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Abstract. We first describe the Sekine quantum groups Ak (the finite-dimensional Kac
algebra of Kac-Paljutkin type) by generators and relations explicitly, which maybe conve-
nient for further study. Then we classify all irreducible representations of Ak and describe
their representation rings r(Ak). Finally, we compute the the Frobenius-Perron dimension
of the Casimir element and the Casimir number of r(Ak).
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1. Introduction

Sekine in [5] introduces a family of finite quantum groups Ak, k ∈ N, k > 2,

referred to as Sekine quantum groups, arising as bicrossed products of classical

cyclic groups with the matched pair being Z2 and Zk × Zk, see [6] and [8] for

more details. Sekine quantum groups form a class of finite quantum groups of

Kac-Paljutkin type (see [3]) and they are neither commutative nor cocommutative

Hopf algebras for k > 2, while A2 is cocommutative. These quantum groups at-

tract great interest in many fields of mathematics, such as idempotent states, fu-

sion category and so on. In particular, Sekine quantum groups play an important

role in the study of idempotent states, since they provide examples that idempo-

tent states on locally compact quantum groups are not necessarily Haar idempo-

tent states. In [2], Franz and Skalski characterise all quantum subgroups of Ak

for a given k and exhibit examples of idempotent states on Ak for each k > 2
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which are not Haar states on subgroups. In [8], the author computes all the idem-

potent states on Sekine quantum groups, which completes the work of Franz and

Skalski, see [2].

As for the Sekine quantum groupsAk, their algebraic structures are clear, however,

the comultiplications are complicated and their applications may result in complex

calculation, see [2], [5], and [8]. Can we rewrite the definition of the Sekine quan-

tum groups so that the algebraic and coalgebraic structures are both simple and

easy to handle? Inspired by this, in the present short paper we construct a Hopf

algebra H by four generators with a family of relations, which is isomorphic to the

Sekine quantum group Ak. Then all the irreducible modules of H are classified.

Furthermore, the representation ring r(H) is established and the Casimir number

of r(H) is computed. It is noted that H has simple defining relations and comul-

tiplications. It may be more convenient to study the Sekine quantum group in the

future work.

The note is organized as follows. In Section 1, we first give the definition of

the 2k2 dimensional Hopf algebra H by generators and relations, showing that H

is a Hopf algebra. Then we prove that H is isomorphic to the Sekine quantum

group Ak as a Hopf algebra. In Section 2, we give all the irreducible modules

of H and establish the decomposition formulas of the tensor product of two irre-

ducible H-modules. The representation ring r(H) is also described. Finally, we

compute the Frobenius-Perron dimension of the Casimir element and the Casimir

number of r(H).

2. Sekine quantum groups

Throughout, we always assume that k is an algebraic closed field of characteristic

zero. All algebras and modules are over the field k.

Fix a k ∈ Z, k > 2, η a primitive kth root of unity, Zk := {0, 1, . . . , k − 1},

I =: {1, 2, . . . , k}, and ei,j , i, j ∈ I, are the matrix units of Mk(k).

Now we introduce an algebra H by generators and generating relations.

Definition 2.1. Let H be an associative algebra generated by x, y and σ, τ with

the relations

xk = yk, σk = τk, xk + σk = 1, xy = yx, στ = ητσ, ab = ba = 0

for a = x, y, b = σ, τ .

It is easy to see that {xmyn, σiτ j : m,n, i, j ∈ I} forms a basis of H.
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Proposition 2.2. The algebra H is a Hopf algebra with the comultiplication ∆,

counite ε and antipode S acting on the generators as follows:

∆(x) = x⊗ x+ τ ⊗ τ, ∆(y) = y ⊗ y + σ ⊗ σk−1, ∆(σ) = y ⊗ σ + σ ⊗ yk−1,

∆(τ) = τ ⊗ x+ x⊗ τ, ε(x) = ε(y) = 1, ε(σ) = ε(τ) = 0,

S(x) = xk−1, S(y) = yk−1, S(σ) = σ, S(τ) = τk−1.

P r o o f. Firstly, we show that ∆ is a homomorphism of the algebra H. Note that

yk · yk = yk(1 − σk) = yk − ykσk = yk, we have (yk−1)k = (yk)k−1 = yk, similarly,

(σk−1)k = (σk)k−1 = σk. Therefore, we have

∆(y)k = (y ⊗ y + σ ⊗ σk−1)k = yk ⊗ yk + σk ⊗ (σk−1)k

= yk ⊗ yk + σk ⊗ σk = xk ⊗ xk + τk ⊗ τk = ∆(x)k,

∆(σ)k = (y ⊗ σ + σ ⊗ yk−1)k = yk ⊗ σk + σk ⊗ (yk−1)k

= yk ⊗ σk + σk ⊗ yk = xk ⊗ τk + τk ⊗ xk = ∆(τ)k,

∆(x)∆(y) = xy ⊗ xy + τσ ⊗ τσk−1 = yx⊗ yx+ στ ⊗ σk−1τ = ∆(y)∆(x),

∆(σ)∆(τ) = yx⊗ στ + στ ⊗ yk−1x = ηxy ⊗ τσ + ητσ ⊗ xyk−1 = η∆(τ)∆(σ),

∆(x)k +∆(σ)k = xk ⊗ xk + τk ⊗ τk + yk ⊗ σk + σk ⊗ (yk−1)k

= xk ⊗ (xk + σk) + τk ⊗ (τk + (yk−1)k)

= xk ⊗ 1 + τk ⊗ 1 = 1⊗ 1 = ∆(1).

It is easy to see that ∆(ab) = 0 for a = x, y and b = σ, τ , therefore ∆ is a homomor-

phism of H. The coassociativity of ∆ follows from the following identities:

(∆⊗ id)∆(x) = ∆(x)⊗ x+∆(τ) ⊗ τ

= x⊗ x⊗ x+ τ ⊗ τ ⊗ x+ τ ⊗ x⊗ τ + x⊗ τ ⊗ τ

= x⊗∆(x) + τ ⊗∆(τ) = (id⊗∆)∆(x),

(∆⊗ id)∆(y) = ∆(y)⊗ y +∆(σ)⊗ σk−1

= y ⊗ y ⊗ y + σ ⊗ σk−1 ⊗ y + y ⊗ σ ⊗ σk−1 + σ ⊗ yk−1 ⊗ σk−1

= y ⊗∆(y) + σ ⊗∆(σ)k−1 = (id⊗∆)∆(y),

(∆⊗ id)∆(σ) = ∆(y)⊗ σ +∆(σ) ⊗ yk−1

= y ⊗ y ⊗ σ + σ ⊗ σk−1 ⊗ σ + y ⊗ σ ⊗ yk−1 + σ ⊗ yk−1 ⊗ yk−1

= y ⊗∆(σ) + σ ⊗∆(yk−1) = (id⊗∆)∆(σ),

(∆⊗ id)∆(τ) = ∆(τ) ⊗ x+∆(x) ⊗ τ

= τ ⊗ x⊗ x+ x⊗ τ ⊗ x+ x⊗ x⊗ τ + τ ⊗ τ ⊗ τ

= τ ⊗∆(x) + x⊗∆(τ) = (id⊗∆)∆(τ).
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Secondly, we check that S is an anti-homomorphism of the algebra H.

S(y)k = (yk−1)k = yk = xk = (xk−1)k = S(x)k,

S(τ)k = (τk−1)k = τk = σk = S(σ)k,

S(x)k + S(τ)k = (xk−1)k + (τk−1)k = xk + τk = xk + σk = 1 = S(1),

S(y)S(x) = yk−1xk−1 = xk−1yk−1 = S(x)S(y),

S(τ)S(σ) = τk−1σ = ηστk−1 = ηS(σ)S(τ),

S(a)S(b) = 0 = S(b)S(a) for a = x, y, b = σ, τ.

At last, we show that S ∗ id = id ∗ S = uε. As for the generators, we have

S ∗ id(x) = S(x)x + S(τ)τ = xk + τk = xS(x) + τS(τ) = id ∗ S(x) = 1 = ε(x)1,

S ∗ id(y) = S(y)y + S(σ)σk−1 = yk + σk = yS(y) + σS(σ)k−1 = id ∗ S(y)

= 1 = ε(y)1,

S ∗ id(σ) = S(y)σ + S(σ)yk−1 = 0 = id ∗ S(σ) = ε(σ)1,

S ∗ id(τ) = S(τ)x + S(x)τ = 0 = id ∗ S(τ) = ε(τ)1.

Therefore, H is a Hopf algebra. �

In fact, the Hopf algebra H is isomorphic to the Sekine quantum group Ak. To

see the fact, we first recall the definition of Ak.

Definition 2.3 ([2]). Let

Ak =
⊕

i,j∈Zk

kdi,j ⊕Mk(k)

as an algebra. The comultiplication, counit, and antipode of Ak are defined by the

following formulas:

∆(di,j) =
∑

m,n∈Zk

dm,n ⊗ di−m,j−n +
1

k

∑

m,n∈Zk

ηi(m−n)em,n ⊗ em+j,n+j, i, j ∈ Zk;

∆(ei,j) =
∑

m,n∈Zk

ηm(i−j)d−m,−n ⊗ ei−n,j−n

+
∑

m,n∈Zk

ηm(j−i)ei−n,j−n ⊗ dm,n, i, j ∈ I;

ε(di,j) =

{

1, i = j = 0,

0, others,
i, j ∈ Zk; ε(ei,j) = 0, i, j ∈ I;

S(di,j) = d−i,−j , i, j ∈ Zk, S(ei,j) = ej,i, i, j ∈ I.

Then Ak is a finite dimensional Hopf algebra, called the Sekine quantum group.
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Theorem 2.4. The Sekine quantum group Ak is isomorphic to the Hopf alge-

bra H.

P r o o f. Let Φ be the linear map fromH toAk, where the images of the generators

under Φ are

Φ(x) =
k−1
∑

i,j=0

η−idi,j , Φ(y) =
k−1
∑

i,j=0

η−jdi,j ,

Φ(σ) =

k
∑

s=1

ηs−1es,s, Φ(τ) =

k
∑

s=1

es+1,s.

Firstly, we show that Φ is an algebra homomorphism. Note that

(Φ(x))k =

( k−1
∑

i,j=0

η−idi,j

)k

=

k−1
∑

i,j=0

di,j =

( k−1
∑

i,j=0

η−jdi,j

)k

= (Φ(y))k,

(Φ(σ))k =

( k
∑

s=1

ηs−1es,s

)k

=
k
∑

s=1

es,s =

( k
∑

s=1

es+1,s

)k

= (Φ(τ))k,

(Φ(x))k + (Φ(σ))k =
k−1
∑

i,j=0

di,j +
k

∑

s=1

es,s = 1,

Φ(x)Φ(y) =

( k−1
∑

i,j=0

η−idi,j

)( k−1
∑

i,j=0

η−jdi,j

)

= Φ(y)Φ(x)

Φ(σ)Φ(τ) =

( k
∑

s=1

ηs−1es,s

)( k
∑

s=1

es+1,s

)

=
k

∑

s=1

ηses+1,s,

Φ(τ)Φ(σ) =

( k
∑

s=1

es+1,s

)( k
∑

s=1

ηs−1es,s

)

=

k
∑

s=1

ηs−1es+1,s,

Φ(a)Φ(b) = 0 = Φ(b)Φ(a) for a = x, y, b = σ, τ.

It follows that Φ preserves all the relations of Definition 2.1 and therefore Φ is an

algebra homomorphism.

Secondly, we prove that Φ is bijective. Note that Φ
(

xmyn
)

=
k−1
∑

i,j=0

η−(im+jn)di,j

and Φ
(

σiτ j
)

=
k
∑

s=1

ηises+1,s+1−j , therefore if we let

k
∑

m,n=1

am,n

k−1
∑

i,j=0

η−(im+jn)di,j = 0 and

k
∑

i,j=1

bij

k
∑

s=1

ηises+1,s+1−j = 0,
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it suffices to prove that am,n = 0 for any m,n = 1, . . . , k and bij = 0 for

any i, j = 1, 2, . . . , k. Since di,j are linearly independent for different i and j,

we have
k
∑

m,n=1

am,nη
−(im+jn) = 0

for any i, j ∈ Zk. Let xm =
k
∑

n=1
am,nη

−jn, then the above equation can be rewrit-

ten as
k

∑

m=1

η−imxm = 0.

This is a system of homogeneous linear equations, whose coefficient determi-

nant is a Vandermonde determinant which is not zero, it follows that xm = 0.

The same reason forces all the am,n = 0. Similarly, we can prove that all the

bij = 0.

Thirdly, we show that Φ is also a coalgebra homomorphism. It is just to prove that

for any generators a = x, y, σ, τ , we have ∆Φ(a) = (Φ⊗Φ)∆(a) and ε ◦Φ(a) = ε(a).

For x, we have

∆Φ(x) = ∆

( k−1
∑

i,j=0

η−idi,j

)

=

k−1
∑

i,j=0

( k−1
∑

m,n=0

η−idm,n ⊗ di−m,j−n +
1

k

k
∑

s,t=1

ηi(s−t−1)es,t ⊗ es+j,t+j

)

,

(Φ⊗ Φ)∆(x) = (Φ⊗ Φ)(x⊗ x+ τ ⊗ τ)

=

k−1
∑

i,j=0

η−idi,j ⊗

k−1
∑

i,j=0

η−idi,j +

k
∑

s=1

es+1,s ⊗

k
∑

s=1

es+1,s

=
k−1
∑

i,j=0

k−1
∑

i′,j′=0

η−(i+i′)di,j ⊗ di′,j′ +
k

∑

s,t=1

es+1,s ⊗ et+1,t.

Note that if s− t 6= 1, then

1

k

k−1
∑

i,j=0

ηi(s−t−1)es,t ⊗ es+j,t+j =
1

k

k−1
∑

j=0

(k−1
∑

i=0

ηi(s−t−1)

)

es,t ⊗ es+j,t+j = 0,

so we have ∆Φ(x) = (Φ⊗ Φ)∆(x).
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For y, we have

∆Φ(y) = ∆

( k−1
∑

i,j=0

η−jdi,j

)

=

k−1
∑

i,j=0

( k−1
∑

m,n=0

η−jdm,n ⊗ di−m,j−n +
1

k

k
∑

s,t=1

ηi(s−t)−jes,t ⊗ es+j,t+j

)

,

(Φ⊗ Φ)∆(y) =

k−1
∑

i,j=0

η−jdi,j ⊗

k−1
∑

i,j=0

η−jdi,j +

k
∑

s=1

ηs−1es,s ⊗

k
∑

s=1

η1−ses,s

=

k−1
∑

i,j=0

k−1
∑

i′,j′=0

η−(j+j′)di,j ⊗ di′,j′ +

k
∑

s,t=1

ηs−tes,s ⊗ et,t.

Note that if s− t 6= 0, then

1

k

k−1
∑

i,j=0

ηi(s−t)−jes,t ⊗ es+j,t+j =
1

k

k−1
∑

j=0

(k−1
∑

i=0

ηi(s−t)

)

η−jes,t ⊗ es+j,t+j = 0,

so we have ∆Φ(y) = (Φ⊗ Φ)∆(y).

For σ, we have

∆Φ(σ) = ∆

( k
∑

s=1

ηs−1es,s

)

=
k
∑

s=1

ηs−1

( k−1
∑

i,j=0

d−i,−j ⊗ es−j,s−j +
k−1
∑

i,j=0

es−j,s−j ⊗ di,j

)

,

(Φ⊗ Φ)∆(σ) =
k−1
∑

i,j=0

η−jdi,j ⊗
k
∑

s=1

ηs−1es,s +
k
∑

s=1

ηs−1es,s ⊗
k−1
∑

i,j=0

(η−j)k−1di,j

=

k−1
∑

i,j=0

k
∑

s=1

ηs−j−1di,j ⊗ es,s +

k
∑

s=1

k−1
∑

i,j=0

ηs+j−1es,s ⊗ di,j .

Clearly, ∆Φ(σ) = (Φ⊗ Φ)∆(σ).

For τ , we have

∆Φ(τ) = ∆

( k
∑

s=1

es+1,s

)

=
k

∑

s=1

( k−1
∑

i,j=0

ηid−i,−j ⊗ es+1−j,s−j +
k−1
∑

i,j=0

η−ies+1−j,s−j ⊗ di,j

)

,

(Φ⊗ Φ)∆(τ) = (Φ⊗ Φ)(τ ⊗ x+ x⊗ τ)

=

k
∑

s=1

es+1,s ⊗

k−1
∑

i,j=0

η−idi,j +

k−1
∑

i,j=0

η−idi,j ⊗

k
∑

s=1

es+1,s.
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Clearly, ∆Φ(τ) = (Φ⊗ Φ)∆(τ). Note that

ε ◦ Φ(x) = ε

( k−1
∑

i,j=0

η−idi,j

)

=

k−1
∑

i,j=0

η−iε(di,j) = 1 = ε(x);

ε ◦ Φ(y) = ε

( k−1
∑

i,j=0

η−jdi,j

)

=

k−1
∑

i,j=0

η−iε(di,j) = 1 = ε(y);

ε ◦ Φ(σ) = ε

( k
∑

s=1

ηs−1es,s

)

= 0 = ε(σ);

ε ◦ Φ(τ) = ε

( k
∑

s=1

es+1,s

)

= 0 = ε(τ).

Therefore, Φ is a coalgebra homomorphism.

Finally, we prove that for any generators a ∈ H, Φ(S(a)) = S(Φ(a)). Note that

Φ(S(x)) = Φ(xk−1) =

( k−1
∑

i,j=0

η−idi,j

)k−1

=

k−1
∑

i,j=0

ηidi,j ;

S(Φ(x)) = S

( k−1
∑

i,j=0

η−idi,j

)

=

k−1
∑

i,j=0

η−id−i,−j = Φ(S(x));

Φ(S(y)) = Φ(yk−1) =

( k−1
∑

i,j=0

η−jdi,j

)k−1

=

k−1
∑

i,j=0

ηjdi,j ;

S(Φ(y)) = S

( k−1
∑

i,j=0

η−jdi,j

)

=

k−1
∑

i,j=0

η−jd−i,−j = Φ(S(y));

Φ(S(σ)) = Φ(σ) =
k

∑

s=1

ηs−1es,s;

S(Φ(σ)) = S

( k
∑

s=1

ηs−1es,s

)

=
k
∑

s=1

ηs−1es,s = Φ(S(σ));

Φ(S(τ)) = Φ(τk−1) =

( k
∑

s=1

es+1,s

)k−1

=

k
∑

s=1

es+1,s+2;

S(Φ(τ)) = S

( k
∑

s=1

es+1,s

)

=

k
∑

s=1

es,s+1 = Φ(S(τ)).

The proof is completed. �
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3. Representations of the Sekine quantum groups

Let Sij , i, j ∈ Zk, be a one-dimensional irreducible H-module with the basis vij ,

the actions of the generators of H on Sij being

x · vij = η−ivij , y · vij = η−jvij , σ · vij = 0 = τ · vij .

Let P be the k-dimensional irreducible H-module with the basis {vl : l ∈ Zk}, the

module actions being

x · vl = 0 = y · vl, σ · vl = ηlvl, τ · vl = vl+1.

Lemma 3.1. The following statements hold.

(1) Sij ⊗ Si′j′
∼= Si+i′,j+j′ for all i, j, i

′, j′ ∈ Zk,

(2) Sij ⊗ P ∼= P ∼= P ⊗ Sij for all i, j ∈ Zk,

(3) P ⊗ P ∼=
⊕

i′,j′∈Zk

Si′j′ .

P r o o f. (1) Suppose that vij and vi′j′ are the bases of Sij and Si′j′ , respectively.

Then vij ⊗ vi′j′ is the basis of Sij ⊗ Si′j′ and we have

x · (vij ⊗ vi′j′) = x · vij ⊗ x · vi′j′ + τ · vij ⊗ τ · vi′j′ = η−(i+i′)vij ⊗ vi′j′ ,

y · (vij ⊗ vi′j′) = y · vij ⊗ y · vi′j′ + σ · vij ⊗ τk−1 · vi′j′ = η−(j+j′)vij ⊗ vi′j′ ,

σ · (vij ⊗ vi′j′) = y · vij ⊗ σ · vi′j′ + σ · vij ⊗ yk−1 · vi′j′ = 0,

τ · (vij ⊗ vi′j′) = τ · vij ⊗ x · vi′j′ + x · vij ⊗ τ · vi′j′ = 0.

So we get (1).

(2) Take {vij : i, j ∈ Zk} and {vl : l ∈ Zk} for the bases of Sij and P , respectively.

Then

v′l = η−i(l+j)vij ⊗ vl+j , l ∈ Zk,

are the bases of Sij ⊗ P and we have

x · v′l = η−i(l+j)(x · vij ⊗ x · vl+j + τ · vij ⊗ τ · vl+j) = 0,

y · v′l = η−i(l+j)(y · vij ⊗ y · vl+j + σ · vij ⊗ σk−1 · vl+j) = 0,

σ · v′l = η−i(l+j)(y · vij ⊗ σ · vl+j + σ · vij ⊗ yk−1 · vl+j) = ηlv′l,

τ · v′l = η−i(l+j)(τ · vij ⊗ x · vl+j + x · vij ⊗ τ · vl+j) = η−i(l+j+1)vij ⊗ vl+j+1 = v′l+1.

Similarly, let

v′′l = η−i(l+j)vl−j ⊗ vij , l ∈ Zk,

then {v′′l : l ∈ Zk} are the bases of P ⊗ Sij and we have P ∼= P ⊗Sij . Therefore, (2)

is proved.
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(3) For i, j ∈ Zk, let vij =
k−1
∑

l=0

ηilvl⊗vl+j , where {vl : l ∈ Zk} and {vl+j : l+j ∈ Zk}

are the bases of P , respectively. Note that

x · vij =
k−1
∑

l=0

ηil(x · vl ⊗ x · vl+j + τ · vl ⊗ τ · vl+j) =
k−1
∑

l=0

ηilvl+1 ⊗ vl+j+1 = η−ivij ,

y · vij =
k−1
∑

l=0

ηil(y · vl ⊗ y · vl+j + σ · vl ⊗ σk−1 · vl+j) =
k−1
∑

l=0

ηil−jvl ⊗ vl+j = η−jvij ,

σ · vij =

k−1
∑

l=0

ηil(y · vl ⊗ σ · vl+j + σ · vl ⊗ yk−1 · vl+j) = 0,

τ · vij =

k−1
∑

l=0

ηil(τ · vl ⊗ x · vl+j + x · vl ⊗ τ · vl+j) = 0.

Hence, P ⊗ P ∼=
⊕

i′,j′∈Zk

Si′j′ . �

Theorem 3.2. The representation ring r(H) of H is generated by X1, X2 and Y

with the relations

X1X2 = X2X1, Xk
i = 1, XiY = Y = Y Xi, i = 1, 2,(3.1)

Y 2 =

k
∑

i,j=1

X i
1X

j
2 .(3.2)

The set {Y,X i
1X

j
2 : i, j = 1, 2, . . . , k} is a Z basis of r(H).

P r o o f. Let R be the ring generated by X1, X2 and Y with the relations (3.1)

and (3.2). It is easy to see that there is a unique ring epimorphism

Φ: R → r(H)

defined by Φ(X1) = [S01], Φ(X2) = [S10], Φ(Y ) = [P ]. (Here and in the following, [X ]

represents the isomorphism classes of finite dimensional irreducible H modules X .)

Comparing the ranks of R and r(H), we get that Φ is an isomorphism. �

It is well known that the representation ring r(H) or the representation algebra

r(H) ⊗Z k are a Frobenius algebra with the nonsingular, associative and symmetric

bilinear form defined by

β([X ], [Y ]) = dimk HomH(X,Y ∗)

for any irreducible representations X , Y of H, Y ∗ = Homk(Y, k), and the H-actions

on the dual Y ∗ are

a · f(y) = f(S(a) · y)

for a ∈ H, f ∈ Y ∗ and y ∈ Y.
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In the following, we compute the Casimir number of r(H), which can be used

to determine whether or not the representation ring r(H) is Jacobson semisimple,

namely, it has the zero Jacobson radical, see [7]. Before this, we first recall the

definition of the Casimir element and Casimir number in general. Let R be a free

Frobenius Z-algebra of finite rank with a nonsingular associative bilinear form β :

R × R → Z. If R has two Z-bases {xi : 1 6 i 6 n} and {yi : 1 6 i 6 n} satisfying

β(xi, yj) = δij , where δij is the Kronecker symbol, then these two bases are called

dual bases of R with respect to β(−,−). Accordingly, any a ∈ R can be written as

a =
n
∑

i=1

β(a, yi)xi or a =
n
∑

i=1

β(xi, a)yi.

The Casimir operator of R (see e.g. [4]) is the map c from R to its centre Z(R)

defined by

c(a) =

n
∑

i=1

yiaxi

for a ∈ R. The map c is independent of the choice of dual bases {xi : 1 6 i 6 n}

and {yi : 1 6 i 6 n}. The element c(1) =
n
∑

i=1

yixi is called the Casimir element

of R and it depends on β(−,−) only up to a central unit. The image Im c of c is an

ideal of Z(R), called the Casimir ideal of R. It does not depend on the choice of the

bilinear form. Set

IR := {x ∈ R : c(x) = nx1R}.

Then 0 ∈ IR. Let IZ = {nx : x ∈ IR}, then IZ is an ideal of Z. Indeed, if nx ∈ IZ and

n ∈ Z, then there exists x ∈ IR such that c(nx) = nc(x) = nnx1R, that is nnx ∈ IZ.

Therefore, there exists m ∈ Z such that IZ = (m). Then nR := m does not depend

on the choice of the bilinear form on R and it is called the Casimir number of R.

Furthermore, for each object X of r(H), one can define its Frobenius-Perron di-

mension FPdim(X) (see [1]), which is the largest positive eigenvalue of the matrix

of the left or the right multiplication by X . We have the following theorem.

Theorem 3.3. FPdim(c(1)) = 2k2 and the Casimir number nr(H) = 2k4.

P r o o f. By the bilinear form

β([X ], [Y ]) = dimk HomH(X,Y ∗),

where X , Y are irreducible representations of H and Y ∗ = Homk(Y, k), it is easy

to see that S∗
ij = S−i,−j and P ∗ = P . Therefore, r(H) has the dual basis {P, Sij :

i, j ∈ Zk} and {P, S−i,−j : i, j ∈ Zk} with respect to the bilinear form above. Ac-
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cordingly, the Casimir operator of r(H) is

c(a) = PaP +
∑

i,j∈Zk

SijaS−i,−j

for any a ∈ r(H), where the multiplication is given as in Lemma 3.1. In particular,

the Casimir element is

c(1) = P 2 +
∑

i,j∈Zk

SijS−i,−j =
∑

i,j∈Zk

Si,j + k2S0,0.

It follows that

c(Ss,t) = k2Ss,t +
∑

i,j∈Zk

Si,j .

Furthermore, c(
∑

i,j∈Zk

Si,j) = 2k2
(

∑

i,j∈Zk

Si,j

)

and c(P ) = k2P + k2P = 2k2P.

Let ℓc(1) be the left multiplication of c(1). Then the matrix of ℓc(1) under the basis

{Si,j : i, j = 0, 1, . . . , n− 1, P} is














k2 + 1 1 . . . 1 0

1 k2 + 1 . . . 1 0
...

...
. . .

...
...

1 1 . . . k2 + 1 0

0 0 . . . 0 k2















.

It follows that k2 and 2k2 are the different eigenvalues of ℓc(1), hence

FPdim(c(1)) = 2k2.

Recall that c(x) = xc(1), where x =
∑

i,j∈Zk

sijSij + nP with sij , n ∈ Z, so we get

c(x) =
∑

i,j∈Zk

(

k2sij +
∑

k,l∈Zk

skl

)

Sij + 2n k2P.

If c(x) ∈ Z1r(H), we have

{

2nk2 = 0,

k2sij +
∑

k,l∈Zk

skl = 0, (i, j) 6= (0, 0).

It follows that n = 0 and sij = spq = µ ∈ Z for (i, j) 6= (p, q) in Zk × Zk − (0, 0).

Hence, s00 = (1− 2k2)µ. In this case, we have

x = −2k2µS00 + µ
∑

i,j∈Zk

Sij ∈ r(H) and c(x) = −2k4µS00.

It is noted that S00 is the identity 1r(H) of r(H), hence the Casimir number

nr(H) = 2k4. �

706



Acknowledgements. The authors are particularly grateful to the referee for

his/her carefully reading the manuscript and for many valuable comments which

largely improved this paper.

References

[1] P.Etingof, V.Ostrik: Finite tensor categories. Mosc. Math. J. 4 (2004), 627–654. zbl MR doi
[2] U.Franz, A. Skalski: On idempotent states on quantum groups. J. Algebra 322 (2009),
1774–1802. zbl MR doi

[3] G. I. Kac, V.G. Paljutkin: Finite ring groups. Trans. Mosc. Math. Soc. 15 (1966),
251–294. zbl MR

[4] M.Lorenz: Some applications of Frobenius algebras to Hopf algebras. Groups, Al-
gebras and Applications. Contemporary Mathematics 537. AMS, Providence, 2011,
pp. 269–289. zbl MR doi

[5] Y.Sekine: An example of finite-dimensional Kac algebras of Kac-Paljutkin type. Proc.
Am. Math. Soc. 124 (1996), 1139–1147. zbl MR doi

[6] S.Vaes, L.Vainerman: Extensions of locally compact quantum groups and the bicrossed
product construction. Adv. Math. 175 (2003), 1–101. zbl MR doi

[7] Z.Wang, L. Li, Y. Zhang: A criterion for the Jacobson semisimplicity of the Green ring
of a finite tensor category. Glasg. Math. J. 60 (2018), 253–272. zbl MR doi

[8] H.Zhang: Idempotent states on Sekine quantum groups. Commun. Algebra 47 (2019),
4095–4113. zbl MR doi

Authors’ address: J i a l e i C h e n, S h i l i n Ya n g (corresponding author), College
of Mathematics, Faculty of Science, Beijing University of Technology, 100 Pingleyuan,
Chaoyang District, Beijing 100124, P.R. China, e-mail: chenjialei@bjut.edu.cn, slyang
@bjut.edu.cn.

707

https://zbmath.org/?q=an:1077.18005
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2119143
http://dx.doi.org/10.17323/1609-4514-2004-4-3-627-654
https://zbmath.org/?q=an:1176.43005
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2543634
http://dx.doi.org/10.1016/j.jalgebra.2009.05.037
https://zbmath.org/?q=an:0218.43005
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0208401
https://zbmath.org/?q=an:1254.16014
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2799106
http://dx.doi.org/10.1090/conm/537
https://zbmath.org/?q=an:0845.46031
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1307564
http://dx.doi.org/10.1090/S0002-9939-96-03199-1
https://zbmath.org/?q=an:1034.46068
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1970242
http://dx.doi.org/10.1016/S0001-8708(02)00040-3
https://zbmath.org/?q=an:1444.16025
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3733845
http://dx.doi.org/10.1017/S0017089517000246
https://zbmath.org/?q=an:07089356
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3975989
http://dx.doi.org/10.1080/00927872.2019.1579335
mailto:slyang@bjut.edu.cn
mailto:slyang@bjut.edu.cn

