like elements. For any j = {0,1,...,d — 1},
the set of (h/,1)-primitive elements is written as:
a(hj - 1); J 7é 1,
(2.1) Pri 1(Hm,a) = . a,B,v € k.
ﬁ(h—l)—f—’y.l?, J = 1,

Remark 2.1. It is worthwhile to note that if d = m, then H,, ¢ = Hy,,m is the
m?2-dimensional Taft (Hopf) algebra (see [22]), the reason why H,, 4 is called a gen-
eralized Taft algebra in [11], [13]. Specifically, Hs o is the Sweedler’s Hopf algebra Hy.
The Hopf algebra H,, 4 can be also approached by quiver and relations, that is, Hy, 4
is isomorphic to the quiver quantum group K Z,,(q)/I4 constructed by Cibils in [12].

A matched pair of Hopf algebras is a quadruple (4, H,<,>), where A and H are
Hopf algebras, and <: H ® A — H, >: H® A — A are linear morphisms such
that (A,>) is a left H-module coalgebra, (H,<) is a right A-module coalgebra and
the following compatible conditions hold:

) y>l=cg(h)la, lg<a=cala)lmy,

) y > (ab) = (y) > a@))((y2) Qacz)) > b),

) (y2) <a =y (z0) > aq))(22) Qa),

) Yy <an) ®Ye) > ae) = Y@2) 1ae) ®ya) > aq)

N NN
T W N

(2.
(2.
(2.
(2.
foralla,be A, y,z € H.

If (A, H,<,>) is a matched pair, the associated bicrossed product A <1 H of A

and H is the vector space A ® H endowed with the tensor product coalgebra and
the multiplication:

(apay)(baz) = alya) > bay) > (Y2) b))z,
the antipode is
Saparr(a>y) = (1a > Su(y)) - (Sala) >a1g).

In particular, assume that (A,>) is a left H-module coalgebra. Meanwhile con-
sider H as a right A-module coalgebra with trivial action, namely y <a = 4(a)y.
Then (A, H,<,>) is a matched pair if and only if (A,>) is left H-module algebra and
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the following condition holds:

Y1) @ Y) > a = Yie) @Yya) >a.

At this moment, the multiplication of A 1 H becomes
(ap<y) - (beaz) =a(ya)>b) X<y@)z

for all a,b € A, y,z € H. That is, A > H is reduced to the smash product AfH.
We say a Hopf algebra E factors through two Hopf algebras A and H if there exist
injective Hopf algebra maps i: A — F and j: H — E, such that the following map

A@H S E, a®yw i(a)jy)
is bijective.

Theorem 2.2 ([3]). Let A and H be two Hopf algebras. A Hopf algebra E
factors through A and H if and only if there exists a matched pair (A, H,<,>) and
an isomorphism E = A H.

Theorem 2.3 ([3]). Let A, B and C be three coalgebras. Then there exists one
to one correspondence between coalgebra map a: A — B ® C' and binary morphism
(u,p), where u: A — B and p: A — C are both coalgebra morphisms such that

plar) ® u(az) = p(az) ® u(ar)

for all a € A. Furthermore, the correspondence relation is written as

afa) = u(ar) @ p(az)-

Theorem 2.4 ([3]). Suppose AfH and A't'H’ are two smash products of Hopf
algebra with the left actions>: H® A — A and>’': H' ®@ A’ — A’ respectively, then
there exists a bijective correspondence between the set of all morphisms of Hopf
algebra: AfH — A'f'H' and the set of all quadruples (u,p,r,v) , consisting of two
unitary coalgebra maps u: A — A’, and r: H — A’, and two Hopf algebra maps
p: A— H',v: H— H’ subject to the following compatibilities:

(2.6) u(aq)) ®@ plag)) = ulag)) @ plag)),

(2.7) r(91)) ®v(g(2)) = 7”(9(2)) ®v(g(1)),

(2.8) u(ab) = u(aq))(p(a)) > u(b)),

(2.9) r(tg) = r(ta))(v(te) > r(9)),

(2.10) 7(g(1)) (v(g2)) " (b)) = ulgy > b)) (P(ge2) > b) > r(9(3))),
(2.11) v(g9)p(b) = p(g(1) > b)v(9(2))

for alla,b € A, g,t € H.
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This correspondence is given by:

Y(atg) = ulacy)(pla)) > m(90)) i plaE)v(ge)
for all a,b € A, g,t € H.

Finally, the following theorem is useful for later calculations which is intensively
used.

Theorem 2.5 ([1]). Consider a matched pair of Hopf algebras (A, H,<,>). Let
a,be€ G(A), g,h € G(H), then
(1) gra€G(A), g<a € G(H),
(2) ifx € Py1(A) then gz € Pyaa,g(A), g>x € Pyoa1(4),
(3) ify € Py1(H) then y<a € Pyaq,1(A), y>a € Pyaa(A).

3. BICROSSED PRODUCTS OF H,, 4 AND k[G]

In this section we discuss the bicrossed products of a generalized Taft algebra H,, 4
and group algebra k[G], where G admits a generating set consisting of finite order el-
ements. At first we consider a special case: the bicrossed products of H,, ¢ and k[C,,],
where C,, = (g) is the n-cyclic group.

Theorem 3.1. Let (Hyy, 4, k[Cr], <,>) be a matched pair and U, (k) the set of nth
roots of unity; then there exists a bijective between matched pairs (Hp, 4, k[Cy], <,>)
and Uy, (k). The actions are given by

g'ohiah = w*hizk, gt ahizh = gle(a?),
where w € U, (k),i=0,1,...,n—1,7=0,1,....m—1,and k=0,1,...,d — 1.

Proof. Let (Hyp, 4, k[Cr],<,>) be a matched pair. First of all, we have g>h = h,
since by Theorem 2.5, g>h € G(Hp.a) = {1,h,...,h™ 1}, If g>h = 1, by induction
we obtain 1 = ¢g" > h = (¢" 1g) > h = h, which is clearly a contradiction.

Then suppose g>h = h, t € {2,3,...,m — 1}, which implies g> 2 € Py ;.
Because t # 1, we have g>x = a(1 — ht), a € k, 50 g’ >x = g> (g>2) = a — ag> Al
By induction, we know that z = ¢g" > 2 = a — ag™ ' > ht. But we also obtain
g" o ht € G(Hma) = {1,h,...,hm" 1}, which leads to a contradiction. Hence,
g>h=nh,and gz =a(l —h)+ Bz, a,8 € k. Thus, on one hand

g’rr=grgrr=g>all—h")=al+p)1-h)+ s
Using induction
g'vr=a(l+B+...+ 8" (1 -h)+ s
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On the other hand, ¢">x = 1>z = x. So we have
g"=1, a(l+B+...+p8"H=0.

Now consider the right action <. Again by Theorem 2.5, g < h € k[C,] =
{1,9,...,g" "}, hence, gah = g', t € {0,1,...,n —1}. If g<ah = 1, then
1=g<h™=g<1l =g, a contradiction. Therefore, g<h =g', t € {1,2,...,n— 1},
and g <z € Py ,(k[Cy]). Then by (2.1) we have g <z = u(g — ¢*), p € k. The
condition (2.5) yields:

9(1) 12(1) @ g(2) > T(2) = G(2) I%(2) ® g(1) > T(1)-
The above equation can be converted to
pg@h—pg'@h+agel-—ag@h+fgor=ag'@l-ag' @h+Bg' @+ pug' @ 1.

We observed that if ¢ # 1, then § = 0, which is a contradiction to ™ = 1, so we get
t=1.
By the compatibility (2.3)

gohx=(goh)((gvh)>z) =h(g>x) = ah — ah?® + Bha,
goxh = (g x1)((g<x2)>h) = (g 2)((g<h)>h) = ah — ah?® + Bxh.

Since xh = ghx, combined with the above results, we have
gah — qah® + gBhx = ah — ah® + Bzh.

Because g # 1, so we know a = 0, thus g > x = fx. Again by induction for all
i€{0,1,...,n—=1},j€{0,1,...,m—1},1€{0,1,...,d — 1}, we have

gahi =g, gazt=ge(a'), g'vh=h, gra=p2 BeUk).

By induction, we also have g' <h = g%, i € {0,1,...,n — 1}.
For any i € {0,1,...,n—1}, j € {0,1,...,m — 1}, further calculations include

gt ahd =g’
The above equation and the condition (2.3) imply
g'>hl =h.
By the condition (2.4)
g’z =(ga(grz))(g<2@2) = (9<(g>2))(gah) + (92 (g>1))(gaz) =0,
g’z =(g>a(gra))(gazm) = (> <(g>))(gah) + (9> <(g> 1)) (g <x) = 0.
And more generally
g azl = gle(ah).
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By further computations

g'oa’ = (g >am)(¢’ <z) > )

=(g'va)((g"<h)>z)+ (¢ > 1)((¢g" <) > 2) = B2,
(9" > zm)((g' Qz(2) > 2?)

= (g'>2)((g" ah)p2?) + (g > 1)((g" @) 2?) = B¥a

gioad =

Also by induction, we obtain
gin ol = il

To sum up:

gohiah = (g > W) (¢ <)) > o) = hi(g' v al) = plhiat
g ahizl = gt ahd azl = gt aaxl = gle(ah).

The proof is completed. O

Corollary 3.2. A Hopf algebra E could factorize through H,, 4 and k[C,] if and
only if E =2 Ty .(q), where w € Uy,(k), and T

nmd\4

(¢) is a Hopf algebra generated
by g, h, and x, subject to:

g"=hm=1, 2%=0, zh=qhx, hg=gh, gx=uwzg.
The coalgebra structure is
Alg) =9g®g, Ah)=h®h, A(z)=20h+1®z, eh)=¢c(g)=1, e(z)=0.
and the antipode is

S(z) = —xh™~", S(h)=h""", S(g)=g""".

Proof. By Theorem 2.2, E = H,, 4 k[C)], and by Theorem 3.1, the action
> Hm,d(q) ® k[cn] — k[cn]

is trivial. Thus, E is isomorphic to the smash product H,, q#k[C),], which is generated
by h = htl, x = z#1, and g = 14g. Therefore,

gh = (14g)(hil) = g hilg <h = hilg = (hil1)(18g) = hyg,
gzr = (14g)(zfl) = g>xiflg<aws = g>afigah + g g 1z = wrlg = wag.
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Remark 3.3. It is easy to see that
{g'hiz*: 0<i<n—-1,0<j<m—-1,0<k<d-1}

is the basis of HY .. Thus, HY . is nmd-dimensional.

The main theorem of this paper is given as follows:

Theorem 3.4. Let G be a group generated by finite order elements. If a Hopf
algebra E factorizes through H,, 4 and k[G], then E is isomorphic to the smash
product of Hy, q and k[G].

Proof. Let G be a group generated by a set S of finite order elements. Assume
g € S and ord(g) = u, where v € N*. Assume (H,, 4, k[G],<,>) is a matched pair;
by Theorem 3.1, we get g>h = h. Hence, gbx = a(1—h)+ Sz, o, 5 € k, and we have

al+B8+...+p8“ =0, p“=1.

Since g <h € G(k[G]) and g ah # 1, thus g<h = gi'gi?...g{, where
5,01,...,0s € N*, gi\,...,gi, €S, s0 we get

9z € Pyan,ga1 (k[G]) = Pyar ja “S,g(k[G])a

Giy iz - Jis

that is

ap a2

g =v(9—93' 95 ... 97°), v Ek

Applying compatibility (2.5) we obtain
g<dr®h+gRgrr=g<dhQ@gbr+g<dr® 1.
By further calculation

YR h—vgg? . g @h+ag®1—ag@h+BgRa
al a2

= agi g ...gf: ®1 —agfllgfzz ...g?: ®h+,6’gfllg?22 ...g?: QT
+y9®1 =gt ... g @1
So
Bg@x=Pglgl.. gl @
Since 8* = 1 implies 8 # 0, g{'' g;” ... gi* = g; therefore, g<ah =g and g <z = 0.
According to condition (2.3)
g>hx = (g>h)((g<h)>z) = h(g>x) = a(h — h®) + Bha,
grah = (g>20))((g92() > h) = alh = h?) + fzh = a(h — h?) + Bqha.
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By the relation zh = ghz,
gah — gah® + gBhx = ah — ah® + Bzh.

Since g # 1, we obtain a = 0; therefore, g > = fSz.
Applying the similar method for any g; € S with order u;, we have

gi>h="h, givzr=pz, g¢g<h=g, g<x=0, B €Uy(k).
For all g; € S,
g; <h = (gi(gi>h))(gi <h) = (g: <h)(gi < h) = g7’
By induction one can see that for all v € {0,1,...,u; — 1},
9; <h =g,

and for any j € {0,1,...,m — 1},

v

gy <l =gy
Similarly we have
gl hd =hi.
By the condition (2.4),
g5 g5z ah = (g7} <(giz » W) (952 < b)) = (g7} al?) (g7 <) = gi} g2
for all g;', g;? € S, v1 € {0,1,...,u;; — 1}, va € {0,1,...,u;, — 1}. By further
computation we obtain

v1 V2

gfllg;’; . gff ahl = gi) 9ir - - .g;’t‘,
where g;' € S, v € {0,1,...,u;, — 1}, 1€ {1,2,...,t}.
Now let us calculate the right action of = on S.

g2<ar E (gia(giv 1)) (9i d22)) = (9: 2 (gi>x))(gi 9h) + (g < (gi>1))(gi <) = 0,

g} ax = (g} gi)qz=0.

Again by induction we get
gl <xl =0

forallv € {0,1,...,u; — 1}, j € {1,2,...,d — 1}. In fact, we have
gi @@’ = gle(a?).
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Similarly to the previous calculation

v1 V2 v1 V2

9i' g7 - .g;’t‘ azd = 9t g% .. .g;’t‘e(xj)
for all g;, € S, vy € {0,1,...,u;, —1},1 € {0,1,...,¢}. And
9i' giz - gt < Wl = (9197 - gi' < ) azd = 9t g .. .gZ‘E(aﬁj )
=0 952 g e(Wx?),
which shows that the right action is indeed trivial. The proof is completed. O

As an application, we consider a special case when G = C,, x Cp,.

Corollary 3.5. Let g1 and g2 be the generating element of C,, and C,,,
respectively.  There is a bijective correspondence between the matched pairs
(Hpm,d, k[Cry x Cp,l,<,p) and Uy, (k) X Up, (k). Explicitly for any p1 € Uy, (k),
B2 € Uy, (k), the correspondence is given by

(91", 95°) o Wak = BYRBREnTak, (g1, g3?) a b ak = gt gie(hia")

for all t; € {0,1,...,n1 — 1}, ta € {0,1,...,n0 — 1}, j € {0,1,...,m — 1}, k €
{0,1,...d—1}. Moreover, the bicrossed product Hy, q > k[C,, x Cy,]) is isomorphic
to HP P2 which is a Hopf algebra generated by g1, g2, h and = subject to the

ninsmd’
following relations

gt =gsr=n"=1, 2'=0, gh=hg, gh=hg,,
g1T = ﬂlxgla g2r = 52‘%927 xh = qhx

Its coalgebra structure and the antipode are given as follows:

Alg1) = g1 ®@ g1, Alg2) =g2®ge, A(h)=h®h, Alz)=r@h+1®z, () =0,
e(g1) =e(g2) =e(h) =1, S(g1) =g ", S(g2) =93>~ ", S(x) = —ah™ .

Proof. Since (Hp, 4, k[Cn, X Chp,],<,>) is a matched pair, from Theorem 3.4 we
know the right action is trivial, and

g? >h = h, gil >xr = flx, g§21>h: h, ggz >xr = ézx,
where t; € {0,1,...,n1 — 1}, t2 € {0,1,...,n9 — 1}. By the relation (2.3) we get
g1 > h? =1,
as gi' > = fi'2 by induction we know

t1j

. - ,
g >t =gV al.
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Therefore,
gt o Wik ) (gl o hI) (g ahd) b ak) = 1 (g b a®) = BUERI R,
For g» we have the similar results
b2 g i = BJ t2 J — Btzj J
gy’ > , gypT 5

where j € {0,1,...,d — 1}. Hence, (gi',g5?) > hia* = BiFpikhizk. The proof is
completed. 0O

Remark 3.6. In Corollary 3.5, if no = 1, then we could obtain Theorem 3.1.

4. THE ISOMORPHISM BETWEEN THE BICROSSED PRODUCTS OF H,, 4 AND k[G]

In this section we describe the isomorphism of H,, 4 < k[G], where G is a group
generated by finite order elements. By Theorem 3.4, H,, 4 > k[G] is actually the
smash product between them.

Theorem 4.1. Let H,, 48k[G] and H,, q'k[G] be two smash products, then
there exists one to one correspondence between Hopf algebra isomorphism :
H,, a8k|G] — Hp,.qf'k[G] and triple (u, r,v), where u: Hy, q— Hpod, 72 k[G] = Hpma
are unital coalgebra maps, and v: k[G] — k[G] is an automorphism of Hopf algebra,
such that

plaft) = u(a)r(t)f'v(te)
for all a € Hp, 4, t € k[G].

Proof. Let S = {g; € G: i € I} be the generating set of G, where I is the index
set and ord(g;) = w; for all i+ € I. Denote the left actions in the smash products
H,, afk[G] and H,, o' k[G] by >: k[G] ® Hpng = Hma, ' kGl @ Hipg — Hma
respectively. By Theorem 3.3 for all i € I,

givh=nh, givr=ozx, gi>'h=h, gv'z=ag,

where oy, a5 € Uy, (k).

From Theorem 2.3 we know there is a one to one correspondence between
a Hopf morphism ¢: H,, qtk|G] — H,.af'k[G] and quadruple (u,p,r,v), where
u: Hpg — Hpa, 70 kE[G] — H,,q are coalgebra maps, and p: Hp, 4 — k[G],
v: k[G] — k[G] are Hopf algebra maps.
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We claim that p: H,, ¢ — k[G] is trivial, i.e., p = . Indeed since p(h) € G(k[G]),

we get p(h) = gi'gi? ...g;° for all s,a1,...as € N, gi*,...gi € S, and p(z) €

Pyny,1(k[G]). By relation (2.1) we have p(z) = B(g; g5 ... gi° — 1) for all 5 € k.
Hence,

p(hz) = p(h)p(z) = Ba}l g7 ... 95 (97 957 - - - 95> — 1)

s

a1 a2

= B9t gir - g7 — Vgl gir ... gi* = p(xh).

Due to p(zh) = gp(hz), B(q — 1)g} g ... g (98 957 - -~ gi* — 1) = 0. Since g # 1,
we have ((g;'gi ... gi* —1) =0, i.e., p(x) = 0.

Because u: Hy,q — Hpm,q is a coalgebra map, we have u(1l) = 1, u(h) = hS,
ce{0,1,...m—1}. So

w(h?) = u(h-h) = u(h)(p(h) > u(h)) = h (g gi2 ... gi* — 1" h?) = K>

It is easy to get u(h/) = h'°, so u(x) € Pye1(Hpm,qa). In other words, when ¢ # 1,
u(z) = p(h® —1); when c =1, u(z) = p(h — 1) + ’ymfor,u'yek
Firstly, suppose ¢ # 1, u(z) = pu(h® — 1), then we have
(

u(h) = u(h)(p(h) o' ulw)) = hi(g2 g% ... g% — 16/ u(he — 1)) = ph®(h° — 1),
u(wh) = u(er) (p(as) o' (k) = u(e)(p(h)  u(h)) + p(x) o' u(h) = uhe(h° - 1).

As u(zh) = qu(hz), from the above identity, we get u(q — 1)h%(h¢ — 1) = 0. But
qg#1,s0 puht—1) =0, u(x) =0. And

U(xfl) = u(z(2))(P(z(2)) & 7(1)Ep(2(3))0(1) = w(z(1))ip(2(2))
= u(x)fp(h) + 1gp(z) = 0,
which is a contradiction to the assumption that ) is an bijective. Hence, we have
c=1, wu(z)=ph-1)+z.

Similarly, we have

u(hz) = u(h)(p(h) o' w(x)) = hlgi g5} ... gis ' (u(h — 1) + )]

= ph(h —1) +yailaf? ... af,
u(xh) = ph(h — 1) + vqhz.

Since u(zh) = qu(hz), we can obtain yu = qu and gyaj!ag? ...af* = ¢y. Due to
q# 1, wehave u =0,y #0and of '’ ...af* = 1. In fact, if v = 0, then u(z) = 0,
which is a contradiction. Therefore,

u(h’) = h', u(z?) =~7a7,
where y € k*, i € {0,1,...m -1}, € {0,1,...,d—1}.
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Set a = 2. From condition u(a()) ® p(a(z)) = u(a)) ® plag)), we have

u(z1)) @ p(z(2)) = w(w(2)) @ p(T(1))
& u(z) @ p(h) +u(l) ® p(r) = u(h) @ p(x) + u(z) @ p(1)

ap a2

Syr®gigy .9 =y L

From the above we get v # 0, so g;'g;> ... g{* = 1, therefore, p(x) = 0, p(h) = 1,
which implies that p is trivial. Hence, the mentioned quadruple becomes (u,e,r,v)
and for all aft € H,, 48k[G],

Y(att) = ula)r(tq))iv(te))-

Next we show that v is an automorphism of Hopf algebra. Consider the inverse
w: Hp, at' k|G| — Hp, qfik[G] of ¢ given by

plaf't) = u(a)r(t))§o(t2))-
Then for any ¢ € k[G],

14t = ¥ o (1Y) = (7 (t(1))#0(t(2))) = u(F(t1))r(@(t)) v(@(t)))-

Applying £ ® Id role in the above equation, we can get v o T(¢t) = ¢t. On the other
hand, we can obtain ¥ o v(t) = ¢t. Thus, v is an automorphism of a Hopf algebra.
The proof is completed. O

Theorem 4.2. With the Ho;ifilgebras Hfllf;md and HE;EM defined in Corol-
lary 3.5, then HPP2 and Hﬁl’ﬁr"md are isomorphic if and only if the following

ninsmd nina
conditions hold:

—t —t
m|nily, m|nale, (ti,m) =1, (t2,n2)=1, B =piq", Bz = Pq",

where t1 € {O,l,...nl—l},tg S {0,1,...712—1}, l,1l5 € {0,1,...m—1}.

Proof. From Theorem 4.1 we know that any isomorphism 1: Hfllfjmd —
Hfll;g%d corresponds to a triple (u,r,v), where v € Autpopt(k[Cpny X Ch,]), and

since p is trivial, the equation (2.8) implies that u: H,, q — H,, q is a Hopf algebra
map satisfying
u(hiz?) = u(hu(2?) = v hia?, € k*.

Since k[Cy, x Cy,] is cocommutative, some compatibility conditions are auto
satisfied. The morphims v and r are determined completely by integers t; €
{0,1,...n1 — 1}, t2 € {0,1,...n2 — 1}, l1,12 € {0,1,...m — 1} such that

v(gl) = gila U(g2) = 9;2; 7A(gl) - hllv 7’(92) - hlza

where (t1,n1) = 1, (t2,n2) = 1.
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By the condition (2.9) and induction, we obtain 7(gi) = hi1. In particular, we
have 1 = r(g") = ™% and m | n1l;. Consider b = x, the compatibility
7(g(1)) (v(g(2)) > u(b)) = u(g(r) > b1)) (P(g(2) > bzy) > 7(9(3) < b(s)))
becomes
r(91)(v(g1) > u(@)) = ulg > 2)r(g1) & h" (9" > yz) = u(Brz)h"
=4 ’}/Etl hllx = 'yjﬁll‘hll
& ’yEtl o =~9 B¢ hih .
So we get Etl = p14¢". Similarly for g, we have m | nal, Eb = B»¢'2. This proves
the necessity.

Now we prove sufficiency. Construct a coalgebra map 7y, 1,: k[Cy, X Cpn,] = Hpm d
and a Hopf algebra automorphism vy, ¢, : k[Cp, X Cp,] = k[Cpy X Cp,] foralli,j € N
such that

Tl 1o (gi) = hill’ Tl 1o (Q%) = hjlzv Uty,to (91) = gilv Uty,to (92) = 952'

We prove that the following map is an automorphism of a Hopf algebra:

o HIWP o~ HIV L o(aty) = arny , (91)80n 0 (42)-

At first, it is straightforward to check that ¢ is a Hopf algebra map. Now we are
going to show ¢ is bijective.

As (t1,n1) =1, so 7t1 + n17’ = 1, where 7,7 € Z, and there are unique integers
a,B8,m€ Z,1; €{0,1,...,m — 1} such that

T=nm +1, —lLim=pm+I.
Define a coalgebra map ry; ;- k[Chn, X Cn,] = Him,a, and a Hopf algebra map v-, 7, :
k[Cpy X Chy] = k[Ch, x Cp,] by

TH,E(Q{C) = hklla rﬁ7g(g§) = hklza Ury o (91) = 9™ Uy ma(g2) = 97

Define @: H;’E — HPVP2  (ay) = arg; 77 (Y1)vry r, (y2). Then we have

1nemd ninsmd’

poB((h'altgr")) = o(h'a 11, 1, (9 40ry ma (1)) = p(h'a? g1 ™)
= AT WUy 1 (g8 ) g, 1, (gF™) = hiad BFL pRTibigghmita

_ hixjthJrknllﬁgllc(T—nm)tl _ hixjhk(EJrnl)ﬁgllvrtl

= hixjhkﬁmﬁglf(lin”,) = hizltgt,
for all 4 € {0,1,...,m —1}, j € {0,1,...,d — 1} and k € {0,1,...n; — 1}. Thus,
@ op = Id. Similarly, we have ¥ o ¢ = Id. The proof is completed. O
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Example 4.3. Consider the following data:

m=6,d=2,qg=—-1; ni=4,t1=3,11=3; ng=18,t3 =051 =2;
/61 = i7 /82 = eilOn/Q’ E: iv E: ei27t/97

where i denotes the imaginary unit. It is straightforward to check that the above

data satisfy the conditions in Theorem 4.2.

v

Define a coalgebra map r: k[C4 x C13] — Hg,2 and a Hopf algebra automorphism
k[C4 X Clg] — k[C4 X Clg] by

r(g)) = 1%, r(gd) =h¥, wig) =g} wvig)= g5

Then we have the an automorphism of a Hopf algebra ¢: H P1,Bz a4 HPP2 4 s

nin2m nin2m

follows:

(hiad g ghe) = hiadr(gh gh* u(g¥ gh*) B hiadr(gh ) (w(gh) o' (g5))u(gh Yo(gh?)

_ pi..Jp3k 3k1 1 1,2k 3k1 Sko __ 1,57 3k1+2ks 3k1 5k
= h'2Ih 1(911‘>h z)gl 19227hx3h 1 291 1922

_ (_1)jk1 hi+3k1+2k2xjg:13klggk2.

Remark 4.4. In Theorem 4.2, assume (n1,n2) = 1. Since the group Cy,, X Cp,

is commutative, we deduce that C,, x C,, is a cycle group generated by (g1, g2) of

order ning. In this case, Theorem 3.5 of [2] could be applied.
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