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Abstract. Applying discrete Calderón’s identity, we study weighted multi-parameter
mixed Hardy space H

p
mix
(ω,Rn1

× R
n2). Different from classical multi-parameter Hardy

space, this space has characteristics of local Hardy space and Hardy space in different di-
rections, respectively. As applications, we discuss the boundedness on H

p
mix
(ω,Rn1

×R
n2)

of operators in mixed Journé’s class.

Keywords: weight; multi-parameter; mixed Hardy spaces; singular integral operator

MSC 2020 : 42B35, 42B30, 42B25, 42B20

1. Introduction

The study of Hardy spaces has a long history. In 1915, to study the behavior of

holomorphic functions on the unit disk, Hardy in [26] considered the averages

Mp(r, F ) =

(
1

2π

∫ 2π

0

|F (reiθ)|p dθ

)1/p

, 1 < p <∞

and

M∞(r, F ) = max
06θ62π

|F (reiθ)|

for 0 < r < 1. This paper can be regarded as the starting point to study Hardy

spaces. After that, the theory of Hardy spaces has been extensively studied. Pre-

cisely, Stein and Weiss in [32] generalized the definitions of Hardy spaces to higher di-

mensional, Fefferman and Stein in [8] defined Hardy spaces via a purely real method,

Coifman in [1] and Latter in [29] gave atomic characterizations, respectively. Garcia-

Cuerva in [15] studies weighted Hardy spaces Hp
ω(R

n) for Muckenhoupt’s weights ω,
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Gundy and Wheeden in [20] gave a characterization of Hp
ω(R

n) by Lusin area in-

tegral. We also refer the readers to the works about Musielak-Orlicz Hardy spaces

in [33], [34].

In recent decades, multi-parameter Hardy spaces have been developed greatly. In

the fundamental work (see [19]), Gundy and Stein developed the product Hardy

space Hp(R × R). Using discrete Calderón’s identity, Han, Lu and Zhao in [25]

proved that product Hardy space can also be characterised by a discrete Littlewood-

Paley square function. After that, authors in [4], [30], [31] studied multi-parameter

weighted Hardy spaces. Following the footprints, multi-parameter local Hardy spaces

and multi-parameter mixed Hardy spaces have been introduced recently in [5], [7],

respectively.

Let ψ
(1)
0 , ψ(1) ∈ S(Rn1 ) with

supp ψ̂
(1)
0 ⊆ {ξ ∈ R

n1 : |ξ| 6 2}; ψ̂
(1)
0 (ξ) = 1 if |ξ| 6 1,(1.1)

supp ψ̂(1) ⊆
{
ξ ∈ R

n1 :
1

2
6 |ξ| 6 2

}
(1.2)

and

|ψ̂
(1)
0 (ξ)|2 +

∞∑

j=1

|ψ̂(1)(2−jξ)|2 = 1 ∀ ξ ∈ R
n1 .(1.3)

Let ψ(2) ∈ S(Rn2 ) with

(1.4) supp ψ̂(2) ⊆
{
ξ ∈ R

n2 :
1

2
6 |ξ| 6 2

}

and

(1.5)
∑

j∈Z

|ψ̂(2)(2−jξ)|2 = 1 ∀ ξ ∈ R
n2 \ {0}.

Then for j, k ∈ Z, j > 1, set ψ
(1)
j (x) = 2jn1ψ(1)(2jx), ψ

(2)
k (x) = 2kn2ψ(2)(2kx) and

ψj,k(x, y) = ψ
(1)
j (x)ψ

(2)
k (y), ψ0,k(x, y) = ψ

(1)
0 (x)ψ

(2)
k (y).

Denote S0(R
n1+n2) = {f ∈ S(Rn1+n2) :

∫
Rn2

f(x1, x2)x
α
2 dx2 = 0 for all |α| > 0

for all x1 ∈ R
n1}, SM (Rn) = {φ ∈ S(Rn) :

∫
Rn φ(x)x

α dx = 0 for all 0 6 |α| 6 M},

and S∞(Rn) = {φ ∈ S(Rn) :
∫
Rn φ(x)x

α dx = 0 for all |α| > 0}. For i = 1, 2 and any

j ∈ Z, denote Πni

j = {I : I are dyadic cubes in R
ni with the side length l(I) = 2−j,

and the left lower corners of I are xI = 2−jℓ, ℓ ∈ Z
ni}, and Π =

⋃
j∈N

k∈Z

Πn1

j ×Πn2

k .
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By taking the Fourier transform, we have the following continuous Calderón’s

identity:

(1.6) f(x) =

∞∑

j=0

∞∑

k=−∞

ψj,k ∗ ψj,k ∗ f(x),

where the series converges in L2(Rn1+n2), S0(R
n1+n2) and its dual space S ′

0(R
n1+n2).

Moreover, (1.6) can be discretized as follows.

Theorem A. Suppose that ψ
(1)
0 , ψ(1) ∈ S(Rn1), ψ(2) ∈ S(Rn2 ) are functions

satisfying conditions (1.1)–(1.5), see [7]. Then

(1.7)

f(x1, x2) =
∞∑

j=0

∞∑

k=−∞

∑

(ℓ1,ℓ2)∈Zn1×Zn2

2−jn1−kn2(ψj,k ∗ f)(2
−jℓ1, 2

−kℓ2)

× ψj,k(x1 − 2−jℓ1, x2 − 2−kℓ2)

=
∞∑

j=0

∞∑

k=−∞

∑

I×J∈Π
n1
j ×Π

n2
k

|I||J |(ψj,k ∗ f)(xI , xJ )ψj,k(x1 − xI , x2 − xJ ),

where the series converges in L2(Rn1+n2), S0(R
n1+n2) and S ′

0(R
n1+n2).

According to discrete Calderón’s identity (1.7), mixed Hardy spaces are introduced

in [7]. In the present paper, on the basis of [7], we consider the weighted multi-

parameter mixed Hardy spaces and study the boundedness of some operators on

them. For this purpose, we now recall some definitions of product weights in two

parameter setting, see [16]. For 1 < p <∞, a weight function, a nonnegative locally

integrable function ω ∈ Ap(R
n1 × R

n2) if there exists a constant C > 0 such that

(
1

|R|

∫

R

ω(x) dx

)(
1

|R|

∫

R

ω(x)−1/(p−1) dx

)p−1

< C

for any dyadic cuboid R = I×J on Rn1×R
n2 , that is, I and J are cubes on Rn1 , Rn2 ,

respectively. We say ω ∈ A1(R
n1 × R

n2) if there exists a constant C > 0 such that

Msω(x) 6 Cω(x)

for almost every x ∈ R
n1+n2 , where Ms is the strong maximal function defined by

Msf(x) = sup
x∈R

1

|R|

∫

R

|f(v)| dv

for any cuboid R on R
n1 × R

n2 .

At last we define ω ∈ A∞(Rn1 × R
n2) by

A∞(Rn1 × R
n2) =

⋃

16p<∞

Ap(R
n1 × R

n2).
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If ω ∈ A∞(Rn1 × R
n2), then qω = inf{q : ω ∈ Aq} is called the critical index

of ω(Rn1 ×R
n2). Notice that if ω ∈ A∞, then qω <∞. In this paper, we use Ap(R

n)

to denote the classical Muckenhoupt’s weights on R
n.

Given a weight function ω on R
n for 0 < r <∞ we define Lr

ω(R
n) as

Lr
ω(R

n) =

{
f :

∫

Rn

|f(x)|rω(x) dx <∞

}
.

With discrete Calderón’s identity, we define the following weighted multi-parameter

mixed Hardy spaces.

Definition 1.1. Let 0 < p < ∞ and ω ∈ A∞(Rn1 × R
n2). Suppose that

ψ
(1)
0 , ψ(1) ∈ S(Rn1 ), ψ(2) ∈ S(Rn2) are functions satisfying conditions (1.1)–(1.5).

The weighted multiparameter mixed Hardy space Hp
mix(ω,R

n1 × R
n2) is defined by

Hp
mix(ω,R

n1 × R
n2)

= {f ∈ S ′
0(R

n1+n2) : ‖f‖Hp
mix(ω,Rn1×Rn2) = ‖S(f)(x)‖Lp

ω(Rn1+n2) <∞},

where

(1.8) S(f)(x) =

(∑

j∈N

k∈Z

∑

I×J∈Π
n1
j ×Π

n2
k

|ψj,k ∗ f(xI , xJ )|
2χI(x1)χJ(x2)

)1/2

.

Here the symbols N, Z denote the sets of natural numbers, integers, respectively.

By discrete Calderón’s identity (1.7), we can prove that the multi-parameter mixed

Hardy spaces are well defined, that is, for 0 < p <∞, the spaceHp
mix(ω,R

n1×R
n2) is

independent of the choice of functions ψ
(1)
0 , ψ

(1) and ψ(2), due to the following result.

Theorem 1.1. Let 0 < p <∞ and ω ∈ A∞(Rn1×R
n2). Suppose that ψ

(1)
0 , ψ(1) ∈

S(Rn1), ψ(2) ∈ S(Rn2) are functions satisfying conditions (1.1)–(1.5), and φ
(1)
0 , φ(1) ∈

S(Rn1), φ(2) ∈ S(Rn2) is another group satisfying conditions (1.1)–(1.5). Then for

any f ∈ S ′
0(R

n1 × R
n2), one has

∥∥∥∥
(∑

j∈N

k∈Z

∑

I×J∈Π
n1
j ×Π

n2
k

|ψj,k ∗ f(xI , xJ)|
2χI(x)χJ (y)

)1/2∥∥∥∥
Lp

ω(Rn1+n2)

≈

∥∥∥∥
(∑

j∈N

k∈Z

∑

I×J∈Π
n1
j ×Π

n2
k

|φj,k ∗ f(xI , xJ )|
2χI(x)χJ (y)

)1/2∥∥∥∥
Lp

ω(Rn1+n2)

.

We refer the reader to Theorem 1.3 in [7] for the proof of Theorem 1.1. The only

difference is in the last step, where Lp/r(ℓ2/r) is replaced by L
p/r
ω (ℓ2/r).
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A locally integrable function defined away from the diagonal x = y in R
n × R

n is

called a one-parameter Calderón-Zygmund kernel with regularity exponent ε > 0 if

there exists a constant C > 0 such that

|K(x, y)| 6 C
1

|x− y|n
for x 6= y, and |K(x, y) −K(x, y′)| 6 C

|y − y′|ε

|x− y|n+ε

whenever |y − y′| 6 1
2 |x− y|, and

|K(x, y) −K(x′, y)| 6 C
|x− x′|ε

|x− y|n+ε

whenever |x − x′| 6 1
2 |x − y|. The smallest such constant C is denoted by ‖K‖CZ.

We call an operator T one-parameter Calderón-Zygmund operator if T is a singular

integral operator associated with a one-parameter Calderón-Zygmund kernel K(x, y)

given by 〈T (f), g〉 =
∫
K(x, y)f(y)g(x) dxdy for all f, g ∈ S(Rn) with disjoint

supports. Define ‖T ‖CZ by ‖T ‖CZ = ‖K‖CZ + ‖T ‖L2→L2 . Then T is bounded

on Lp(Rn) (1 < p < ∞) if ‖T ‖CZ < ∞. However, by a classical result, the Hp

(0 < p 6 1) boundedness of T implies that the operator must satisfy additional

condition:
∫
T (ϕ)(x) dx = 0 for any ϕ ∈ S∞(Rn), namely T ∗(1) = 0. Moreover,

to ensure the boundedness of T on local Hardy spaces hp (0 < p 6 1), additional

condition |K(x, y)| 6 C1/|x− y|n+δ for some δ > 0 should be included, see [17].

In the two-parameter setting, instead of the classical one-parameter dilation,

mathematicians usually consider the dilations δ : x → (δ1x1, δ2x2), x = (x1, x2) ∈

R
n1 × R

n2 , δ = (δ1, δ2), δ1, δ2 > 0, see [11], [12], [13], [21], [27], [28]. For in-

stance, Fefferman and Stein studied the product convolution singular integral op-

erators which satisfy analogous conditions enjoyed by the double Hilbert transform

defined on R× R, see [13]. Journé introduced non-convolution product singular in-

tegral operators in [27]. After that, more and more new results about operators in

Journé class were obtained, see [11], [12], [21], [28]. Inspired by those, the authors

in [6] introduced the following mixed Journé class to discuss the boundedness of

singular integral operators on Hp
mix(R

n1 × R
n2).

Definition 1.2. A singular integral operator T is said to be in mixed Journé

class on R
n1 × R

n2 with regularity exponent ε ∈ (0, 1] and δ > 0 if

T (f)(x1, x2) =

∫

Rn1×Rn2

K(x1, y1, x2, y2)f(y1, y2) dy1 dy2,

where the kernel K satisfies the following conditions.

For each x1, y1 ∈ R
n1 , set K̃1(x1, y1) to be the singular integral operator acting

on functions on R
n2 with the kernel

K̃1(x1, y1)(x2, y2) = K(x1, y1, x2, y2)

713



and similarly, K̃2(x2, y2)(x1, y1) = K(x1, y1, x2, y2). Then there exists a constant

C > 0 such that

‖K̃1(x1, y1)‖CZ 6 Cmin
{ 1

|x1 − y1|n1
,

1

|x1 − y1|n1+δ

}
if |x1 − y1| > 0;(1)

‖K̃1(x1, y1)− K̃1(x1, y
′
1)‖CZ 6 C

|y1 − y′1|
ε

|x1 − y1|n1+ε
if |y1 − y′1| 6

1

2
|x1 − y1|;

‖K̃1(x1, y1)− K̃1(x′1, y1)‖CZ 6 C
|x1 − x′1|

ε

|x1 − y1|n1+ε
if |x1 − x′1| 6

1

2
|x1 − y1|;(2)

‖K̃2(x2, y2)‖CZ 6 C
1

|x2 − y2|n2
if |x2 − y2| > 0;

‖K̃2(x2, y2)− K̃2(x2, y
′
2)‖CZ 6 C

|y2 − y′2|
ε

|x2 − y2|n2+ε
if |y2 − y′2| 6

1

2
|x2 − y2|;

‖K̃2(x2, y2)− K̃2(x′2, y2)‖CZ 6 C
|x2 − x′2|

ε

|x2 − y2|n2+ε
if |x2 − x′2| 6

1

2
|x2 − y2|.

Theorem 1.2. Let ω ∈ A2(R
n1 × R

n2). Suppose that T is a singular integral

operator in mixed Journé class on R
n1 × R

n2 with regularity exponent ε ∈ (0, 1],

δ > 0 and bounded on L2
ω(R

n1+n2). Then T is bounded on Hp
mix(ω,R

n1 × R
n2) for

max{n1/(n1 + δ), n1/(n1 + ε), n2/(n2 + ε)} < p 6 1 if T1(1) = T2(1) = T ∗
1 (1) =

T ∗
2 (1) = 0.

The meaning of T1(1) = 0 is as follows: for any fixed y2 ∈ R
n2 ,

∫
K(x1, y1, x2, y2)ψ1(x1)ψ2(x2) dx1 dx2 dy1 = 0 for any ψi ∈ SM (Rni).

Similarly for T2(1) = 0, where M = Mp,n1,n2 is a large positive integer dependent

only on p, n1, n2. T
∗
1 (1) = 0 is known for any fixed x2 ∈ R

n2 as
∫

K(x1, y1, x2, y2)ψ1(y1)ψ2(y2) dy1 dy2 dx1 = 0 for any ψi ∈ SM (Rni), i = 1, 2,

similarly for T ∗
2 (1) = 0.

As a corollary of Theorem 1.2, we have the following result.

Theorem 1.3. Let ω ∈ A2(R
n1×R

n2). Suppose that T is a singular integral oper-

ator satisfying the conditions of Theorem 1.2. Then T can be extended to a bounded

operator from Hp
mix(ω,R

n1 × R
n2) to Lp

ω(R
n1+n2) if max{n1/(n1 + δ), n1/(n1 + ε),

n2/(n2 + ε)} < p 6 1.

Finally, we establish some conventions. Throughout the article, C denotes a posi-

tive constant that is independent of the main parameters involved, but whose value

may vary from line to line. Constants in subscript, such as C1, do not change in

different occurrences. We denote f 6 Cg by f . g. If f . g . f , we write f ≈ g.
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2. Almost orthogonality estimates

In this section, we give some almost orthogonality estimates which are critical in

the discrete Littlewood-Paley theory. The following almost orthogonality estimates

can be seen in [18].

Lemma 2.1. Let ψ, ϕ ∈ S(Rn) and j, k ∈ Z, j 6 k. Suppose that
∫
ϕ(x)xα dx= 0

for all |α| 6 N − 1 for a positive integer N . Then for any given positive integer L

there exists a constant C dependent only on ψ, ϕ, n and L such that

|ψj ∗ ϕk(x)| 6 C
2jn2−(k−j)N

(1 + 2j|x|)L
.

It is convenient to set j ∧ k = min{j, k}. Then by Lemma 2.1 it is easy to have

some corollaries.

Lemma 2.2. Let ϕ, ψ ∈ S∞(Rn) and φ ∈ S(Rn). Then for any given positive

integer N , L there exist constants C1 and C2 independent of what such that

|ϕj∗ψk(x)|6 C1
2(j∧k)n2−|j−k|N

(1 + 2(j∧k)|x|)L
∀ j, k ∈ Z and |φ∗ψi(x)|6 C2

2−iN

(1 + |x|)L
∀ i ∈ N.

Furthermore, one can deduce the following results.

Lemma 2.3. Suppose that ψ(i) ∈ S∞(Rni), i = 1, 2, f ∈ S0(R
n1+n2). Then for

any given positive integers N1, N2, L1, L2,

(2.1) |ψj,k ∗ f(x, y)| 6 C
2−jN1

(1 + |x|)L1

2−|k|N2

(1 + |y|)L2
∀ j, k ∈ Z, j > 0,

where C is constant independent of j, k.

Lemma 2.4. Suppose that ψ
(1)
0 ∈ S(Rn1 ), ψ(2) ∈ S∞(Rn2), f ∈ S0(R

n1+n2).

Then for any given positive integers N2, L1, L2,

(2.2) |ψ0,k ∗ f(x, y)| 6 C
1

(1 + |x|)L1

2−|k|N2

(1 + |y|)L2
∀ k ∈ Z,

where C is a constant independent of k.

With a similar proof of Lemma 4.1 in [7], one can obtain the following estimates

of the discrete version about strong maximal function.
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Lemma 2.5. Let j, j′ ∈ N, k, k′ ∈ Z, I × J ∈ Πn1

j × Πn2

k and Λ ⊆ Πn1

j′ × Πn2

k′ .

Suppose that φ
(1)
0 , φ(1) ∈ S(Rn1 ), φ(2) ∈ S(Rn2) are functions satisfying condi-

tions (1.1)–(1.5). Then for any f ∈ S ′
0(R

n1 × R
n2), u, u∗ ∈ I, v, v∗ ∈ J , we have

∑

(I′,J′)∈Λ

2(j∧j′)n12(k∧k′)n2 |I ′||J ′|

(1 + 2j∧j′ |u− xI′ |)L(1 + 2k∧k′ |v − xJ′ |)L
|φj′,k′ ∗ f(xI′ , yJ′)|

6 C1

{
Ms

( ∑

(I′,J′)∈Λ

|φj′,k′ ∗ f(xI′ , yJ′)|2χI′χJ′

)σ/2

(u∗, v∗)

}1/σ

,

where C1 = C2(1−1/σ)[n1(j∧j′−j′)+n2(k∧k′−k′)] and max{n1/L, n2/L} < σ 6 1, which

can be arbitrarily small if L is big enough.

The following result is about the boundedness of maximal function on vector-value

spaces.

Lemma 2.6 ([3], Theorem 1.12). Suppose that 1 < p, q <∞, ω ∈ Ap(R
n). Then

‖{M(fi)}i‖Lp
ω(lq) 6 Cn,p,q,ω‖{fi}i‖Lp

ω(lq),

where M denotes the Hardy-Littlewood maximal operator and

Lp
ω(l

q) =

{
f = {fv} : ‖f‖Lp(lq) =

∥∥∥∥
(∑

v

|fv|
q

)1/q∥∥∥∥
Lp(ω)

<∞

}
.

Remark 2.1. Since product weighted ω ∈ Ap(R
n1 × R

n2) for a.e. x ∈ R
n1 ,

y ∈ R
n2 , ω(·, y) ∈ Ap(R

n1), ω(x, ·) ∈ Ap(R
n2), uniformly. Moreover, the strong

maximal operator Ms 6 M ◦M . By iteration, Lemma 2.6 also holds for Ms when

ω ∈ Ap(R
n1 × R

n2).

3. Some Propositions of Hp
mix(ω,R

n1 × R
n2)

Proposition 3.1. Let ω ∈ A∞(Rn1 × R
n2). Then S0(R

n1+n2) is dense in

Hp
mix(ω,R

n1 × R
n2).

P r o o f. We first prove S0(R
n1+n2) ⊆ Hp

mix(ω,R
n1 × R

n2). Let f ∈ S0(R
n1+n2),

then by definition,

‖f‖p
Hp

mix(ω,Rn1×Rn2)

=

∥∥∥∥
(∑

j∈N

k∈Z

∑

I×J∈Π
n1
j ×Π

n2
k

|ψj,k ∗ f(xI , xJ )|
2χI(x1)χJ (x2)

)1/2∥∥∥∥
p

Lp
ω(Rn1+n2)

.
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By (2.1) and (2.2) for any given positive integers N1, N2, L1, L2 one has

|ψj,k ∗ f(x, y)| 6 C
2−jN1

(1 + |x|)L1

2−|k|N2

(1 + |y|)L2
∀ j, k ∈ Z, j > 0.

Then

|ψj,k ∗ f(xI , xJ)|
2χI(x1)χJ(x2) .

2−2jN1

(1 + |xI |)2L1

2−2|k|N2

(1 + |xJ |)2L2
χI(x1)χJ (x2).

If a, b ∈ J ∈ Πn
i , one has 1 + |a| . 2|i| + |b| 6 2|i|(1 + |b|). Hence,

|ψj,k ∗ f(xI , xJ)|
2χI(x1)χJ (x2) .

2−2jN1

(1 + |x1|)2L1

2−2|k|(N2−L2)

(1 + |x2|)2L2
χI(x1)χJ (x2),

choosing N2, L2 such that N2 − L2 > 0, which implies that

‖f‖p
Hp

mix(ω,Rn1×Rn2)

.

∥∥∥∥
∑

j∈N

k∈Z

∑

I×J∈Π
n1
j ×Π

n2
k

2−jN1

(1 + |x1|)L1

2−|k|(N2−L2)

(1 + |x2|)L2
χI(x1)χJ(x2)

∥∥∥∥
p

Lp
ω(Rn1+n2)

.

∫
1

(1 + |x1|)pL1

1

(1 + |x2|)pL2
ω(x1, x2) dx1 dx2

=
∑

j,k∈N

∫

2j6|x1|<2j+1

∫

2k6|x2|<2k+1

1

(1 + |x1|)pL1

1

(1 + |x2|)pL2
ω(x1, x2) dx1 dx2

.
∑

j,k∈N

2−jpL12−kpL2

∫

|x1|<2j+1

∫

|x2|<2k+1

ω(x1, x2) dx1 dx2.

By Lebesgue differential theorem, it is easy to see that if ω ∈ Aq(R
n1×R

n2), ω(·, x2) ∈

Aq(R
n1) for a.e. x2 ∈ R

n2 uniformly. It implies that ω(x1, x2) dx1 is a doubling

measure on R
n1 for a.e. x2 ∈ R

n2 uniformly, precisely, for all λ > 1 and all balls

B ⊆ R
n1 , we have

∫

λB

ω(x1, x2) dx1 6 Cλn1q

∫

B

ω(x1, x2) dx1,

where C is a constant independent of x2, see [18]. This result also holds for

ω(x1, x2) dx2. Therefore,

‖f‖p
Hp

mix(ω,Rn1×Rn2)
.

∑

j,k∈N

2−jpL12−kpL222jn122kn2

∫

|x1|<1

∫

|x2|<1

ω(x1, x2) dx1 dx2,

which yields that f ∈ Hp
mix(ω,R

n1 × R
n2) since ω ∈ A2(R

n1 × R
n2) and L1, L2 can

be big enough.
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We now prove the density of S0(R
n1+n2) in Hp

mix(ω,R
n1 × R

n2). Let f ∈

Hp
mix(ω,R

n1 × R
n2). Then by (1.7),

f(x1, x2) =
∞∑

j=0

∞∑

k=−∞

∑

I×J∈Π
n1
j ×Π

n2
k

|I||J |(ψj,k ∗ f)(xI , xJ )ψj,k(x1 − xI , x2 − xJ ).

For any fixed N > 0, denote

EN = {(j, k, I, J) : j ∈ N, k ∈ Z, I ∈ Πn1

j , J ∈ Πn2

k ,

j 6 N, |k| 6 N, |xI | 6 N, |xJ | 6 N},

and

fN(x1, x2) : =
∑

(j,k,I,J)∈EN

|I||J |(ψj,k ∗ f)(xI , xJ )ψj,k(x1 − xI , x2 − xJ ).

Obviously, fN ∈ S0(R
n1+n2). Moreover, for fixed j ∈ N, k ∈ Z, let (Ej,k

N )c be the

orthogonal projection of (EN )c on Πn1

j × Πn2

k , where (EN )c is the complementary

of EN on {(j, k, I, J) : j ∈ N, k ∈ Z, I ∈ Πn1

j , J ∈ Πn2

k }. Then

f(x1, x2)− fN(x1, x2) :=
∑

j∈N

k∈Z

∑

I×J∈(Ej,k
N )c

|I||J |(ψj,k ∗ f)(xI , xJ )ψj,k(x1 − xI , x2 − xJ)

in S ′
0(R

n1+n2). To complete the proof, we only need to prove that

‖f − fN‖Hp
mix(ω,Rn1×Rn2) → 0 as N → ∞.

By definition,

‖f − fN‖Hp
mix(ω,Rn1×Rn2)

=

∥∥∥∥
(∑

j′∈N

k′∈Z

∑

I′×J′∈Π
n1
j′

×Π
n2
k′

|ϕj′,k′ ∗ (f − fN)(xI′ , xJ′)|2χI′(x1)χJ′(x2)

)1/2∥∥∥∥
Lp

ω(Rn1+n2)

,

where ϕj′,k′ satisfies the conditions of Definition 1.1. It is easy to have that

ϕj′,k′ ∗ (f − fN)(xI′ , xJ′)

=
∑

j∈N

k∈Z

∑

I×J∈(Ej,k
N )c

|I||J |(ψj,k ∗ f)(xI , xJ )ϕj′,k′ ∗ ψj,k(xI′ − xI , xJ′ − xJ ).

By Lemma 2.2,

(3.1) |ϕj′,k′ ∗ ψj,k(xI′ − xI , xJ′ − xJ)|

6 C
2(j∧j′)n12−|j−j′|N

(1 + 2(j∧j′)|xI′ − xI |)L
2(k∧k′)n22−|k−k′|N

(1 + 2(k∧k′)|xJ′ − xJ |)L
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for all j, j′, k, k′, which implies that

|ϕj′,k′ ∗ (f − fN )(xI′ , xJ′)|

.
∑

j∈N

k∈Z

∑

I×J∈(Ej,k
N )c

|I||J ||(ψj,k ∗ f)(xI , xJ)|

×
2(j∧j′)n12−|j−j′|N

(1 + 2(j∧j′)|xI′ − xI |)L
2(k∧k′)n22−|k−k′|N

(1 + 2(k∧k′)|xJ′ − xJ |)L

.
∑

j∈N

k∈Z

2−|j−j′|N2−|k−k′|N

× C1

{
Ms

( ∑

I×J∈(Ej,k
N )c

|ψj,k ∗ f(xI , xJ )|
2χIχJ

)r/2

(u′, v′)

}1/r

for any u′ ∈ I ′, v′ ∈ J ′ by Lemma 2.5, where C1 = 2(1−1/r)[n1(j
′∧j−j)+n2(k

′∧k−k)]

and max{n1/L, n2/L} < r 6 1.

Therefore, by Cauchy’s inequality,

∑

j′∈N

k′∈Z

∑

I′×J′∈Π
n1
j′

×Π
n2
k′

|ϕj′,k′ ∗ (f − fN)(xI′ , xJ′)|2χI′(x1)χJ′(x2)

6 C
∑

j′,k′∈Z

j′>0

[∑

j∈N

k∈Z

2−|j−j′|N2−|k−k′|N

× C1

{
Ms

( ∑

I×J∈(Ej,k
N )c

|ψj,k ∗ f(xI , xJ )|
2χIχJ

)r/2

(u′, v′)

}1/r]2

6 C
∑

j′,k′∈Z

j′>0

{[∑

j∈N

k∈Z

2−|j−j′|N2−|k−k′|NC1

][∑

j∈N

k∈Z

2−|j−j′|N2−|k−k′|N

× C1

{
Ms

( ∑

I×J∈(Ej,k
N )c

|ψj,k ∗ f(xI , xJ )|
2χIχJ

)r/2

(u′, v′)

}2/r]}
.

It can be seen that

(3.2) 2−|j−j′|N2−|k−k′|NC1 6 C2−|j−j′|[N−(1/r−1)n1]2−|k−k′|[N−(1/r−1)n2],

which yields that

∑

j,k∈Z

j>0

2−|j−j′|N2−|k−k′|NC1 and
∑

j′,k′∈Z

j′>0

2−|j−j′|N2−|k−k′|NC1
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are all bounded by a constant independent of j, k, j′, k′ if N is big enough. Hence,

∑

j′∈N

k′∈Z

∑

I′×J′∈Π
n1
j′

×Π
n2
k′

|ϕj′,k′ ∗ (f − fN )(xI′ , xJ′)|2χI′(x1)χJ′(x2)

6 C
∑

j∈N

k∈Z

{
Ms

( ∑

I×J∈(Ej,k
N )c

|ψj,k ∗ f(xI , xJ )|
2χIχJ

)r/2

(u′, v′)

}2/r

.

Note that for any p > 0, one can choose r small enough such that p/r > qω.

Hence, by Remark 2.1 on L
p/r
ω (ℓ2/r), we have

(3.3)∥∥∥∥
( ∑

j′∈N

k′∈Z

∑

I′×J′∈Π
n1
j′

×Π
n2
k′

|ϕj′,k′ ∗ (f − fN )(xI′ , xJ′)|2χI′(x1)χJ′(x2)

)1/2∥∥∥∥
Lp

ω(Rn1+n2)

6 C

∥∥∥∥
(∑

j∈N

k∈Z

{
Ms

( ∑

I×J∈(Ej,k
N )c

|ψj,k ∗ f(xI , xJ)|
2χIχJ

)r/2

(u′, v′)

}2/r)1/2∥∥∥∥
Lp

ω(Rn1+n2)

= C

∥∥∥∥
(∑

j∈N

k∈Z

{
Ms

( ∑

I×J∈(Ej,k
N )c

|ψj,k ∗ f(xI , xJ)|
2χIχJ

)r/2

(u′, v′)

}2/r)r/2∥∥∥∥
1/r

L
p/r
ω (Rn1+n2)

6 C

∥∥∥∥
(∑

j∈N

k∈Z

∑

I×J∈(Ej,k
N )c

|ψj,k ∗ f(xI , xJ )|
2χI(x)χJ (y)

)1/2∥∥∥∥
Lp

ω(Rn1+n2)

,

which implies that ‖f − fN‖Hp
mix(ω,Rn1×Rn2) → 0 as N → ∞.

Thus, we complete the proof. �

As a direct corollary of Proposition 3.1, we have the following result.

Corollary 3.1. Let 1 6 q < ∞ and ω ∈ A∞(Rn1 × R
n2). Then Lq(Rn1+n2) ∩

Hp
mix(ω,R

n1 × R
n2) is dense in Hp

mix(ω,R
n1 × R

n2) for all 0 < p <∞.

Note that ω ∈ Aq(R
n1+n2) if ω ∈ Aq(R

n1 × R
n2) for some 1 6 q < ∞ and

S0(R
n1+n2) ⊆ S(Rn1+n2) ⊆ Lq

ω(R
n1+n2) by classical result. The above result also

holds for weighted Lq spaces.

Corollary 3.2. Suppose that ω ∈ Aq(R
n1 × R

n2) for some 1 6 q < ∞. Then

Lq
ω(R

n1+n2)∩Hp
mix(ω,R

n1 ×R
n2) is dense in Hp

mix(ω,R
n1 ×R

n2) for all 0 < p <∞.

Proposition 3.2. For i = 1, 2, let ψ
(i)
0 and ψ

(i) ∈ S(Rni ) be functions satisfying

conditions (1.1)–(1.3). Suppose that ω ∈ A∞(Rn1 × R
n2). Then for p ∈ (0,∞) if
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f ∈ L2(Rn1+n2) ∩Hp
mix(ω,R

n1 × R
n2), one has

(3.4) ‖f‖Hp
mix(ω,Rn1×Rn2) ≈

∥∥∥∥
(∑

j∈N

k∈Z

|ψj,k ∗ f(x)|
2

)1/2∥∥∥∥
Lp

ω(Rn1+n2)

.

P r o o f. Given any positive integer N , by (1.6), one can split f as

f(x1, x2) =

∞∑

j=0

∞∑

k=−∞

∫
ψj,k(x− y)ψj,k ∗ f(y) dy

=

∞∑

j=0

∞∑

k=−∞

∑

I×J∈Π
n1
j+N×Π

n2
k+N

∫

I×J

ψj,k(x − y)ψj,k ∗ f(y) dy,

where the series converges in L2(Rn1+n2). Hence, for any u ∈ I, v ∈ J ,

f(x1, x2) =
∑

j∈N

k∈Z

∑

I×J∈Π
n1
j+N×Π

n2
k+N

|I||J |[(ψj,k ∗ f)(u, v)]ψj,k(x1 − u, x2 − v)

+

{∑

j∈N

k∈Z

∑

I×J∈Π
n1
j+N×Π

n2
k+N

∫

I×J

ψj,k(x− y)ψj,k ∗ f(y) dy

−
∑

j∈N

k∈Z

∑

I×J∈Π
n1
j+N×Π

n2
k+N

|I||J |(ψj,k ∗ f)(u, v)ψj,k(x1 − u, x2 − v)

}

:= TN (f)(x) +RN (f)(x).

It is easy to check that ‖TN(f)‖L2(Rn1+n2) . ‖f‖L2(Rn1+n2). Furthermore, one can

divide RN (f)(x) as follows:

RN (f)(x)

=
∑

j∈N

k∈Z

∑

I×J∈Π
n1
j+N×Π

n2
k+N

∫

I×J

ψj,k(x− y)ψj,k ∗ f(y) dy

−
∑

j∈N

k∈Z

∑

I×J∈Π
n1
j+N×Π

n2
k+N

∫

I×J

[(ψj,k ∗ f)(u, v)]ψj,k(x1 − u, x2 − v) dy

=
∑

j∈N

k∈Z

∑

I×J∈Π
n1
j+N×Π

n2
k+N

∫

I×J

[ψj,k(x− y)− ψj,k(x1 − u, x2 − v)]ψj,k ∗ f(y) dy

+
∑

j∈N

k∈Z

∑

I×J∈Π
n1
j+N×Π

n2
k+N

∫

I×J

[(ψj,k ∗ f)(y)− ψj,k ∗ f)(u, v)]ψj,k(x1 − u, x2 − v) dy

= R1
N (f)(x) +R2

N (f)(x).
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We claim that for i = 1, 2,

(3.5) ‖Ri
N (f)‖Hp

mix(ω,Rn1×Rn2) 6 C2−N‖f‖Hp
mix(ω,Rn1×Rn2)

and

‖Ri
N (f)‖L2

ω(Rn1+n2) 6 C2−N‖f‖L2
ω(R

n1+n2).

We only give the proof of the boundedness ofR1
N (f) on Hp

mix(ω,R
n1×R

n2). For this,

let ϕj′,k′ satisfy Definition 1.1. Applying discrete Calderón’s identity (1.7), one has

ϕj′,k′ ∗ R1
N (f)(x)

=
∑

j∈N

k∈Z

∑

I×J∈Π
n1
j+N×Π

n2
k+N

∫

I×J

ϕj′,k′ ∗ [ψj,k(· − y)− ψj,k(· − u, · − v)(x)]

× ψj,k ∗ f(y) dy

=
∑

j∈N

k∈Z

∑

I×J∈Π
n1
j+N×Π

n2
k+N

∫

I×J

ϕj′,k′ ∗ [ψj,k(· − y)− ψj,k(· − u, · − v)(x)]

× ψj,k ∗

{∑

j′′∈N

k′′∈Z

∑

I′′×J′′∈Π
n1
j′′

×Π
n2
k′′

|I ′′||J ′′|(ψj′′,k′′ ∗ f)(xI′′ , xJ′′ )

× ψj′′,k′′(· − xI′′ , · − xJ′′)

}
(y) dy.

Denote ψ̃j,k(z1, z2) = ψj,k(z − y) − ψj,k(z1 − u, z2 − v), then it is easy to see that

ψ̃j,k ∈ S(Rn1+n2) and its behavior is similar as 2−Nψj,k(z1 − y1, z2 − y2). Hence, by

Lemma 2.2, one has

|ϕj′,k′ ∗ ψ̃j,k(x1, x2)| . 2−N 2(j∧j′)n12−|j−j′|M1

(1 + 2(j∧j′)|x1 − y1|)L1

2(k∧k′)n22−|k−k′|M2

(1 + 2(k∧k′)|x2 − y2|)L2
.

It implies that

|ϕj′,k′ ∗ ψ̃j,k(x1, x2)| . 2−N 2j
′n12−|j−j′|(M1−L1)

(1 + 2j′ |x1 − y1|)L1

2k
′n22−|k−k′|(M2−L2)

(1 + 2k′ |x2 − y2|)L2

for all j, j′ ∈ N, k, k′ ∈ Z. Similarly,

|(ψj,k ∗ ψj′′,k′′(· − xI′′ , · − xJ′′))(y1, y2)|

= |ψj,k ∗ ψj′′,k′′ (y1 − xI′′ , y2 − xJ′′ )|

.
2(j∧j′′)n12−|j−j′′|M1

(1 + 2(j∧j′′)|xI′′ − y1|)L1

2(k∧k′′)n22−|k−k′′|M2

(1 + 2(k∧k′′)|xJ′′ − y2|)L2

.
2j

′′n12−|j−j′′|(M1−L1)

(1 + 2j′′ |xI′′ − y1|)L1

2k
′′n22−|k−k′′|(M2−L2)

(1 + 2k′′ |xJ′′ − y2|)L2
.
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Therefore,

|ϕj′,k′ ∗ R1
N (f)(x)|

. 2−N
∑

j∈N

k∈Z

∑

I×J∈Π
n1
j+N×Π

n2
k+N

∑

j′′,k′′∈N

∑

I′′×J′′∈Π
n1
j′′

×Π
n2
k′′

|I ′′||J ′′|(ψj′′,k′′ ∗ f)(xI′′ , xJ′′)

×

∫

I×J

{2j
′n12−|j−j′|(M1−L1)

(1 + 2j′ |x1 − y1|)L1

2k
′n22−|k−k′|(M2−L2)

(1 + 2k′ |x2 − y2|)L2

×
2j

′′n12−|j−j′′|(M1−L1)

(1 + 2j′′ |xI′′ − y1|)L1

2k
′′n22−|k−k′′|(M2−L2)

(1 + 2k′′ |xJ′′ − y2|)L2

}
dy

= 2−N
∑

j∈N

k∈Z

∑

j′′,k′′∈N

∑

I′′×J′′∈Π
n1
j′′

×Π
n2
k′′

|I ′′||J ′′|(ψj′′,k′′ ∗ f)(xI′′ , xJ′′)

×

∫

Rn1×Rn2

{2j
′n12−|j−j′|(M1−L1)

(1 + 2j′ |x1 − y1|)L1

2k
′n22−|k−k′|(M2−L2)

(1 + 2k′ |x2 − y2|)L2

×
2j

′′n12−|j−j′′|(M1−L1)

(1 + 2j′′ |xI′′ − y1|)L1

2k
′′n22−|k−k′′|(M2−L2)

(1 + 2k′′ |xJ′′ − y2|)L2

}
dy

. 2−N
∑

j∈N

k∈Z

∑

j′′,k′′∈N

∑

I′′×J′′∈Π
n1
j′′

×Π
n2
k′′

|I ′′||J ′′|2−|j−j′′|(M1−L1)2−|k−k′′|(M2−L2)

×
2(j

′∧j′′)n12−|j−j′|(M1−L1)

(1 + 2(j′∧j′′)|x1 − xI′′ |)L1

2(k
′∧k′′)n22−|k−k′|(M2−L2)

(1 + 2(k′∧k′′)|x2 − xJ′′ |)L2
(ψj′′,k′′ ∗ f)(xI′′ , xJ′′ ).

Hence, by Lemma 2.5,

|ϕj′,k′ ∗ R1
N (f)(xI′ , xJ′)|

. 2−N
∑

j∈N

k∈Z

∑

j′′,k′′∈N

2−|j−j′′|(M1−L1)2−|k−k′′|(M2−L2)2−|j−j′|(M1−L1)2−|k−k′|(M2−L2)

× C1

{
Ms

( ∑

I′′×J′′∈Π
n1
j′′

×Π
n2
k′′

|ψj′′,k′′ ∗ f(xI′′ , yJ′′)|2χI′′χJ′′

)r/2

(u∗, v∗)

}1/r

6 2−N
∑

j′′,k′′∈N

2−|j′−j′′|(M1−L1)2−|k′−k′′|(M2−L2)

× C1

{
Ms

( ∑

I′′×J′′∈Π
n1
j′′

×Π
n2
k′′

|ψj′′,k′′ ∗ f(xI′′ , yJ′′)|2χI′′χJ′′

)r/2

(u∗, v∗)

}1/r

for any (u∗, v∗) ∈ I ′ × J ′, where C1 = 2(1−1/r)[n1(j
′∧j′′−j′′)+n2(k

′∧k′′−k′′)] and

max{n1/L1, n2/L2} < r 6 1.
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Repeating the process to obtain (3.3), we have

∥∥∥∥
( ∑

j′,k′∈N

∑

R′∈Π
n1
j′

×Π
n2
k′

|ϕj′,k′ ∗ R1
N (f)(xI′ , xJ′ )|2χI′(x′)χJ′(y′)

)1/2∥∥∥∥
Lp

ω(Rn1+n2)

. 2−N

∥∥∥∥
( ∑

j′′,k′′∈N

∑

I′′×J′′∈Π
n1
j′′

×Π
n2
k′′

|ψj′′,k′′ ∗ f(xI′′ , yJ′′)|2χI′′χJ′′

)1/2∥∥∥∥
Lp

ω(Rn1+n2)

.

Hence, we obtain (3.5).

Inequalities (3.5) imply ‖RN (f)‖Hp
mix(ω,Rn1×Rn2) 6 C2−N‖f‖Hp

mix(ω,Rn1×Rn2).

Thus, the operator TN = I −RN is invertible in H
p
mix(ω,R

n1 ×R
n2) by choosing N

large enough such that C2−N < 1. Then T−1
N =

∞∑
n=0

(RN )n and

‖T−1
N (f)‖Hp

mix(ω,Rn1×Rn2) ≈ ‖f‖Hp
mix(ω,Rn1×Rn2).

Note that

TN(f)(x1, x2) =
∑

j∈N

k∈Z

∑

I×J∈Π
n1
j+N×Π

n2
k+N

|I||J |(ψj,k ∗ f)(u, v)ψj,k(x1 − u, x2 − v)

in L2(Rn1+n2). Hence, for any ϕ ∈ S(Rn1+n2),

ϕ ∗ TN (f)(x1, x2) =
∑

j∈N

k∈Z

∑

I×J∈Π
n1
j+N×Π

n2
k+N

|I||J |(ψj,k ∗ f)(u, v)ϕ ∗ ψj,k(x1 − u, x2 − v).

Then, repeating the proof to obtain (3.3), one has

‖TN(f)‖Hp
mix(ω,Rn1×Rn2)

=

∥∥∥∥
∑

j∈N

k∈Z

∑

I×J∈Π
n1
j+N×Π

n2
k+N

|I||J |(ψj,k ∗ f)(u, v)ψj,k(x1 − u, x2 − v)‖Hp
mix(ω,Rn1×Rn2)

6 C

∥∥∥∥
(∑

j∈N

k∈Z

∑

I×J∈Π
n1
j+N×Π

n2
k+N

|(ψj,k ∗ f)(u, v)|2χIχJ

)1/2∥∥∥∥
Lp

ω(Rn1+n2)

,

where (u, v) can be any point in I × J . Hence,

‖f‖Hp
mix(ω,Rn1×Rn2) = ‖T−1

N ◦ TN(f)‖Hp
mix(ω,Rn1×Rn2)

. ‖TN(f)‖Hp
mix(ω,Rn1×Rn2)

.

∥∥∥∥
(∑

j∈N

k∈Z

∑

I×J∈Π
n1
j+N×Π

n2
k+N

|(ψj,k ∗ f)(u, v)|
2χIχJ

)1/2∥∥∥∥
Lp

ω(Rn1+n2)

,
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which implies that

‖f‖Hp
mix(ω,Rn1×Rn2)

.

∥∥∥∥
(∑

j∈N

k∈Z

∑

I×J∈Π
n1
j+N×Π

n2
k+N

inf
(u,v)∈I×J

|(ψj,k ∗ f)(u, v)|2χIχJ

)1/2∥∥∥∥
Lp

ω(Rn1+n2)

,

since (u, v) can be any fixed point in I × J ∈ Πn1

j+N ×Πn2

k+N . Repeating the proof to

obtain (3.3) again, one has

∥∥∥∥
(∑

j∈N

k∈Z

∑

I×J∈Π
n1
j+N×Π

n2
k+N

sup
(u,v)∈I×J

|(ψj,k ∗ f)(u, v)|
2χIχJ

)1/2∥∥∥∥
Lp

ω(Rn1+n2)

. ‖f‖Hp
mix(ω,Rn1×Rn2).

Thus, we obtain that

‖f‖Hp
mix(ω,Rn1×Rn2)

≈

∥∥∥∥
(∑

j∈N

k∈Z

∑

I×J∈Π
n1
j+N×Π

n2
k+N

sup
(u,v)∈I×J

|(ψj,k ∗ f)(u, v)|2χIχJ

)1/2∥∥∥∥
Lp

ω(Rn1+n2)

≈

∥∥∥∥
(∑

j∈N

k∈Z

∑

I×J∈Π
n1
j+N×Π

n2
k+N

inf
(u,v)∈I×J

|(ψj,k ∗ f)(u, v)|2χIχJ

)1/2∥∥∥∥
Lp

ω(Rn1+n2)

.

Thus, we have completed the proof. �

Proposition 3.3. Let 1 < p < ∞ and ω ∈ Ap(R
n1 × R

n2). Then Hp
mix(ω,

R
n1 × R

n2) = Lp
ω(R

n1+n2).

P r o o f. By iteration method for all 1 < p <∞ we have

‖S(f)(x)‖Lp
ω(Rn1+n2) . ‖f‖Lp

ω(Rn1+n2).

Conversely, let p′ denote the conjugate of p. Note that if ω ∈ Ap(R
n1 × R

n2),

ω1−p′

∈ Ap′(Rn1×R
n2) (see [16]), hence ω1−p′

∈ Ap′(Rn1+n2). By classical result, the

space C∞
0 (Rn1+n2), composed by all smooth functions with compact support, is dense

in Lr
µ(R

n1+n2) for all µ ∈ A∞(Rn1+n2), see [18]. Hence, L2(Rn1+n2)∩Lp′

ω1−p′ (R
n1+n2)

is dense in Lp′

ω1−p′ (R
n1+n2).
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By (1.6), for g ∈ L2(Rn1+n2) ∩ Lp′

ω1−p′ (R
n1+n2), one has

∣∣∣∣
∫
f(x)g(−x) dx

∣∣∣∣ 6
∑

j∈N

k∈Z

|ψj,k ∗ ψj,k ∗ f ∗ g(0)|

6
∑

j∈N

k∈Z

∫
|ψj,k ∗ f(y)||ψj,k ∗ g(−y)| dy

6

∫ (∑

j∈N

k∈Z

|ψj,k ∗ f(y)|2
)1/2

ω(y)1/p

×

(∑

j∈N

k∈Z

|ψj,k ∗ g(y)|
2

)1/2

ω(y)−1/p dy

6 ‖S(f)‖Lp
ω(Rn1+n2)‖S(g)‖Lp′

ω1−p′
(Rn1+n2)

. ‖S(f)‖Lp
ω(Rn1+n2)‖g‖Lp′

ω1−p′
(Rn1+n2)

,

which yields our desired result. �

4. Boundedness of operators

To discuss the boundedness of operators on Hp
mix(ω,R

n1 × R
n2), we need a new

discrete Calderón-type identity composed by some test functions with compact sup-

ports. To do this, given a positive integer M large enough, let φ
(1)
0 , φ(1) ∈ S(Rn1)

with

suppφ
(1)
0 ⊆ {x ∈ R

n1 : |x| 6 1};

∫
φ
(1)
0 = 1,(4.1)

suppφ(1) ⊆ {x ∈ R
n1 : |x| 6 1};

∫
φ(1)(x)xα dx = 0 ∀ |α| 6M,(4.2)

and

|φ̂
(1)
0 (ξ)|2 +

∞∑

j=1

|φ̂(1)(2−jξ)|2 = 1 ∀ ξ ∈ R
n1 .(4.3)

Let φ(2) ∈ S(Rn2) with

(4.4) suppφ(2) ⊆ {x ∈ R
n2 : |x| 6 1};

∫
φ(2)(x)xα dx = 0 ∀ |α| 6M,
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and

(4.5)
∑

j∈Z

|φ̂(2)(2−jξ)|2 = 1 ∀ ξ ∈ R
n2 \ {0}.

By taking the Fourier transform, one has the following continuous Calderón-type

identity:

(4.6) f(x) =
∞∑

j=0

∞∑

k=−∞

φj,k ∗ φj,k ∗ f(x),

where the series converges in L2(Rn1+n2), S0(R
n1+n2) and S ′

0(R
n1+n2). Different

from (1.6), the test functions in (4.6) have compact supports.

Lemma 4.1. Suppose that φ
(1)
0 , φ

(1) and φ(2) satisfy conditions (4.1)–(4.5). Let

ω ∈ A2(R
n1+n2), then if f ∈ L2

ω(R
n1+n2),

(4.7) f(x) =

∞∑

j=0

∞∑

k=−∞

φj,k ∗ φj,k ∗ f(x),

where the series converges in L2
ω(R

n1+n2).

P r o o f. Since the series
∞∑
j=0

∞∑
k=−∞

φj,k ∗ φj,k ∗ f(x) converges to f in S0(R
n1+n2)

and L2
ω(R

n1+n2) norm is dominated by a certain seminorm of S(Rn1+n2), (4.7) holds

in L2
ω(R

n1+n2) if f ∈ S0(R
n1+n2).

For general f ∈ L2
ω(R

n1+n2), given for all ε > 0, by Proposition 3.1, there exists

g ∈ S0(R
n1+n2) and h ∈ L2

ω(R
n1+n2) with ‖h‖L2

ω(R
n1+n2) < ε such that f = g + h.

Moreover, for any positive integer N ,

∥∥∥∥f −
N∑

j=0

N∑

k=−N

φj,k ∗ φj,k ∗ f

∥∥∥∥
L2

ω(Rn1+n2)

6

∥∥∥∥g −
N∑

j=0

N∑

k=−N

φj,k ∗ φj,k ∗ g

∥∥∥∥
L2

ω(Rn1+n2)

+ ‖h‖L2
ω(R

n1+n2)

+

∥∥∥∥
N∑

j=0

N∑

k=−N

φj,k ∗ φj,k ∗ h

∥∥∥∥
L2

ω(Rn1+n2)

.
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Since ω ∈ A2(R
n1+n2), one has ω−1 ∈ A2(R

n1+n2). Hence, by a duality argument,

one has

∥∥∥∥
N∑

j=0

N∑

k=−N

φj,k ∗ φj,k ∗ h

∥∥∥∥
L2

ω(Rn1+n2)

= sup
‖u‖

L2
ω−1

(Rn1+n2 )
61

∣∣∣∣
〈 N∑

j=0

N∑

k=−N

φj,k ∗ φj,k ∗ h, u

〉∣∣∣∣

= sup
‖u‖

L2
ω−1

(Rn1+n2 )
61

∣∣∣∣
N∑

j=0

N∑

k=−N

φj,k ∗ φj,k ∗ h ∗ ũ(0)

∣∣∣∣

= sup
‖u‖

L2
ω−1

(Rn1+n2 )
61

∫ N∑

j=0

N∑

k=−N

φj,k ∗ h(x)ω(x)1/2φj,k ∗ ũ(−x)ω(x)−1/2 dx

6 sup
‖u‖

L2
ω−1

(Rn1+n2 )
61

∫ ( N∑

j=0

N∑

k=−N

|φj,k ∗ h(x)|
2ω(x)

)1/2

×

( N∑

j=0

N∑

k=−N

|φj,k ∗ u(x)|2ω(x)−1

)1/2

dx

6 ‖h‖L2
ω(R

n1+n2),

where ũ(x) = u(−x). Since ε is arbitrary, we complete this proof. �

Theorem 4.1. For 0 < p 6 1, let φ
(1)
0 , φ

(1) and φ(2) satisfy conditions (4.1)–(4.5).

Suppose that ω ∈ A2(R
n1×R

n2). Then for any f ∈ L2
ω(R

n1+n2)∩Hp
mix(ω,R

n1×R
n2),

(4.8) ‖f‖Hp
mix(ω,Rn1×Rn2)

≈

∥∥∥∥
(∑

j∈N

k∈Z

|φj,k ∗ f(x)|2
)1/2∥∥∥∥

Lp
ω(Rn1+n2)

≈

∥∥∥∥
(∑

j∈N

k∈Z

∑

I×J∈Π
n1
j+N×Π

n2
k+N

|(φj,k ∗ f)(xI , xJ)|
2χIχJ

)1/2∥∥∥∥
Lp

ω(Rn1+n2)

.

Moreover, there exists a positive integer N such that

(4.9) f(x) =
∑

j∈N

k∈Z

∑

I×J∈Π
n1
j+N×Π

n2
k+N

|I||J |(φj,k ∗ h)(xI , xJ )φj,k(x1 − xI , x2 − xJ),
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where the series converges in L2
ω(R

n1+n2) and Hp
mix(ω,R

n1 × R
n2), and h ∈

L2
ω(R

n1+n2) ∩Hp
mix(ω,R

n1 × R
n2) satisfies

‖h‖L2
ω(R

n1+n2) ≈ ‖f‖L2
ω(R

n1+n2) and ‖h‖Hp
mix(ω,Rn1×Rn2) ≈ ‖f‖Hp

mix(ω,Rn1×Rn2).

P r o o f. Let f ∈ L2
ω(R

n1+n2) ∩Hp
mix(ω,R

n1 × R
n2), then by Lemma 4.1, f(x) =

∞∑
j=0

∞∑
k=−∞

φj,k ∗ φj,k ∗ f(x) in L2
ω(R

n1+n2). Then for any large positive integer N ,

similar as in the proof of Proposition 3.2, one has

f(x1, x2) = TN (f)(x) +RN (f)(x)

and

‖T−1
N (f)‖L2

ω(Rn1+n2) ≈ C2−N‖f‖L2
ω(R

n1+n2)

and

‖T−1
N (f)‖Hp

mix(ω,Rn1×Rn2) ≈ C2−N‖f‖Hp
mix(ω,Rn1×Rn2).

Set h(x) = T−1
N (f)(x), then

f(x) = TN(T−1
N f)(x)

=
∑

j∈N

k∈Z

∑

I×J∈Π
n1
j+N×Π

n2
k+N

|I||J |(φj,k ∗ h)(xI , xJ )φj,k(x1 − xI , x2 − xJ ).

It can be seen that this series converges in Hp
mix(ω,R

n1 × R
n2) and L2

ω(R
n1+n2).

Thus, we complete the proof. �

P r o o f of Theorem 1.2. Let f ∈ L2
ω(R

n1+n2) ∩ Hp
mix(ω,R

n1 × R
n2). Then by

Theorem 4.1,

f(x1, x2) =
∑

j∈N

k∈Z

∑

I×J∈Π
n1
j+N×Π

n2
k+N

|I||J |(ϕj,k ∗ h)(xI , xJ )ϕj,k(x1 − xI , x2 − xJ )

in L2
ω(R

n1+n2), where ϕj,k satisfy the same conditions of Theorem 4.1. By the L
2
ω

boundedness of T ,

T (f)(x1, x2)

=
∑

j∈N

k∈Z

∑

I×J∈Π
n1
j+N×Π

n2
k+N

|I||J |(ϕj,k ∗ h)(xI , xJ )T (ϕj,k(· − xI , · − xJ ))(x1, x2).
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Then by (4.8),

(4.10) ‖T (f)‖Hp
mix(ω,Rn1×Rn2)

≈ C

∥∥∥∥
(∑

j′∈N

k′∈Z

|φj′,k′ ∗ (Tf)(x1, x2)|
2

)1/2∥∥∥∥
Lp

ω(Rn1+n2)

= C

∥∥∥∥
(∑

j′∈N

k′∈Z

∣∣∣∣
∑

j∈N

k∈Z

∑

I×J∈Π
n1
j+N×Π

n2
k+N

|I||J |(ϕj,k ∗ h)(xI , xJ )

× φj′,k′ ∗ T (ϕj,k(· − xI , · − xJ ))(x1, x2)

∣∣∣∣
2)1/2∥∥∥∥

Lp
ω(Rn1+n2)

,

where φj′,k′ , ϕj,k satisfy the conditions in Theorem 4.1.

To discuss (4.10), we recall an almost orthogonality estimate from [6].

Lemma 4.2. Suppose that φj,k, ϕj,k satisfy the condition of Theorem 4.1 and

j, j′ ∈ N, k, k′ ∈ Z. Then for any 0 < ε′ < min{δ, ε} there exists a constant C > 0

such that

|φj′,k′ ∗ T (ϕj,k(· − u1, · − u2)(x1, x2)|

6 C2−|j′−j|ε′2−|k′−k|ε′ 2−(j∧j′)ε

(2−(j∧j′) + |x1 − u1|)n1+ε

2−(k∧k′)ε

(2−(k∧k′) + |x2 − u2|)n2+ε
.

Therefore, by Lemma 2.5 again,

|φj′,k′ ∗ (Tf)(x1, x2)|

.
∑

j∈N

k∈Z

∑

I×J∈Π
n1
j+N×Π

n2
k+N

|I||J ||(ϕj,k ∗ h)(xI , xJ )|

× 2−|j′−j|ε′2−|k′−k|ε′ 2−(j∧j′)ε

(2−(j∧j′) + |x1 − xI |)n1+ε

2−(k∧k′)ε

(2−(k∧k′) + |x2 − xJ |)n2+ε

.
∑

j∈N

k∈Z

2−|j′−j|ε′2−|k′−k|ε′

× C1

{
Ms

( ∑

R∈Π
n1
j+N×Π

n2
k+N

|ϕj,k ∗ h(xI , xJ)|
2χIχJ

)r/2

(u, v)

}1/r

.

Then, repeating the proof to obtain (3.3), one has

‖T (f)‖Hp
mix(ω,Rn1×Rn2) . ‖h‖Hp

mix(ω,Rn1×Rn2) ≈ ‖f‖Hp
mix(ω,Rn1×Rn2)

by Theorem 4.1. Thus, we complete the proof of Theorem 1.2. �
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It is well known that the atomic decomposition is the main tool to study the

Hp − Lp boundedness of singular operators, see [2], [10], [11], [14], [16], [21], [23],

[24], [25]. Different from this, in this paper, we use the approach developed in [22] to

prove Theorem 1.3. For this, we prove the following result in mixed multi-parameter

setting.

Theorem 4.2. Let 0 < p 6 1 and ω ∈ A2(R
n1 × R

n2). If f ∈ L2
ω(R

n1+n2) ∩

Hp
mix(ω,R

n1 × R
n2), then

‖f‖Lp
ω(Rn1+n2) 6 C‖f‖Hp

mix(ω,Rn1×Rn2),

where C is a constant independent of f .

P r o o f. For f ∈ L2
ω(R

n1+n2) ∩Hp
mix(ω,R

n1 × R
n2), let

S̃(f)(x) =

(∑

j∈N

k∈Z

∑

I×J∈Π
n1
j+N×Π

n2
k+N

|(φj,k ∗ h)(xI , xJ )|
2χIχJ

)1/2

,

where φj,k and h satisfy the conditions of Theorem 4.1.

For any i ∈ Z, set

Ωi = {x ∈ R
n1+n2 : S̃(f)(x) > 2i}, Ω̃i =

{
x ∈ R

n1+n2 : Mω
s (χΩi)(x) >

1

10n1+n2

}

and

Bi =
{
R : R ∈ Π, ω(R ∩Ωi) >

1

2
ω(R), ω(R ∩ Ωi+1) 6

1

2
ω(R)

}
.

Here Mω
s (g)(x) = sup

R
(ω(R))−1

∫
R
|g(x)|ω(x) dx, where the supremum is taken over

all cuboids R containing x in Rn1×R
n2 . It is easy to see that

⋃
R∈Bi

R ⊆ Ω̃i. Moreover,

ω(Ω̃i) 6 Cω(Ωi) by the boundedness of M
ω
s , see [9].

Hence, by (4.9),

f(x) =
∑

j∈N

k∈Z

∑

I×J∈Π
n1
j+N×Π

n2
k+N

|I||J |(φj,k ∗ h)(xI , xJ )φj,k(x1 − xI , x2 − xJ )

=

∞∑

i=−∞

∑

R∈Bi

|R|(φR ∗ h)(xI , xJ )φR(x1 − xI , x2 − xJ ),

where the series converges in the L2
ω norm.
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Since ω(Ω̃i) 6 Cω(Ωi), by Hölder’s inequality, one has

(4.11)

∥∥∥∥
∑

R∈Bi

|R|φR(· − xI , · − xJ )(φR ∗ h)(xI , xJ )‖
p
Lp

ω(Rn1+n2)

6 ω(Ωi)
1−p/2

∥∥∥∥
∑

R∈Bi

|R|φR(· − xI , · − xJ )(φj,k ∗ h)(xI , xJ )

∥∥∥∥
p

L2
ω(Rn1+n2)

.

Using duality argument,
∥∥∥∥
∑

R∈Bi

|R|φR(· − xI , · − xJ )(φR ∗ h)(xI , xJ )

∥∥∥∥
L2

ω(Rn1+n2)

= sup
‖g‖

L2
ω−1

(Rn1+n2)
61

∣∣∣∣
∫ ( ∑

R∈Bi

|R|[(φR ∗ h)(xI , xJ )]φR(x1 − xI , x2 − xJ )

)
g(x) dx

∣∣∣∣

= sup
‖g‖

L2
ω−1

(Rn1+n2)
61

∣∣∣∣
∑

R∈Bi

|R|[(φR ∗ h)(xI , xJ )]φ̃R ∗ g(xI , xJ )

∣∣∣∣

= sup
‖g‖

L2
ω−1

(Rn1+n2)
61

∣∣∣∣
∫ ∑

R∈Bi

[(φR ∗ h)(xI , xJ )]φ̃R ∗ g(xI , xJ )χR(x) dx

∣∣∣∣

6 sup
‖g‖

L2
ω−1

(Rn1+n2)
61

∥∥∥∥
( ∑

R∈Bi

|(φR ∗ h)(xI , xJ )|
2χR(x)

)1/2

‖L2
ω(R

n1+n2)‖g

∥∥∥∥
L2

ω−1 (R
n1+n2)

.

Hence,

(4.12)

∥∥∥∥
∑

R∈Bi

|R|φR(· − xI , · − xJ )(φR ∗ h)(xI , xJ)

∥∥∥∥
L2

ω(Rn1+n2)

.

∥∥∥∥
( ∑

R∈Bi

|(φR ∗ h)(xI , xJ )|
2χR(x)

)1/2∥∥∥∥
L2

ω(Rn1+n2)

=

( ∑

R∈Bi

ω(R)|(φR ∗ h)(xI , xJ)|
2

)1/2

.

Furthermore, by the definition of Bi, one has ω(R ∩ Ω̃i \ Ωi+1) >
1
2ω(R). Hence,

(4.13)
∑

R∈Bi

ω(R)|(φR ∗ h)(xI , xJ )|
2

.
∑

R∈Bi

ω(R ∩ Ω̃i \ Ωi+1)|(φR ∗ h)(xI , xJ )|
2

=

∫

Ω̃i\Ωi+1

∑

R∈Bi

|(φR ∗ h)(xI , xJ )|
2χR(x)ω(x) dx

6 22(i+1)ω(Ω̃i) . 22iω(Ωi).
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Therefore, by (4.11), (4.12) and (4.13), one has

‖f‖p
Lp

ω(Rn1+n2)

6
∑

i

∥∥∥∥
∑

R∈Bi

|R|φR(· − xI , · − xJ )(φR ∗ h)(xI , xJ )

∥∥∥∥
p

Lp
ω(Rn1+n2)

6
∑

i

ω(Ωi)
1−p/2

∥∥∥∥
∑

R∈Bi

|R|φR(· − xI , · − xJ)(φj,k ∗ h)(xI , xJ)

∥∥∥∥
p

L2
ω(Rn1+n2)

.
∑

i

ω(Ωi)
1−p/22ipω(Ωi)

p/2 . ‖S̃(f)‖p
Lp

ω(Rn1+n2)
,

which yields that

‖f‖p
Lp

ω(Rn1+n2)
. ‖h‖p

Hp
mix(ω,Rn1×Rn2)

≈ ‖f‖p
Hp

mix(ω,Rn1×Rn2)

by Theorem 4.1.

Thus, we complete the proof. �

It is easy to see that Theorem 1.3 is a corollary of Theorems 1.2 and 4.2.
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