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Abstract. Let a = (ay,az,...,an) be a nonincreasing sequence of positive real numbers.
Denote by S = {1,2,...,n} the index set and by Ji = {I = {r1,72,...,rx}, 1 <71 <
rg <...<rp<n} the set of all subsets of S of cardinality k, 1 < k < n — 1. In addition,
denotebyaj—arl+ar2+ Far, 1<kES<n-11<r<rg<...<7 <n,
the sum of k arbitrary elements of sequence a, where a;, = a1+ a2+ ...+ a, and ay, =
Gp—_k+1 + Gpn_k42 + ... + an. We consider bounds of the quantltles RSk( ) =ay, /ay,,
LSy(a) = aj, —ay, and S o(a) = 3 af in terms of A = Z a; and B = Z a?. Then

IeJyg =1 =1
we use the obtained results to generalize some results regarding Laplacian and normalized
Laplacian eigenvalues of graphs.

Keywords: inequality; real number sequence; Laplacian eigenvalue of graph; normalized
Laplacian eigenvalue

MSC 2020: 15A18, 05C30

1. INTRODUCTION

Let a = (a1,a2,...,a,), a1 = az > ... = a, > 0, be a positive real number
sequence. Designate by A and B the following sums:

(1.1) A:zn:ai and Bzzn:a?.
=1 1=1
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The notation for A and B will be used through the entire paper. Further, denote by
S ={1,2,...,n} an index set and by

Je={I={r1,r2,...,rp}: 1< <ro<...<rip <n}

the set of all subsets of S of cardinality k&, 1 < k < n—1. In addition, denote by a; =
Gry +apy+. . Far,, 1 <kE<n—-1,1<r <ry <...<rg <n,the sum of k arbitrary
numbers of a, where a;, = a1 +as+...+ax and a;, = apn—fy1 + Gn-tt2+ ...+ an.
It is easy to verify that ay, < ar < ay, for any 1,1 € Ji.

Let us define the quantities RSk (a), LSk(a) and Sk, in the following way:

a
RSj(a) = #, LSy(a) = ar, —ar,, Skala)= Z af,
n IeJy

where « is an arbitrary real number. In this paper we determine bounds of these
quantities depending on A and B. As direct consequences of the obtained results we
obtain a number of old/new inequalities for the Laplacian and normalized Laplacian
eigenvalues of graphs.

2. PRELIMINARIES

In this section we recall some discrete inequalities for real number sequences that
will be used later in the paper.

Let x = (), y = (yi), i = 1,2,...,n, be two positive real number sequences with
properties 0 < r; < 2; < Ry and 0 < r9 < y; < Ro. In [25] the following inequality

Wwas proverm:

2

n n n 2
n
(2'1) ;y? ;1‘12 - (; J?zyz) S I(RlRQ — 7“27“1)2.

Let p = (pi), i = 1,2,...,n be a sequence of nonnegative real numbers and
x = (z;), 1 =1,2,...,n, a sequence of positive real numbers. In [15] (see also [22])
it was proven that for any real r, r <0 orr > 1,

r—1 n

(2.2) <§Pi) ;Pixf e (ﬁgpixi>r~

For 0 < r < 1, the opposite inequality is valid. Equality holds if and only if either
r=0,orr=1o0rp =p=...=p =0and 2441 = ... = z, for some ¢,
1<t<n—1l,orxy =29 =... =Ty.
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3. INEQUALITIES FOR POSITIVE REAL NUMBER SEQUENCES

In the next theorem we establish a lower bound for RSk (a) in terms of A, B and
parameters n and k, 1 <k <n—1.

Theorem 3.1. For any k, 1 < k < n — 1, we have that

(3.1)  RSi(a) = an (v/n((n—k)B+ (k—1)A%2) + \/(n — k)(nB — Az))z.

ar, = k(n —1)A2
When 2 < k < n — 1, equality holds if and only if a1 = a3 = ... = a,. Fork =1,
equality holds if and only if a; = ay = ... = an, ora; =as = ... = ap, = a and
apt1=...=ap=p/(n—p), 1 <p< %n

Proof. For any k-tuple I, I € Ji, the following is valid:
(ar —ar,)(ar —ar,) <0,
that is,

2
ai +arar, < (ar, +ar,)ar.

After summation over all I, I € Ji, of the above inequality, we obtain

(3.2) Z a? +aray, Z 1< (ar, +ayz,) Z ag.

IeJy IeJy IeJy

From the arithmetic-geometric mean inequality for real numbers (see, e.g., [22]),
and (3.2) we obtain

ar,ar, Z 1 Z a? < (ar, +ar,) Z ar,

IeJy I€Jy IcJy

( e jar, ) 4216@ 1 ZIeJk aI
In EIEJ az)
On the other hand, since

ar a 2 a a 2
(/ L /ﬁ)Z(/th /ﬁ>_
ar, ar, ar, ar,
we have that
2
( [ar [a ) EIEJklZIEJk aj — (ZIeJk ‘”))
2 b)
In (EIEJk ar)

that is,
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and therefore it holds that

NSRS S
(3.3) Zi_’_ ar, > I€J, 1eJ, 41
V ar,

an ZIEJk ar

and

2
(3.4) an, _ far, 2\/2[6]1« 13 req, a7 — (EleJk ar)
’ ar, ar, ~ 2res, @1 .

From (3.3) and (3.4) we obtain

2
(3.5) [ar, \/EIeJk 13 e 0t + \/Eleh 13 e, 01 = (Xres, 1)
EIeJk ar .

On the other hand, the following is valid:

36) > 1= (Z)

I€Jy )
(3.7) z(::i)z_ ",
00 F= (g () - () (o)
- (=D)((n—k)B + (k- 1)A?)
n—1

Now from the above identities and inequality (3.5) we obtain (3.1).

Let 2 < k < n — 1. Then equality in (3.2) holds if and only if a; € {ar,,ar,}
for every I € Ji. Equality in (3.3), and thus in (3.4), holds if and only if a; is
a constant for every I € Ji. This implies that equality in (3.1) holds if and only if
a1 = a2 = ...= ap.

Let k = 1. Suppose that for some p, 1 <p<n,a=a1=...=ap 2 apy1 =... =
a, = b. Assume that in (3.3), equality is reached, that is,

[ E -l

In that case it holds that

(a =b)(pa — (n —p)b) =0,

which means that equality in (3.3) holds if and only if a = b or pa — (n — p)b = 0,
which implies that equality in (3.1) holds if and only if a1 = as . = a, or

a=a;=...=apand pa/(n—p)=ap41 =...=ay, forany p, 1 <p <n/2. O
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In the next theorem we determine a lower bound for LSy (a) in terms of A, B and
parameters n and k, 1 <k <n—1.

Theorem 3.2. For any k, 1 < k <n — 1, we have that

2 [k(n—k)(nB— A2
(39) LSk(a) =an —ar, 2 E\/ ( ’I’L)(— 1 )
For2 < k < n—1, equality holds if and only ifa; = as = ... = a,. Fork = 1, equality
holds if and only if a1 = az = ... =ap 0ra; =azy = ... = Qy/3 2 Apja41 = - .. = An,
for even n.

Proof. Forn:= (Z), 1<k<n—-1,z;:=ar,yi:=1, Ry =ar,m =ay,, r2 =
Ry = 1, with summation performed over all k-tuples I, I € Jj, the inequality (2.1)

becomes
2

Sy (Yar) < Gl

IeJy I€Jy IcJy
that is,

2\/ZI€J7€ 1 20es, 97 = (Zres, a1)2
(%) |

From the above and identities (3.6), (3.7) and (3.8) we obtain

(3.10) LSy(a) = ar, —ar, 2

N 2\/(;;) (=N ((n— B)B + (k — 1)A2) — (n — 1)("=1) 7 42
s Vi —=1(;) ’

from which (3.9) is obtained.
For 2 < k < n — 1, equality in (3.10) holds if and only if a; is constant for every

LSk(a) =ayj —ar

I € J, which implies that equality in (3.9) holds if and only if a1 = az = ... = ay,.
Let k = 1. Suppose that there exists p, 1 < p < n — 1, such that

Aa=0a1 =0 =...=0p 2 0pp1 = ... =ap = b.
Then, according to (3.10),

/Pt

If a # b, then it follows that p = %n, where n is even. Thus, for & = 1, equality in (3.9)
holds if and only if a1 =az = ... =ap0ra1 =ay = ... = ayj2 2 Apja41 = ... = an,
for even n. O
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In the following theorems we establish lower bounds for S (a).

Theorem 3.3. For any real o, « < 0 or @ > 1, we have that
_1(n—1
R (g a0
5 .

(3.11) St.ala Z af > ——2=
For 0 < «a < 1, the opposite inequality is valid. Equality holds if and only if either
a=0ora=1ora;=as=...=ay,.

Proof. Forn:= (k) r=a,a<0oraz>=l,p; =1, x; = ay, with summation
performed over all k-tuples I, I € Ji, inequality (2.2) becomes

(3.12) <1;k 1>a_1 > af > (Z a1>a.

IeJy IeJy
From the above and identities (3.6), (3.7) and (3.8) we obtain (3.11).

In a similar way, one can prove that for the case 0 < o < 1, the opposite inequality
is valid in (3.11).

Bearing in mind the conditions for the equality cases in (2.2), we conclude that
equality in (3.12) holds if and only if @« = 0 or @« = 1 or a; is constant for every
I € Ji. This implies that equality in (3.11) holds if and only if either a =0 or a =1
oray =as =...= Qp. O

The proof of the next theorem is fully analogous to that of Theorem 3.3, thus
omitted.

Theorem 3.4. For any real a, @ < 1 or a > 2, we have that

n—k)B+ (k—1)A2)a-1
(n—1)2-TAa-2

For 1 < a < 2, the opposite inequality is valid. Equality holds either if « = 1 or
a=20ra;=as=...=0ay.

4. APPLICATIONS

4.1. Inequalities for Laplacian eigenvalues of graphs. Let G = (V, E),
V = {v1,v2,...,un}, |E] = m, be a simple connected graph with a sequence of
vertex degrees di > dp > ... > dn, > 0, d; = d(v;). Denote by A = (aij)nxn
and D = (d;j)nxn the adjacency and the diagonal degree matrix of G, respectively.
Then L = D — A is the Laplacian matrix of G. The eigenvalues of matrix L,
1 = po = ... 2 fp—1 > pn, = 0 form the Laplacian spectrum of G, see [11].
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Forn:=n-1,a; = pi, 1 =1,2,...,n — 1, the sums A and B defined by (1.1)
become, see [18],

n—1 n—1
A:Zui:Qm and B:Zuf:Ml(G)—f—%n,
i=1 i=1

n
where M;(G) = 3 d? is the first Zagreb index introduced in [12]. Now, we have the
i=1
following corollaries of the theorems proved in the previous section.

Corollary 4.1. Let G be a simple connected graph with n > 3 vertices and m
edges. Then for any k, 1 < k < n — 2, we have that

wr, ~ 4m k(n —2)

(4.1) L2 12(\/(n—1)((n—k—1)(M1(G)+2m)+4m2(k'—1))

(n—k —1)((n — 1)(M(G) + 2m) — 4m?)\?
+\/ (n—2) ) '

Corollary 4.2. Let G be a simple connected graph with n > 3 vertices and m
edges. Then for any k, 1 < k < n — 2, we have that

2 \/k(n — k= 1)((n = H(M(G) +2m) — 4m?)

42 >
42)  pro—pr, = —

For 2 < k < n — 2, equality holds if and only if G =2 K,,. When k = 1, then equality
holds if and only if G = K, or pi1 = ji2 = ... = fn—1)/2 > H(nt1)/2 = -+ = Hn—1,
where n is odd.

In [8] it was proven that
4 2
Mi(G) > ==,
n
with equality if and only if G is a regular graph. Therefore, the next result is

also valid.

Corollary 4.3. Let G be a simple connected graph with n > 3 vertices and m
edges. Then for any k, 1 < k < n — 2, we have that

(4.3) > ni 1\/2mkz(n —k 7—1(172(1@(27; —1)—2m)
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and

kn(n — 2)
+\/(n—k—1)(n(n—1)—2m)> |

w1 (\/(n—l)((n—k—1)(2m+n)+2mn(k—1))

kn(n — 2)
Equalities hold if and only if G = K.
Inequalities (4.1), (4.2) and (4.3) were proven in [20].
Corollary 4.4. Let G be a simple connected graph with n > 3 vertices and m
edges. Then for any real a, o < 0 or o > 1 we have that

)k (12)

(n—1)a"t

Sal@) = 3 i >

IeJy

For 0 < a < 1, the opposite inequality is valid. Equality holds if and only if G = K.

Corollary 4.5. Let G be a simple connected graph with n > 3 vertices and m

edges. Then
2
(4.4) H1 = fn—1 2 m\/(" — D(Mi1(G) +2m) — 4m?
and
2 2m(n(n —1) — 2m
W = s > L [E = DB
n—1 n
Equality in (4.4) holds if and only if G = K, or 3 = ... = fn_1)2 >
W(nt1)j2 = --- = Hn—1, where n is odd. Equality in (4.5) holds if and only if
G2K,.

Inequality (4.4) was proven in [9] and [31], and in [5] the equality case was deter-
mined. Inequality (4.5) was proven in [20].

Corollary 4.6. Let G be a simple connected r-regular graph, 2 < r < n — 1,
with n vertices. Then

2
(4.6) 1 — fp—1 = 1 nr(n —r —1).

Equality holds if and only if G =2 K,, or G is a conference graph.
Inequality (4.6) was proven in [31] (see also [10]), and the equality case was

proven in [5].
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Corollary 4.7. Let G be a simple connected graph with n > 3 vertices and m

edges. Then
(4.7) L1 n Hn—1 > \/(n— 1)(M1(G)+2m),
Hn—1 1 m
_ — A2
ws) i [t V= DOG(G) T 2m) —dm
Hn—1 M1 m
and

m . (V= DOLG) +2m) + /(0 = DL(G) + 2m) — 4m?)”
Hn—1 4m? .

Equalities hold if and only if G = K.
Inequality (4.7) was proven in [9] and [30], while (4.8) and (4.9) in [30].

(4.9)

WV

Corollary 4.8. Let G be a simple connected graph with n > 3 vertices and m
edges. Then for any real a, o < 0 or o > 1 we have that

n—1 «
(4.10) Sa(G) = Zui’ Z %

(n
When 0 < a < 1, the opposite inequality is valid.

The graph invariant S, (G) was introduced in [32]. Inequality (4.10) for 0 < a <1
was proven in [26].

Corollary 4.9. Let G be a simple connected graph with n > 3 vertices and m
edges. Then for any real a, o < 1 or a > 2 we have that

(4.11) Su(@) = Y pp > U0 (gfn}ff?al.

When 1 < a < 2, the opposite inequality is valid. Equality holds if and only if either
a=lora=2o0rG=K,.

Inequality (4.11) was proven in [6].

4.2. The Nordhaus-Gaddum type inequality for Laplacian eigenvalues
of graphs. A Nordhaus-Gaddum type inequality, or NG-inequality for simplicity,
gives a relationship between any parameter of a graph and its complement.

Denote by p;(G), i = 1,2,...,n— 1, the Laplacian eigenvalues of graph G. Let G
be a complement of G and u;(G) Laplacian eigenvalues of G. The following identity
is valid, see, e.g., [11], [30],

(4.12) wi(G)=n—p,—i(G), i=1,2,....n—1.
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Lemma 4.1. For any k, 1 < k < n — 2, we have that

(4.13) pur, (G) + pr, (G) = kn + LSk(G)
and
(4.14) wr, (G) + ur, (G) = kn — LSk(G).

Proof. Since
1 (G) = 11(G) + p2(G) + ... 4 uk(G),
from (4.12) it follows that
11, (G) = kn — r, (G).

Therefore

pr, (G) + pur (G) = kn + pr, (G) — pr, (G),

from which (4.13) is obtained.
Similarly, since

pr (G) = pi(G) + p2(G) + ..+ u(G),

from (4.12) it follows that

1 (G) = kn — ur, (G),
and therefore
pn (G) — pr, (G) = kn — pr, (G) — pr,, (G),
from which (4.14) is obtained. O

For k = 1, inequalities (4.13) and (4.14) become
111(G) + p1(G) = n + 11 (G) — prn—1(G)

and
tin—1(G) + pin—1(G) = n — p1(G) + pn—1(G),

which were proven in [31].
From identities (4.13) and (4.14) and inequalities (4.2) and (4.3), the next inequal-
ity of Nordhaus-Gaddum type is obtained, see [24].
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Corollary 4.10. Let G be a simple connected graph with n > 3 vertices and m
edges. Then for any k, 1 < k < n — 2, we have that

Hiy (G) + (a) = kn +

2 \/k(n —k—1)((n — 1)(My(G) + 2m) — 4m2)

n—1 n—2

and

2 Wm—mnm—mmww%w4wy

N
() + 11, (@) < Jon — —— -

When 2 < k < n — 1, equalities hold if and only if G = K,,. When k = 1, equalities
hold if and only if G = Ky or i1 = ji2 = ... = fi(n—1)/2 2 H(nt1)/2 = -+ = Hn—1,
for odd n.

Corollary 4.11. Let G be a simple connected graph with n > 3 vertices and m
edges. Then for any k, 1 < k < n — 2, we have that

1, (G) + 1, (@) > kn+ — ¢ 2mk(n— k — ) (n(n— 1) — 2m)

n—1 n(n — 2)

and

A < by
pr, (G) + pr, (G) < kn n—1 n(n —2)

2 %%mm—k—nmm—n—mm
Equalities hold if and only if G = K.

4.3. Inequalities for the normalized Laplacian eigenvalues of graphs.
Denote by £ = D~Y2LD~'/2 the normalized Laplacian matrix of G, and by
012 02 2 ... 2 0n—1 > 0n = 0 its eigenvalues, see [7]. The following identities are
valid for the normalized Laplacian eigenvalues of G, see [33]:

n—1 n—1

A:Zgi:n and B:ngzn—i—ﬂ%,l((}),

i=1 =1

where

RAO) =Y 7

i~
is a graph invariant known as general Randi¢ index, see [4].
Let a; = 0;, i =1,2,...,n. From (3.7) and (3.8) we have that

n—2

ngzn(z:f) and Zg%:%((n—k—1)(n+2R_1(G))+n2(k;—1)).

I1€Jy I1€Jy
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In this section we give some corollaries of the results presented in Section 3.

Corollary 4.12. Let G be a simple connected graph with n > 3 vertices. Then
for any k, 1 < k < n — 2, we have that

o5 o, _ 2 |[(n—=-1D(n—k—=1)(n+2R_1(GQ)) +n?(k—1))
(4.15) ,/QT:JF,/i)E\/ k(n—2)1 :

Equality holds if and only if G = K.

In [28] it was proven that

n n
A g 2R_ g N

so we have the following consequence of Corollary 4.12.

Corollary 4. 13 Let G be a simple connected graph with n > 3 vertices. Then
for every k, 1 < k < n — 2, we have that

orn, o1, m=—1)((n—k—-1)(1+A)+nAk—-1))
V In Voo >2\/ n(n — 2)kA ’

Equality holds if and only if G = K.

For k = 1 we have the next corollary of Corollary 4.12.

Corollary 4.14. Let G be a simple connected graph with n > 3 vertices. Then

01 On—1 2
(4.16) , /Qni1 + 4 /? > E\/(n —1)(n+2R_1(G)).

Equality holds if and only if G = K.

Inequality (4.16) was proven in [3], see also [13].

Corollary 4.15. Let G be a simple connected graph with n > 2 vertices. Then

/ /Qn 1 ’I’L—l 1+A)
On—1 .

Equality holds if and only if G =2 K.

Corollary 4.16. Let G be a simple connected graph with n > 3 vertices. Then
for every k, 1 < k < n — 2, we have that

o1, n—k—1)((n—-1)(n+2R_1(G)) — n?)
\/In V \/ (n—2)k '

Equality holds if and only if G =2 K.
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Corollary 4.17. Let G be a simple connected graph with n > 3 vertices. Then
for any k, 1 < k < n — 2, we have that

on o (\/(n —1)((n—k—-1)(n+2R_1(Q)) +n%(k - 1))

or, = ny/(n — 2)k
V== D)= D+ 2R, (0)) - n>>
ny/(n —2)k

Equality holds if and only if G =2 K.

Corollary 4.18. Let G be a simple connected graph with n > 3 vertices. Then
for any k, 1 < k < n — 2, we have that

on > (\/(n—1)((n—k—1)(1+A)+n(k—1)A)

o1, n(n — 2)Ak
Ve k-D( -1+ 4) - nA))Q.
n(n — 2)Ak

Equality holds if and only if G =2 K.

Corollary 4.19. Let G be a simple connected graph with n > 2 vertices. Then
o (wn —1)(n+2R4(G)) + /(n = 1)(n + 2R 1 (G)) — n)
On—1 - n .

Equality holds if and only if G = K.

Corollary 4.20. Let G be a simple connected graph with n > 2 vertices. Then

oo (/S (L5

Equality holds if and only if G =2 K.

Remark 4.1. If G is a d-regular graph, 2 < d < n — 1, then

o S Lm0 Td+Va—T=dp
On—1 nd

with equality if and only if G = K,,. The above inequality was proven in [10].

Corollary 4.21. Let G be a simple connected graph with n > 3 vertices. Then
for any k, 1 < k < n — 2, we have that

on, — 01, 2 - 2 1\/k(n_k‘— 1(2(n—-1)R_1(G) —n).

n—2

Equality holds if and only if G &£ K.
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Corollary 4.22. Let G be a simple connected graph with n > 3 vertices. Then
for any k, 1 < k < n — 2, we have that

2 kn(n —k—1)(n—1-A)
n—1 (n—2)A '

o, — 01, 2
Equality holds if and only if G & K.

Corollary 4.23. Let G be a simple connected graph with n > 2 vertices. Then

2
(417) 01 — On—1 2 m\/Z(n — 1)R_1(G) —n.
Equality holds if and only if G =2 K.
Inequality (4.17) was proven in [3], see also [1], [13].
Corollary 4.24. Let G be a simple connected graph with n > 3 vertices. Then

B < 2 nn—1-—A)
01 anl/n_1 A .

Equality holds if and only if G =2 K.

The above inequality was given in [1].
For a; = 9;, i =1,2,...,n, based on Theorem 3.4 we obtain the following result.

Corollary 4.25. Let G be a simple connected graph with n > 3 vertices. Then
for any real o such that a < 1 or o > 2 we have that

(73 ((n =k = 1)(n+2R_1(G)) + n%(k — 1))~}
- .

n®=2(n — 2)e-

Sar(@ =) of =

IeJy

When 1 < a < 2, the sense of the inequality reverses. Equality holds if and only if
eithera=1ora=2o0rG=2K,.

For k =1, from Corollary 4.25 we obtain the following result.

Corollary 4.26. Let G be a simple connected graph with n vertices. Then for
any real o, o < 1 or a > 2 we have that

a72

2_: (n+2R1(G)*

For 1 < a < 2, the opposite inequality is valid. Equality holds if and only if either
a=lora=2o0rG=K,.

The above inequality was proven in [17].
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Corollary 4.27. Let G be a simple connected graph with n vertices. Then

n3

(4.18) > Vi TR0

and

n—1
n3

(4.19) W+ 2R ()

HM

1
— >
1 Qi

In both cases, equality is valid if and only if G = K,,.
Inequality (4.18) was proven in [29], whereas (4.19) in [17].

Remark 4.2. The invariant
n—1
LIE@G) =Y Ve
i=1

was conceived in [29] (see also [23]) and named the Laplacian incidence energy,

n—ll

whereas

is Kemeny’s constant, see [16].

For a; = 0;, i =1,2,...,n, from Theorem 3.3 we obtain the following result.

Corollary 4.28. Let G be a simple connected graph with n vertices. Then for
any real a, o < 0 or a > 1 we have that

nk* (3 27)
Sa,k(G) = W

When 0 < a < 1, the opposite inequality is valid. Equality holds if and only if either
a=0ora=1o0rG=K,.

Corollary 4.29. Let G be a simple connected graph with n vertices. Then for
any real a, o < 0 or a > 1 we have that
(07

Sa(G) > m

When 0 < a < 1, the sense of the inequality reverses. Equality holds if and only if
eithera=0ora=1o0orG==2K,.
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Corollary 4.30. Let G be a simple connected graph with n vertices. Then

(4.20) LIE(G) = 2_: Vo < /1)
i=1

and

n—1

12
1>(n 1).
i

(4.21) K@) =3

n

In both cases, equality holds if and only if G = K,,.
Inequality (4.20) was proven in [29], whereas (4.21) in [27], see also [2], [14],
[19], [21].
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