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Abstract. Applying discrete Calderén’s identity, we study weighted multi-parameter

mixed Hardy space Hﬁlix(w, R™ x R™). Different from classical multi-parameter Hardy
space, this space has characteristics of local Hardy space and Hardy space in different di-
rections, respectively. As applications, we discuss the boundedness on H? (@, R™ x R"?)

m
of operators in mixed Journé’s class.
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1. INTRODUCTION

The study of Hardy spaces has a long history. In 1915, to study the behavior of
holomorphic functions on the unit disk, Hardy in [26] considered the averages

1 2n ) 1/p
M,(r,F) = <_/0 |F(re‘9)|pd9> , I<p<oo

2n
and

Moo (r, F) = max [F(re’)|

for 0 < r < 1. This paper can be regarded as the starting point to study Hardy
spaces. After that, the theory of Hardy spaces has been extensively studied. Pre-
cisely, Stein and Weiss in [32] generalized the definitions of Hardy spaces to higher di-
mensional, Fefferman and Stein in [8] defined Hardy spaces via a purely real method,
Coifman in [1] and Latter in [29] gave atomic characterizations, respectively. Garcia-
Cuerva in [15] studies weighted Hardy spaces HE(R™) for Muckenhoupt’s weights w,
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Gundy and Wheeden in [20] gave a characterization of HP(R™) by Lusin area in-
tegral. We also refer the readers to the works about Musielak-Orlicz Hardy spaces
in [33], [34].

In recent decades, multi-parameter Hardy spaces have been developed greatly. In
the fundamental work (see [19]), Gundy and Stein developed the product Hardy
space HP(R x R). Using discrete Calderdn’s identity, Han, Lu and Zhao in [25]
proved that product Hardy space can also be characterised by a discrete Littlewood-
Paley square function. After that, authors in [4], [30], [31] studied multi-parameter
weighted Hardy spaces. Following the footprints, multi-parameter local Hardy spaces
and multi-parameter mixed Hardy spaces have been introduced recently in [5], [7],
respectively.

Let (", M € S(R™) with

(1.1) suppl) C{EeRM: (6 <2} WO =1 iflel<1
(12) supp gD € {e € R™: £ < e <2}

and

(1.3) WOEP + 3 O EP =1 veeRrm,

Let 1) € S(R"2) with

(1.4) supp g € {¢ € R™: © < e <2}
and
(15) S @GP =1 vEeR™\ {0},

JjEL

Then for j,k € Z, j > 1, set 1/1(1)( ) = 20 (20 ), w,gQ)(x) = 2kn24)(2)(2F2) and
e y) = 05 @y W), Yo r(e) = 057 @0 (v).

Denote So(R™ 1) = {f € S(R™*"2): [0, f £L‘1,£L’2 x§dzy = 0 for all |of >
for all z; € R™}, Sy (R™) = {¢ € S(R™): [, p(x)a*dx =0 for all 0 < |a] < M},
and Seo (R") = {¢ € S(R™): [, ¢(x)z*dz =0 for all |a| = 0}. For i = 1,2 and any
j € Z, denote H;’ = {I: I are dyadic cubes in R™ with the side length [(I) =277,
and the left lower corners of I are xy = 277¢, £ € 7™}, and IT = J II}* x IT;%.

JeN
kez
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By taking the Fourier transform, we have the following continuous Calderén’s
identity:

(1.6) F@) =" " ks thin* f(2),

J=0 k=—00

where the series converges in L?(R™772), Sp(R™7"2) and its dual space S} (R™1T"2).

Moreover, (1.6) can be discretized as follows.

Theorem A. Suppose that 1/1(1),1/) D e S(R™), %® € S(R™) are functions
satistying conditions (1.1)—(1.5), see [7]. Then

(L.7)
f(xth) = Z Z Z 9—jni—kns (wj,k % f)(2_j€1,2"“€2)

J=0 k=—o0 (£1,62)€Zm1 X772
i —k
j,k(ﬂcl—? Ty, 29 — 27%49)

Z Z Z [T, % F)(@r, zg)je(T — zr, 22 — ),

J=0 k=—o00 IxJell}! xII,?

X

where the series converges in L?(R™172) Sy(R™*"2) and Sf(R™ T"2).

According to discrete Calderdn’s identity (1.7), mixed Hardy spaces are introduced
in [7]. In the present paper, on the basis of [7], we consider the weighted multi-
parameter mixed Hardy spaces and study the boundedness of some operators on
them. For this purpose, we now recall some definitions of product weights in two
parameter setting, see [16]. For 1 < p < oo, a weight function, a nonnegative locally
integrable function w € A,(R™ x R"?) if there exists a constant C' > 0 such that

(|_]1%| /Ro.;(x)dx> (|—;|/Rw(x)—1/<p—1> dx)pl <C

for any dyadic cuboid R = I x J on R™ x R™2, that is, I and J are cubes on R™*, R™2,
respectively. We say w € A1 (R™ x R™2) if there exists a constant C' > 0 such that

Mw(z) < Cw(z)

for almost every & € R™* "2 where M, is the strong maximal function defined by

M f(xz) = sup |R|/|f v)|dv

rER

for any cuboid R on R™ x R"™2.
At last we define w € A (R™ x R"?) by

AR x R™2) = | ] Ap(R™ x R"™).

1<p<oo
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If w e Ax(R™ x R™), then ¢, = inf{q: w € A,} is called the critical index
of w(R™ x R™). Notice that if w € A, then g, < oo. In this paper, we use A,(R™)
to denote the classical Muckenhoupt’s weights on R".

Given a weight function w on R™ for 0 < r < oo we define L (R™) as

@)= {r: [ i@l <ol

With discrete Calderén’s identity, we define the following weighted multi-parameter
mixed Hardy spaces.

Definition 1.1. Let 0 < p < oo and w € A, (R™ x R™). Suppose that
1/)(()1),@/)(1) € S(R™), ) € S(R"™) are functions satisfying conditions (1.1)~(1.5).
The weighted multiparameter mized Hardy space HE . (w,R"™ x R"2) is defined by

HE (w0, R™ X R™)
={f € SER™ ™) I flu

(w,R™1 xR"2) = =[IS(f)(= )||LE,(R"1+"2) < oo},

nux

1/2
(L8) smm—(Z T |wj,k*f(xf,mﬁxﬂxl)x](@)).

JEN Ix JET ' XTI, ?
kez /

Here the symbols N, 7 denote the sets of natural numbers, integers, respectively.
By discrete Calderén’s identity (1.7), we can prove that the multi-parameter mixed
,RM xR™) is
independent of the choice of functions wo , (1) and 1), due to the following result.

Hardy spaces are well defined, that is, for O < p < o0, the space H?

mix (

Theorem 1.1. Let 0 < p < 0o andw € A (R™ xR™2). Suppose that wél),w(l) €
S(R™), ¢(?) € S(R"2) are functions satisfying conditions (1.1)—(1.5), and qb(()l), SN
S(R™), ¢(2) € S(R™) is another group satisfying conditions (1.1)~(1.5). Then for
any f € S{(R™ x R™), one has

[0

1/2
. xJ>|2xI<x>xJ<y>)

P n n
JeN I><JEH"1><H”2 L§ (RM1tn2)

[

We refer the reader to Theorem 1.3 in [7] for the proof of Theorem 1.1. The only
difference is in the last step, where LP/"(¢2/") is replaced by Lf/r(ﬁ/r).

1/2
(650 % Far, xJ)FxI(x)xJ(y))

n n p ni+n
JeN IxJem! 1><H 2 Lé(Rmtn2)
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A locally integrable function defined away from the diagonal z = y in R™ x R™ is
called a one-parameter Calderon-Zygmund kernel with regularity exponent ¢ > 0 if
there exists a constant C' > 0 such that
ly -y

K(z, <C LA
| ( y)' |x_y|n+6

W forz #y, and |K(z,y)—K(z,y)|<C
r—=y

whenever |y — | < %|$ —yl, and

|x_x/|6

K(z,y) — K2, <C—mm
K9) — Kla! )| < O

whenever |z — 2’| < 3|z — y|. The smallest such constant C' is denoted by ||K|[|cz.
We call an operator T one-parameter Calderon-Zygmund operator if T is a singular
integral operator associated with a one-parameter Calderén-Zygmund kernel K(z, y)
given by (T'(f),9) = [K(z,y)f(y)g(xz)dxdy for all f,g € S(R™) with disjoint
supports. Define ||T||cz by [|T|lcz = |IKllcz + |T||r2—r2- Then T is bounded
on LP(R™) (1 < p < o0) if |T]lcz < oo. However, by a classical result, the H?
(0 < p < 1) boundedness of T implies that the operator must satisfy additional
condition: [T(¢)(z)dz = 0 for any ¢ € Soo(R™), namely T*(1) = 0. Moreover,
to ensure the boundedness of 7' on local Hardy spaces h? (0 < p < 1), additional
condition |K(z,y)| < C1/|x —y|"+° for some § > 0 should be included, see [17].

In the two-parameter setting, instead of the classical one-parameter dilation,
mathematicians usually consider the dilations ¢: © — (6121, 0222), ¢ = (21,22) €
R™ x R, § = (61,682), 01,05 > 0, see [11], [12], [13], [21], [27], [28]. For in-
stance, Fefferman and Stein studied the product convolution singular integral op-
erators which satisfy analogous conditions enjoyed by the double Hilbert transform
defined on R x R, see [13]. Journé introduced non-convolution product singular in-
tegral operators in [27]. After that, more and more new results about operators in
Journé class were obtained, see [11], [12], [21], [28]. Inspired by those, the authors
in [6] introduced the following mixed Journé class to discuss the boundedness of
singular integral operators on HY. (R™ x R"2).

Definition 1.2. A singular integral operator 7' is said to be in mized Journé
class on R™ x R™ with regularity exponent ¢ € (0,1] and § > 0 if

T(f)(w1,22) Z/ K(z1,y1, 22, y2) f(y1, y2) dy1 dyz,

R™1 x Rn2

where the kernel KC satisfies the following conditions.
For each 1,y € R™, set K!(x1,y1) to be the singular integral operator acting
on functions on R™ with the kernel

K (21, 91) (w2, y2) = K(21,91, 22, y2)

713



and similarly, K?(z2,y2)(x1,91) = K(21,y1,%2,y2). Then there exists a constant
C > 0 such that
(1) ||’€1($1,y1)|\cz < Cmin{ 1 , 1

|21 —ya|[" 7 [y — ya |2 to
_ly—wilt
|z — | te

} if |21 — 91| > 0;
|€

- ~ ' 1
1K (21, 91) = KM (21,91 |lcz < C if [y1 — | < §|$1 —u1l;

—_

x1 — )¢ .
Tk TP VA P T

(2) ||’€1($1,?Jl) - ’El(ﬂ?ﬁwl)ﬂcz <C 5

|zy — yp|P2te

1K (22, y2)|| 0z < C if a2 — yo| > 0;

|79 — Yo"
=2 2 ’ |y2 _yl2|€ . / 1 .
K% (22, y2) — K7 (22, y3)[loz < CW if [y2 — | < Sle2 = y2l;
~ ~ To — xh|° . 1
IK2 (2, y2) — K2 (25, y2) |z < Cm if oy — 5] < Glwz2 — gl

Theorem 1.2. Let w € A2(R™ x R"™2). Suppose that T is a singular integral
operator in mixed Journé class on R" x R™ with regularity exponent ¢ € (0,1],
§ > 0 and bounded on L2 (R™*"2). Then T is bounded on H?, (w,R™ x R"2) for

mix

max{ni/(n1+96),n1/(n1+¢),n2/(na+¢)} <p < 1if Tv(1) = Tp(1) = IT7(1) =
T5(1) = 0.

The meaning of T; (1) = 0 is as follows: for any fixed y, € R™2,

/’C(fﬁ,yh x2,y2)¥1(x1)2(22) dey dzody; =0 for any 9; € Sar(R™).

Similarly for T5(1) = 0, where M = M, , n, is a large positive integer dependent
only on p, n1, na. T7(1) = 0 is known for any fixed zo € R™2 as

/’C(J?l,yhﬂ?z,?h)wl (y1)Y2(y2) dy1 dyaday =0 for any ¢; € Sy (R™), i =1,2,

similarly for 75(1) = 0.
As a corollary of Theorem 1.2, we have the following result.

Theorem 1.3. Letw € A2(R™ xR™2). Suppose that T is a singular integral oper-
ator satisfying the conditions of Theorem 1.2. Then T can be extended to a bounded
operator from H?. (w,R™ x R"2) to LP(R™*"2) if max{ni/(n1 +d),n1/(n1 +¢),
nay/(ne +¢e)} <p< L

Finally, we establish some conventions. Throughout the article, C' denotes a posi-
tive constant that is independent of the main parameters involved, but whose value
may vary from line to line. Constants in subscript, such as C7, do not change in
different occurrences. We denote f < Cgby f <g. If f g < f, we write f =~ g.
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2. ALMOST ORTHOGONALITY ESTIMATES

In this section, we give some almost orthogonality estimates which are critical in
the discrete Littlewood-Paley theory. The following almost orthogonality estimates
can be seen in [18].

Lemma 2.1. Let ¢, ¢ € S(R™) and j, k € Z, j < k. Suppose that [ o(z)x* dz =0
for all |a| < N —1 for a positive integer N. Then for any given positive integer L
there exists a constant C dependent only on v, p,n and L such that

ngng—(k—j)N
i <O+

It is convenient to set j A k = min{j, k}. Then by Lemma 2.1 it is easy to have
some corollaries.

Lemma 2.2. Let ¢,9 € Soo(R™) and ¢ € S(R™). Then for any given positive
integer N, L there exist constants C; and Cs independent of what such that

o(ink)ng—|j—k|IN ‘ g—iN ‘
1 + 20002k Vi k€Z and |pxipi(x)] < Corm———=7 VieN.

lpj*tr(z)| < Ch (1+ [z])E

Furthermore, one can deduce the following results.

Lemma 2.3. Suppose that () € So(R™), i = 1,2, f € So(R™*"2). Then for
any given positive integers N1, No, L1, Lo,

9—jMN 92—k N2
(L4 [z[)Er (1 + |y|)*

(2.1) Wi f(2,9)] < C VikeZ, j>0,

where C' is constant independent of j, k.

Lemma 2.4. Suppose that w(()l) € S(R™), ¥ € So(R™2), f € So(R™Tn2),
Then for any given positive integers Nao, L1, Lo,

1 9~ k| Nz

(2.2) o * f@.9)] < O onE G n e

VkelZ,

where C' is a constant independent of k.

With a similar proof of Lemma 4.1 in [7], one can obtain the following estimates
of the discrete version about strong maximal function.
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Lemma 2.5. Let j,j' € N, k,k' € 7, I x J € II]* x IIj* and A C II7} x II}7.
Suppose that qb(()l),qb(l) € S(R™), ¢ ¢ S(R™) are functions satisfying condi-
tions (1.1)—(1.5). Then for any f € SH(R™ x R™), u,u* € I, v,v* € J, we have

2(j/\j/)n12(k/\k/)n2|Il||J/|

(I'%EA (1420 Ju — 2p (1 + 2V v — 0 |)F

c/2 1/o
<01{MS< > |<Z5j',k'*f(ﬂ?ff,yJ')|2XI'XJ'> (u*,v*)} ;

(I.J")eA

|pjr kr * f(xr,y5)]

where C} = C20-1/@)naGAF" =i +n2 (kAR =K)] and max{n,/L,ny/L} < o < 1, which
can be arbitrarily small if L is big enough.

The following result is about the boundedness of maximal function on vector-value
spaces.

Lemma 2.6 ([3], Theorem 1.12). Suppose that 1 < p, ¢ < oo, w € Ay(R™). Then

IRM (fi)}ill g ) < Cnopawl{fidill gy

where M denotes the Hardy-Littlewood maximal operator and

1/q
1200 = {£ = (£ e = | (S 10) | x ).

Remark 2.1. Since product weighted w € A,(R™ x R™) for a.e. = € R™,
y € R™, w(-,y) € Ap(R™), w(z,-) € Ap(R™), uniformly. Moreover, the strong
maximal operator My < M o M. By iteration, Lemma 2.6 also holds for M, when
w € Ay(R™ x R™2).

3. SOME PROPOSITIONS OF H”. (w,R™ x R"2)

mix

Proposition 3.1. Let w € A (R™ x R"™). Then Sy(R™*"2) is dense in
HP . (w,R™ x R"2).

mix

Proof. We first prove So(R™*"2) C HP. (w,R™ x R™2). Let f € So(R™"2),
then by definition,

”f”?—[?’ (w R™1 xR™2)

g

p

1/2
Wy # Flar, xJ>|2><z<x1>xJ<x2>)

P n n
JEN I><JEH"1><H"2 LE(RM+72)
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By (2.1) and (2.2) for any given positive integers N1, Na, L1, L2 one has
9—jMN 9—|k|N2

(1 |z B (14 [y[)*=

Vi * f(2,y)| < C Vi keZ j>0.

Then
9—2j N1 9—2k| N2

L [ar])?P (1 + |2 ])2he

sk * fr, @)X (@)X (22) S ( xr(z1)xs(z2)-

If a,b € J € TP, one has 1+ |a| < 27 4 |b] < 21/(1 4 |b|). Hence,
2—2jN1 2—2‘k‘(N2—L2)

L [aa])?5 (1 + [zg)202

[k f(@r, @)X (1) xa(w2) S ( xr(z1)xs(z2),

choosing Ny, Ly such that Ny — Lo > 0, which implies that

Hf||z;lfl"ix(w,u{e"1 xR™2)
9—jN1 9—|kl(N2—Lz) p

22 (L [z [)Er (1 |ao]) b2 X1 (@1)xs (w2)

JEN I Jell 't xTI;2
kez E

<

LE(R1+n2)

1 1
<
S T A ) b b

1 1
= w(x1,xe) dzy das
j%E:N /2-7<|x1|<2j+1 /2k<|x2|<2k+1 (L4 [z JPEr (1 + |aa|)pE2 =

< E 2_””:12_ka2/ / w(r1, x2) dry dos.
j,keN w1 <27H Sy |<2kH

By Lebesgue differential theorem, it is easy to see that if w € A,(R™ xR™2), w(-, z2) €
Ay(R™) for a.e. xo € R™ uniformly. It implies that w(z1,22)dz; is a doubling
measure on R™ for a.e. xo € R™ uniformly, precisely, for all A > 1 and all balls
B C R™, we have

/ w(x1,x2) da éC)\”lq/ w(x1, ) daq,
AB B

where C is a constant independent of x5, see [18]. This result also holds for
w(x1, x2) dzy. Therefore,

—jpLio—kpL2o2j 2k
||f||11){f:‘ix(w,R"l><R"2) ,S Z 9—JpLig—kpL292in19 n2/
j,keN |z <1

/ w(x1,x2) dzy dag,
|za|<1

which yields that f € H?. (w,R™ x R"2) since w € A2(R™ x R™2) and Ly, Ly can
be big enough.
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We now prove the density of Sp(R™*"2) in H?. (w
HP. (w,R™ x R™). Then by (1.7),

mix

w,R™ x R™). Let f €

xl’xz Z Z Z |I||J|(1/)j,k*f)(xl;xj)¢j,k($1—xj,xg—xJ).

J=0 k=—o00 IxJell}! xII,?
For any fixed N > 0, denote
En={(,k 1,J): jeN, ke Z I €ll}*, Jell}?,
SN, [B <N, i <N, |25 < N},
and

fnenae): = Y W * ) (xrwn)dsu(e — zr,a2 — 7).

(4.k,1,J)€EEN

Obviously, fx € Sy(R™*m2). Moreover, for fixed j € N, k € Z, let (ELF)¢ be the
orthogonal projection of (Ex)¢ on H;“ x II}?, where (En)¢ is the complementary
of Exy on {(j,k,I,J): j €N, ke Z, 1 eIl}", Jell;*}. Then

fler,mo) = [, me) =Y > T % ) @r, w0) k(e — 21,0 — 29)

ié’} IxJe(EYF)e
in S)(R™*+"2). To complete the proof, we only need to prove that
If— fN”HP anlanz)%O as N — oo.
By definition,
1f = In|

[

where ¢ ;s satisfies the conditions of Definition 1.1. It is easy to have that

HP . (w R™1 X[R”Q)

mix

1/2
oy * (f — Fr)(@rr ) Pocrs (1) <x2>)

)
P (mr "
j ’eN I/XJ/EH7L1><HVL2 LW(R v+ 12)

k'ez

@i * (f = fn) (@, 2r)
=D > M@ Dlenxs)ei e * dinler —arar — ;).
iENZ IxJE(BYF)e
By Lemma 2.2,
(3.1) lojr ke * Yjp(epy —xr, x5 —27)]
9N )n19—1j—j'|N 9(kAK Ynz9—|k—k'|N

(1 + Q(j/\j/)|l‘p — .23]|)L (1 + 2(k/\kl)|l‘y — J)JDL

X
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for all j, 5/, k, k’, which implies that

ljr e x (f — fn)(@r, z0)|
SY D TNk x )@, )]

ig IxJE(BYF)e
2AI)n1g—i—i'|N 9(kAK )nz9—|k—k'|N
X — .
(1 + 2(]/\]')|:L‘p — LL']DL (1 + 2(knk )|xJ/ — xJ|)L

< Zz—lj—j/\NQ—lk—k/lN
JEN
kel
r/2 1/r
X Cl{Ms( > *f(xlva)FXIXJ) (U/av')}

IxJE(BYF)e

for any v’ € I’, v/ € J' by Lemma 2.5, where ¢y = 2(1-1/m)[n1 (" Aj—j)+nz(k'Ak—k)]
and max{ni/L,ne/L} <r < 1.
Therefore, by Cauchy’s inequality,

Z Z ik (f = )@, @) Pxr (@) x o (22)

§'EN I/ J/ €T XTI} 2

k'ez
<Y {Z 9-13—7'INg=Ik=K|N
i k'ez ~jEN
§'>0 keZ
r/2 1/rq2
x Cl{M5< > ik f(fUI,xJ)|2X1XJ) (U/av')} }
IxJe(BRF)e
<oy {[Z 2|jj/N2kk’|NC1] {Z o—li=i'INg—Ik—k/|N
j'k'ez ~ -jEN JEN
>0 keZ keZ
r/2 2/r
x Cl{M5< > ik f(xlaxJ)|2XIXJ) (U'av/)} ”
IxJe(BYF)e
It can be seen that
(3.2) 9=li=i'INg=lk=K'IN o < r9=1i=3'IIN=(1/r=D)mal g—[k—K'|[N=(1/r—1)na]

which yields that

Z 2*|j*j'\N2*|k*k'\NC1 and Z 2*\j*j'|N2*\k*k'|Ncl

j.kez iK€z
>0 3’20
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are all bounded by a constant independent of j, k, 7/, k' if N is big enough. Hence,

Z > lojr e (f = fn) (@, @) Pxr (@) X (22)

j'eN I’><J/€H"1 ><H"2

ez
r/2 2/r
< CZ{M8< > i f(l‘bJ?J)lQXIXJ) (u’,v’)} .
ig IxJe(EiF)e

Note that for any p > 0, one can choose r small enough such that p/r > q.
Hence by Remark 2.1 on Lf,/r(éz/r), we have

I(s

1/2
o = (F — ) (@) Pcrs (a1 <x2>)

j ’eN I,XJ/EHanHnQ Lf,([R"l'*'"Q)
k' ez
r/2 2/r\1/2
<o|(S{n( T wrsaton) @l )
jEN IxJe(EY")e L (Rr1tn2)
kez N

1/r

r/2 2/r\r/2
{ < > |1/)j,k*f($1,$J)|2X1XJ) (U/,’U')} )

IxJe(ELF)e

J€EN

LE/T(R"1+"2)
keZ

>
<d|(x

1/2
g * F (a1, mJ>|2xI<x>xJ<y>)

)
jEN IxJe( EJ k)c LE (Rr1tn2)

which implies that ||f — fn]
Thus, we complete the proof. ([

HP . (w,R"1 xR"2) —0as N — oo.

mix

As a direct corollary of Proposition 3.1, we have the following result.

Corollary 3.1. Let 1 < ¢ < 00 and w € A (R™ x R™). Then LI(R™*"2) N
HP. (w,R™ x R™) is dense in H?. (w,R™ x R"?) for all 0 < p < 0.

Note that w € A (R™*"2) if w € A (R™ x R™2) for some 1 < ¢ < oo and

So(R™*72) C §(R™*T72) C L9(R™*"2) by classical result. The above result also
holds for weighted L? spaces.

Corollary 3.2. Suppose that w € A,(R™ x R™) for some 1 < ¢ < co. Then
LI (R™*Tm2)N HP. (w,R™ x R"2) is dense in H?, (w, R™ x R"2) for all 0 < p < .

mix

Proposition 3.2. Fori=1,2, let w(()i) and 1 € S(R™) be functions satisfying
conditions (1.1)—(1.3). Suppose that w € A (R™ x R™). Then for p € (0,00) if
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feL?(RmTm2)yn HP . (w,R™ x R"2), one has

1/2
(3.4) 1l o nay = H (Z . f<x>|2> .
e LB (Rmatna)
keZ

Proof. Given any positive integer N, by (1.6), one can split f as

flanen) = Y0 Y [wsnle = a0 dy
=0 k=—o0

oo

> > > i V(@ —y)vjx * f(y) dy,

; n v Ix
J=0 k=—o0 IxJell]{ \ xII;2 y

where the series converges in L?(R™*"2). Hence, for any u € I, v € J,

flara) =) > [N II[(s 5 % ) (u 0)]bj (21 =, 22 =)

: " no
ié’} IxJE ]y XT3 v

+ {Z > . /IXJ%k(x—y)wj,k*f(y)dy

X "
ié’} IxJEN ]y XT3

- X |f||J|<wj,k*f)(u,ij,k(xl—u,@_w}

; " no
ié’} IxJE ]y XT3

=Tn(f)(x) +Rn(f)(z).

It is easy to check that [|Tn(f)llz2rritn2) S [ fllL2(rr1+n2). Furthermore, one can
divide Ry (f)(x) as follows:

R (f)(x)

= > /I ij,k(x — Y)Yk * fy)dy

; n ny
JEN IxJgell?! \ <11

BYEDS / (W51 % 1)t 0)th30 (&1 — w2 — v) dy
jeN Ixgemty xmyz 17

kez

=2 > /1 J[l/’j,k(x —y) = V(@1 —u,x2 — v)|;k * fy) dy

; n1 ng
%ENZ IxJEI ]y <13

+ > / (W5 % F) W) = i = ) (w,0)]1h k(@1 — u, 22 — v) dy
JEN IxJEM}y I3 1

=Ry () + R () ().
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We claim that for i = 1,2,

(3-5) ||Rz ( )HH” (w,R™"1 xR™2) X <02 NHfHH”, ,R™1 xR™2)

mix

and
IR )z mvay < C2 Nl arenay
We only give the proof of the boundedness of R} (f) on H?, (w, R™ x R™2). For this,

mix

let ;i satisty Definition 1.1. Applying discrete Calderdén’s identity (1.7), one has
i * Ry (f) ()

-y ¥ / g * [ — y) = i — - — v)(@)]

?CENZ IxJEN T o xT 3
X jx* f(y)dy

-y ¥ / i1 * [ (- — 1) — Uil — 1, — )(@)]
?Cef> IxJE] ]y xI2

X ’l/}ng * { Z Z |I”||J/,|(,¢)j”,k?” * f)(x]ll’xj//)
k’/’/er; I"xJ"eH",l, xTI2
€

X ,l/}j”,k”(' — Xy, — x]”)}(y) dy

lgenote {/;j,k(zl, z9) = Y, k(2 —y) — V(21 — u, 22 — v), then it is easy to see that
¥k € S(R™*"2) and its behavior is similar as Q_ij,k(?«j — 1, 22 — y2). Hence, by
Lemma 2.2, one has
N 9N )n19—i—3"| M1 (kA )2 9—|k—k'| M2

R e | N C g e L2

gt e * g1, 2)| S 2

It implies that

NQJ 'n19—1j—j'|(M1—L1) 9k'n29—|k—k'|(M2~L2)
2_ /
(1+ 27"z — )P (14 2V [zg — yof) 2

i x YT, 22)| S
for all 5,5’ € N, k, k' € Z. Similarly,

|(¢j,k >k wj”,k”(' — Xy — mJ”))(yl;yQ)'

= |’l/}j,k} % ,ll)j”,k?” (yl — x]”va — lel)|
9N )n19—i—3" | M 9 (kA ynao—|k—k" | M2
~ (1 + Z(j/\j”)|l‘[” — y1|)L1 (1 + Z(kAk”)|q;J,, — y2|)L2
93" n19—=13=3"|(M1~L1) 9k" n2g—|k—k"|(M2~Lz)

~ (1 + 2j//|.23p/ — y1|)L1 (1 =+ Zk”|l‘JH — y2|)L2 ’
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Therefore,

e ke Ry (F) ()]

D DY > S I @y # )@, xn)

JEN D JEML XT3y 37K EN 175 €L Iy

95" n19—1i—3'|(M1~L1) 9k'n29—|k—k'|(M2~Ls)
X { 7 7
/m (L4272 —ya)Fr (14 2% [zg — yo|) L2
93" n19—1j—3" |(Mi—L1) 9k" n29—|k—k"|(M2—L2)
x i 1! d
(1 + 27 |£L'IN — y1|)L1 (]_ + 2k |£CJ// - y2|)L2 } Y

=27 Z Z Z [T | (jor orr . f) (g, @00

ie? 3" k" eN g xJ//EH;L,} xl'[Z,z,
E J

95" n19—1i—3'|(M1~L1) 9k'n29—|k—k'|(M2—L2)
X { -7 ’
/R xnz U (L4 27y —yi)Er (14 2V |z —yof) B2

93" n19—1j—3" |(Mi—L1) 9k" n29—|k—k"|(M2—L2)
x s " d
(1+2] |£L‘]N —y1|)L1 (1+2k |£CJ// —y2|)L2 } Y

S 2—N Z Z Z |I//||J//|2—|j—j”\(M1—L1)2—|k—k”|(M2—L2)

JEN J7RTEN I T Iy

2(j’/\j”)n1 2—‘j—j/‘(M1—L1) 2(k//\k”)n2 2—‘k—kl|(M2—L2)

X ——
(]_ —+ 2(],/\]”)|x1 — X |)L1 (]_ —+ 2(k/Ak//)|;C2 — Ty |)L2

Hence, by Lemma 2.5,

loir ik * Ry (f)(@r, z00)]

(i Drran).

SQ*NZ Z 9—li=3" (M1 —L1)9—|k—k"|(M2—L2)9—|j—j'| (M1—L1) 9 —|k—k'| (M2—L2)

FEN 477 k' eN
kez

r/2 1/r
ol (X W P ) )

T rng
17X JV eI XL R

<27V Z 9—l3"=3" (M1 —L1) 9=k k" |(M2—L2)

j”,k”EN

/2 1/r
<ol (X P ) )}

1 ina
17X J" e T2

for any (u*,v*) € I' x J', where Oy = 20=1/nln('AF"=i")tn2(WAK"=F")] apq

max{ni/Li,ne2/La} <1 < 1.
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Repeating the process to obtain (3.3), we have

1§

1/2
oy s * RN (F) (@ ws) P (& )x <y'>)

i k' €N R'en"l XII'? LE (Rm1tn2)

1/2
2_NH( Z |’l/}j//,k// *f(xlllvyJ//)|2XI//XJ//>

"7k EN 17 eI XTI

LIL:,([R”I +ng )

Hence, we obtain (3.5).
Inequalities (3.5) imply [Rav(F)llse (o mmxnns) < C2 Nl opm wpos):
Thus, the operator Ty = I — Ry is invertible in H?. (w,R™ x R"2) by choosing N

Ian

large enough such that C2~~ < 1. Then Ty' = Z (Rn)™ and
n=0

175" ()l

(w,R1 xRn2) & HfHH (w,R"1 xR"2)+

m]x mix

Note that

Tn(f)(@r,a2) =) > (N5 % ) (s 0) 5k (21 = u, 22 = 0)

1 2
ié’} IxJeHH_NxHHN

in L?(R™*"2). Hence, for any ¢ € S(R™T"2),

pxTn(f)(@r,22) =) > I T| (.0 % £)(, 0) 0 % .k (1 — w, w2 — ).

nr ng
%?} IxJE | oy xI3

Then, repeating the proof to obtain (3.3), one has

TN ()l a7, (@w,rm1 xmr2)

mix

> > N1 (Ws % ) 0)j k(21 = w, 22 = V) |17, (00 k1 xm2)

JEN IxJE T o xI3

o

where (u,v) can be any point in I x J. Hence,

1/ 11z

)

Lf, (R"l +ng )

1/2
|(¥j,k * f)(U7U)|2XIXJ>

n n
JGN Ix JEI] 1 xT2

(w,R"1 xR"2)

(w,R"1 xRn2) = ||T o TN(f)l Hp i

S TN (Dl az, (.o xrn2)

s

m]x

1/2
(W% ) v>|2xm)

’
P nq+4mn
jEN IxJ H-,LlNXH’ZzN I (Rll 12)
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which implies that

1 f1lEP. (w,mm1 xRR2)

mix

1/2
<Z Z (u vi)%fIxJ |(¢j,k * f)(u’ v)FXIXJ)

ny
%ENZ IxJE]} o XT3

Y
Lf, (R"l +ng )

since (u,v) can be any fixed point in I x J € H]JFN X HZiN' Repeating the proof to
obtain (3.3) again, one has

1/2
H ( sup  |(¥jk * f)(u, v)|2xsz>

]EN IXJEH"lel'Inz (u,v)eIxJ

k4+N
S

LE(RM+2)

HP. (w,R™ xR"2)-

mix

Thus, we obtain that

I lE? (R xn2)

mix

(Z 3 sup (e * f)(u,v>|2xIxJ)l/2

JEN IxJEM] Ly XTI , (wvIelxJ

LEZ (R"l +ng )

~[(Z inf (g f)(u,v)lzxfo>l/2

JEN I><J€H”1 x 172 (uw)elx]
k+N

Lg(R711+712)

Thus, we have completed the proof. (I

Proposition 3.3. Let 1 < p < oo and w € Ap(R™ x R™). Then H?. (w,
R™ x R72) = LP(RM+12),

Proof. By iteration method for all 1 < p < oo we have

”S(f)(x)HLP(R"ﬁ"z) ~ ||f||LT’([R"1+"2)

Conversely, let p’ denote the conjugate of p. Note that if w € A,(R™ x R"2),
w!=?" € A, (R™ xR™) (see [16]), hence w!~?" € A, (R™*72). By classical result, the
space C§°(R™1"2) composed by all smooth functions with compact support, is dense
in Lj,(R™*"2) for all € Ao (R™72), see [18]. Hence, LQ(Rm*"?)OLZ/FP, (Rnrtn2)

’
is dense in L?, ,(R™*72),
w P
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p’

By (1.6), for g € L2(R™*"2) N Lf;l_ (R™*+n2) one has

<Y [ ik % fx g(0)]
JEN
ke?

<3 [ s £+ ()] dy
i

) /(Z sk % f(y)IQ)l/Qw(y)l/p

JeN
kez

1/2
x (Z 5. *g<y>|2> w(y) 7 dy
JEN
keZ
ISPz 19 ens

p’

\ [ gt

S./ ||S(f)||Lff,(R"1+”2) ||g||Li”/17 (R"‘1+77‘2)’

p’

which yields our desired result. O

4. BOUNDEDNESS OF OPERATORS
To discuss the boundedness of operators on H?. (w,R™ x R"2), we need a new
discrete Calderdn-type identity composed by some test functions with compact sup-
ports. To do this, given a positive integer M large enough, let qbél),gzﬁ(l) € S(R™)
with
(4.1) supp ol € {z e R o <1k [of =1
(4.2)  suppoM C{z e R™: |z] <1} /¢(1)(x)xa dz =0 V]af <M,

and

(4.3) GO+ oD@ =1 VEeR™.
j=1
Let ¢(2) € S(R™2) with

(4.4) supp @ C {z e R": |z| < 1}; /¢(2) (x)z¥dz =0 Vol <M,

726



(4.5) S 1P 2P =1 veeR™\ {0},

JjEL

By taking the Fourier transform, one has the following continuous Calderén-type

identity:
(4.6) f(z) = Z Z Gjk * @ik * f(2),
=0 k=—o0

where the series converges in L?(R™T72) S3(R™*72) and S)(R™"2). Different

from (1.6), the test functions in (4.6) have compact supports.

Lemma 4.1. Suppose that qbél), #M) and ¢ satisfy conditions (4.1)—(4.5). Let
w € Ag(R™M*n2) then if f € L2 (R™*+"2),

(4.7) F@)=>" 3" dix*ojnx f(x),

7=0 k=—o00
where the series converges in L2 (R™1+n2),

[e.e] oo
Proof. Since the series Y. Y ¢k *¢jk * f(x) converges to f in So(R™*72)
7=0 k=—c

and L2 (R™*"2) norm is dominated by a certain seminorm of S(R™*"2), (4.7) holds
in L2 (R™M+n2) if f € So(R™MTn2),

For general f € L2(R™*"2), given for all € > 0, by Proposition 3.1, there exists
g € So(R™*"2) and h € LZ(R™*"2) with [|hl| 12 gni+na) < € such that f = g+ h.
Moreover, for any positive integer N,

N N
< HQ—Z Z Pjk * Djk * g

j=0 k=—N

N N
Hf—z S Gyur by n S
RN L3 (RM1+72) L3 (RM1+72)

+ 12l 22 (mr1+n2)

N N
Z Z ik * ik *xh

j=0 k=—N

4_

LEJ(RHI +ng )
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Since w € Az(R™T™2), one has w™! € Az(R™™"2). Hence, by a duality argument,
one has

N N
> D Ginxdixxh
j:0 k=—N L2 (R7L1+7L2)
= sup <Z Z ¢jk‘*¢jk‘*hu>‘
HuI|L271(Rn1+n2)\ j= =0 k=—N
= sup Z Z Gji * g xhxa(0 )‘
Hu”L27 (Rn1+n2)\ j=0 k=—N
- [353 trus hlahoe) 2o, m(rota)
Hu”L R"1+7‘2)<1 j=0 k=—N
N N 1/2
< s (XY e h@Pe)
Hu”L2_1(Rnl+ng)<1 j=0 k=—N
N N 1/2
X <Z Z |j. i * u(x)|2w(x)1> dx
=0 k=—N
< Bl Lz (rra+n2y.
where @(z) = u(—z). Since ¢ is arbitrary, we complete this proof. O

Theorem 4.1. For0 <p <1, let d)(()l), ¢ and ¢ satisfy conditions (4.1)—(4.5).
Suppose that w € Aa(R™ xR"?). Then for any f € LZ(R™T"2)NH? . (w,R™ xR"2),

4.8)  |flla

(w,R™1 xR"2)

m\x

(Z 9 f(w)|2)1/2

g [0

kez
Moreover, there exists a positive integer N such that

LE)(R77‘1+77‘2)

1/2
[(Pjk * [z, x])FXIXJ)

p n n
jeN I><JEH"1 VXTI RACKS

(49)  fl@)=>)_ > || T|(5.k * ) (@1, 2.0) 50 (21 — 21, 22 — 29),

; n1 no
fé’} IxJE ]y xIL3
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where the series converges in LZ(R™T"2) and HP,
L2 (R™Fn2) 0 HP . (w,R™ x R"2) satisfies

mix

(w,R™ x R™), and h €

||h||Lg(uzen1+nz) ~ ||f||Lg(uzen1+"z) and ||h| gr (w,R71 x Rn2) ~ Il f] HP.

mix

(w,R"1 xR"2)-
Proof. Let f € LZ(R™™2) N HP. (w,R™ x R"2), then by Lemma 4.1, f(z) =
(oo} (oo}

S > ik x bk * f(x) in L2(R™T72). Then for any large positive integer NV,

7=0 k=—c
similar as in the proof of Proposition 3.2, one has

f(x1,22) = Tn(f)(z) + R (f) (=)

and
||T]§1(f)||LZ(R"1+"2) ~ 027N||f||L§)(Rn1+n2)

and

1T ()l are. (w,RP1 xRP2) C27N| fllgr. (w,R71 XR"2) -

mix mix

Set h(x) = Ty (f)(z), then

f@) =Tn(Tx'f)(2)
=> > (| T1(Pjk * h)(zr20) sk (21 — 21, T2 — T7).
%E% IxJEN ]y xT3
(w, R™ x R™) and L2 (R™+n2),
Thus, we complete the proof. ([

It can be seen that this series converges in H”

mix

Proof of Theorem 1.2. Let f € L2(R™*t"2) N HP

P ic(w, R™ x R™). Then by
Theorem 4.1,

HEENEDY > (|| (pj6 % ) (@1, 20) @5k (T1 — 21,22 — 2)

; n ny
ié’} IxJe ]y xI3 v

in L2 (R™*"2), where ;) satisfy the same conditions of Theorem 4.1. By the L?,
boundedness of T',

T(f)(z1,22)
=y > [T jp * R)(@r, 20)T () k(- — 1, — 27))(T1, T2).

; n1 ny
fé’} IxJE ]y xIL3
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Then by (4.8),

(410)  TDlr e
1/2
~ C\ (Z by (Tf)(xl,:vz)l2>
' eN LE(Rm1+n2)
k'ez
- OH (Z S Y e B e)
{’2 ig} IxJE} xIL2 v

X Qi ¥ T(pjr(-— 21, —275)) (71, 22)

2>1/2

To discuss (4.10), we recall an almost orthogonality estimate from [6].

)
LE(Rm1+n2)

where ¢;/ 1/, @; 1 satisfy the conditions in Theorem 4.1.

Lemma 4.2. Suppose that ¢; i, ;. satisfy the condition of Theorem 4.1 and
4,7 €N, k,k' € Z. Then for any 0 < ¢’ < min{d,e} there exists a constant C' > 0
such that

|G x T (ke (- — ur, - — uz)(w1, 72)|
9—(ing")e 9—(kAK')e

SN R ALl — :
= (2-GN) + |zy — ug|)mite (2-RAR) |2y — ug|)nate

Therefore, by Lemma 2.5 again,

|60 10 % (T f) (1, 22)]
<N > (|| [[(pj0 * B)(z1,25))|
%E% IXJEH;LiNxHZiN
24{jAjU€ 27(kAkU6
(2-GN + Jay — ag|)mite (2=GAR) 4 [z — 3 4[)rete
< ZQ*IJ"*J’IE'Q*U@'*ME'

JEN
keZ

r/2 1/r
<o X o) @)

n1 no
Rell; L v xIL Y v

913" —ile' oIk ke’

Then, repeating the proof to obtain (3.3), one has

1T () ez

mix

(w.rm xrr2) S Pl Ep, (w,jm1xrez) 2 fllE7, (08" xRR2)

mix mix

by Theorem 4.1. Thus, we complete the proof of Theorem 1.2. O
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It is well known that the atomic decomposition is the main tool to study the
H? — LP boundedness of singular operators, see [2], [10], [11], [14], [16], [21], [23],
[24], [25]. Different from this, in this paper, we use the approach developed in [22] to
prove Theorem 1.3. For this, we prove the following result in mixed multi-parameter
setting.

Theorem 4.2. Let 0 < p < 1 and w € A(R™ x R™). If f € L2(R™T"2)N
HP. (w,R™ x R™), then

mix

[ £llz2 @n1+n2y < CllfllEP (w,r71 xR72)s

mix

where C' is a constant independent of f.

Proof. For f € L2(R™mTm2) N HP. (w,R™ x R"2), let

mix

1/2
<Z Z (@56 * h)(2r, $J)|2XIXJ> ,

n2
%ENZ IxJE] ] xI2

where ¢; 1 and h satisfy the conditions of Theorem 4.1.
For any ¢ € Z, set

Q= {w e R 5(f)(2) > 2}, & = {o € R0 M (xo,)() > ;}

10m1+n2
and
1 1
B; = {R: Rell, w(RNY) > 5W(R), W(RN Qi) < 5W(R)}.
Here M¥(g)(x) = sup 1[5 l9(2)|w(z) dz, where the supremum is taken over

all cuboids R contalmng 2 in R™ xR™2. It is easy to see that |J R C Q;. Moreover,
w(£2;) < Cw(£;) by the boundedness of MY, see [9]. ReB:
Hence, by (4.9),

T) = > ([T [(bjk * ) (@r, w5)djk (21 — 21,02 — 25)

JEN Ix e L xT12

kez kN

> > IRI($R *h) (s, xs)dr(21 — 21,22 — 24),

1=—o0 ReB;

where the series converges in the L2 norm.
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Since w(ﬁz) < Cw(9Q;), by Holder’s inequality, one has

(411) || Y |RI6R(-— 21, — 21)(¢r * h) (21, )| Tp natnay
REB;
p
Sw(@)' PR RIGR(-— w1, — 20) (B * h) (w1, ) :
ReB; LZ(R"1+72)

Using duality argument,

> |RI¢r(- — 21, — xs)(¢r * h)(z1,27)

ReB;

= s (S RIR e onen — a1 ) Jato)da

<1

Lf}([R"l +n2)

”-‘7”L271(R”1+"2) ReB;
= sup Z |R|[(¢R*h)(xlaxJ)]€gR *g(rr,2r)
”gHL2 1(R"1+712)<1 ReB;
2.

= s [ S (@r b e andr x glorz) () do

lolz | mainay <Ll i,
1/2
< s (Y 16r s W anPre) sl |
HgHL271(Rn1+n2)<1 ReEB; Li_l(Rnl-HQ)
Hence,
(4.12) > IRIr(- — 1, — x5) (bR * h) (w1, 27)
LEJ(R’!L1+’!L2)

ReB;

<[(5 16n- e aaace)”

ReB;

- (X wmion- h)(xz,mn?)m.

ReEB,;

LE}([R”I +ng )

Furthermore, by the definition of B;, one has w(R N \ Q1) > sw(R). Hence,

(4.13) > wR)(¢r * h)(wr, )

ReB;

S D WM\ Qi)|(6r * h)(wr, @)
ReB;

[ S~ V(6r * B) (1 2.) PxR(@)w(z) da
B\ e,
< 220480 () < 2% w ().
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Therefore, by (4.11), (4.12) and (4.13), one has

||f||1£g(|Rn1+n2)

<Y D IRIGR(- = 21, — 25)(¢R * h) (w5, 25)
i '"ReB;

< w@) P2 ST RIGR( — w1, — @) (bik * h) (25, 29)

ReB,;

< S w@) 2P @) S IS

p

LZZ (R?L1+7t2 )
p

L2 (Rn1+n2)

which yields that

V12 sy S 1l semmay I (s iy

by Theorem 4.1.
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Thus, we complete the proof. ([

It is easy to see that Theorem 1.3 is a corollary of Theorems 1.2 and 4.2.
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