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Abstract. We first describe the Sekine quantum groups Aj, (the finite-dimensional Kac
algebra of Kac-Paljutkin type) by generators and relations explicitly, which maybe conve-
nient for further study. Then we classify all irreducible representations of A;, and describe
their representation rings (A ). Finally, we compute the the Frobenius-Perron dimension
of the Casimir element and the Casimir number of r(Ag).
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1. INTRODUCTION

Sekine in [5] introduces a family of finite quantum groups Ax, k € N, k > 2,
referred to as Sekine quantum groups, arising as bicrossed products of classical
cyclic groups with the matched pair being Z; and Zj x Zj, see [6] and [8] for
more details. Sekine quantum groups form a class of finite quantum groups of
Kac-Paljutkin type (see [3]) and they are neither commutative nor cocommutative
Hopf algebras for k£ > 2, while As is cocommutative. These quantum groups at-
tract great interest in many fields of mathematics, such as idempotent states, fu-
sion category and so on. In particular, Sekine quantum groups play an important
role in the study of idempotent states, since they provide examples that idempo-
tent states on locally compact quantum groups are not necessarily Haar idempo-
tent states. In [2], Franz and Skalski characterise all quantum subgroups of A
for a given k and exhibit examples of idempotent states on Ay for each k > 2
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which are not Haar states on subgroups. In [8], the author computes all the idem-
potent states on Sekine quantum groups, which completes the work of Franz and
Skalski, see [2].

As for the Sekine quantum groups Ay, their algebraic structures are clear, however,
the comultiplications are complicated and their applications may result in complex
calculation, see [2], [5], and [8]. Can we rewrite the definition of the Sekine quan-
tum groups so that the algebraic and coalgebraic structures are both simple and
easy to handle? Inspired by this, in the present short paper we construct a Hopf
algebra H by four generators with a family of relations, which is isomorphic to the
Sekine quantum group Ag. Then all the irreducible modules of H are classified.
Furthermore, the representation ring r(#) is established and the Casimir number
of r(H) is computed. It is noted that H has simple defining relations and comul-
tiplications. It may be more convenient to study the Sekine quantum group in the
future work.

The note is organized as follows. In Section 1, we first give the definition of
the 2k? dimensional Hopf algebra # by generators and relations, showing that H
is a Hopf algebra. Then we prove that H is isomorphic to the Sekine quantum
group A, as a Hopf algebra. In Section 2, we give all the irreducible modules
of ‘H and establish the decomposition formulas of the tensor product of two irre-
ducible H-modules. The representation ring r(?) is also described. Finally, we
compute the Frobenius-Perron dimension of the Casimir element and the Casimir
number of r(H).

2. SEKINE QUANTUM GROUPS

Throughout, we always assume that k is an algebraic closed field of characteristic
zero. All algebras and modules are over the field k.

Fix a k € Z, k > 2, n a primitive kth root of unity, Z; := {0,1,...,k — 1},
I=:{1,2,....k}, and e, j, 4, € I, are the matrix units of Mjy(k).

Now we introduce an algebra H by generators and generating relations.

Definition 2.1. Let H be an associative algebra generated by z, y and o, 7 with
the relations

F =k, oF=7F P o =1, zy=yx, or =n1o, ab=ba=0

fora=2x,y,b=o0,7.
It is easy to see that {x™y"™, o7/ m,n,i,j € I} forms a basis of H.
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Proposition 2.2. The algebra ‘H is a Hopf algebra with the comultiplication A,
counite ¢ and antipode S acting on the generators as follows:

Alz)=z@z+707, Aly)=yQy+oxc" !, Alo)=y@oc+oy" !,

AfT)=1@z+2@7, c(x)=¢cly)=1, e(o)=c¢e(r)=0,
S(x)=2""" Sy)=y*", S(o)=0, S(r)=7""

Proof. Firstly, we show that A is a homomorphism of the algebra H. Note that
vyt =yt (L= ob) = y* —yfot = y¥, we have (yF 1) = (y*)* ! = y*, similarly,

(oF=1)k = (o*)k~1 = o*. Therefore, we have

A =@yoy+tod =y oy +o e @ )"
=y ey +otei =" @i+ M et =A@,
AW = (y®o + 0@y 1) = y* @ o + o* @ (yF— 1)k
=y @d"+of ey =2F o +F @k = A(r)F,
A@)A(y) =zy@zy + 10 @70 =yr @ yr + ot @ "l = A(y)A(x),
Ml =ney @ to + nro @ 2yt = nA(1)A(0),
A +A(0) =aF @t + e +yFedt +of @ (T
—2F ® (&% + %) + 75 @ (7F + (PP
=2"el+Pel=121=AQ1).

(
A(O)A(T) =yz@oT+ 0T Ry

It is easy to see that A(ab) = 0 for a = z,y and b = o, 7, therefore A is a homomor-
phism of H. The coassociativity of A follows from the following identities:

(ARid)A(z) =Alx) @z + A1) @7
=rRrRT+TRXTRITH+TRIITRTH+ITRXTRT
=@ A(x)+7RA(T) = ([d® A)A(x),
(A®id)A(y) = A(y) @y + A(o) @ o+

=yRuRy+oRcly+y®cc  +ooyF ot
=yRA(y)+o® A(J)k’1 = (id ® A)A(y),
(A ®id)A(0) = A(y) @ 0 + A(o) @ y*~?
k—1

=yRyYRc+oRc ' Rotyeoy +ory  ®y
=y A(0) +o@ A = (ido A)A(0),

(AQRIDA(T) =A(T) @z + A(z) @ T
=TRrRr+rRTRr+rRrRIT+TRTRT
=7 A(x) + 2@ A(1) = (id® A)A(7).
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Secondly, we check that S is an anti-homomorphism of the algebra H.

Syt =N =yF =" = (@ = 5(@)F,
S(’T)k _ (kal)k _ Tk _ o_k _ S(O’)k,
S+ S(r)F = (@) (Y = P =ah 40P =1=5(1),
S(y)S(x) = y* et = ah Ty = S(2)S(y),
S(r)S(o) = 1o = 770"7'k - nS(0)S(1),
S(a)S(b) =0=S5()S(a) fora==x,y, b=o,T.

At last, we show that S xid = id * S = ue. As for the generators, we have

Sxid(x) =95
Sxid(y) =S

2)x + S(T)r =" + 7% =2S(z) +7S(1) = id * S(z) = 1 = e(2)1,

(
W)y + S(0)o* " =y* + 0" = yS(y) + 05(0) " =idx S(y)

Therefore, H is a Hopf algebra. O

In fact, the Hopf algebra # is isomorphic to the Sekine quantum group Ax. To
see the fact, we first recall the definition of Ayg.

Definition 2.3 ([2]). Let
Ak = @ kd; ; & My (k)
1,JELy,
as an algebra. The comultiplication, counit, and antipode of Aj are defined by the
following formulas:

1 (m—n .
A(dlﬁj) = Z dm,n ® di*mvj*" + E Z nz(m )em,n Q emtjntjs ] € Zk;

mnely m,n€ly

A(ei;j) = Z nm(iij)dfm,fn @ €i—n,j—n

m,n€ly

+ Z nm(j_i)ei—n,j—n & dm,na i,j € I;

m,nely

1, i1=5=0, .. .o
e(dij) = {07 others, i,j € Zy; €le;;) =0, i,j€l;
S(dij)=d—s 5, 4,j€ Ly, S(eij)=eji, 1,j€l

Then Ay is a finite dimensional Hopf algebra, called the Sekine quantum group.
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Theorem 2.4. The Sekine quantum group Ay is isomorphic to the Hopf alge-
bra H.

Proof. Let ® be the linear map from H to Ay, where the images of the generators
under ® are

@(l‘): 277_' 0,5 277 dJ,
4,j=0 i,7=0
k k
Do) = anle&s, O(1) = 2634_173.
s=1 s=1

Firstly, we show that ® is an algebra homomorphism. Note that

b= (1§ nidm)k = kf di;; = (% njdm)k = (®()",

i,j=0 i,j=0 i,j=0
k k k k k

(®(0))* = (Zn) = eos= (Z+> = (@(n)*,
s=1 s=1 s=1
k—1 k

zj=0 1,7=0
k k
- n €s5+1,s 77 €s+1,s,
<2 o ) (Z ) 3
s= =1
k k
- <Z €541, s) (Z ns_les,s> - Zns_leerl,sa
s=1 s=1 s=1
O(a)®(b) =0=P(b)®(a) fora==x,y, b=o,T.

It follows that ® preserves all the relations of Definition 2.1 and therefore ® is an
algebra homomorphism.

Secondly, we prove that & is bijective. Note that @(mmy”) Zon (im+jn) di ;
i,

o ko
and @(017'3) = > n"esy1,54+1—;, therefore if we let

s=1

k k—1 k k
Z Am,n Z n*(ierjn)di’j =0 and Z bij Zniseerl,erlfj _ 0’

m,n=1 4,7=0 i,7=1 s=1
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it suffices to prove that am, = 0 for any m,n = 1,...,k and b;; = 0 for
any 4,7 = 1,2,...,k. Since d;; are linearly independent for different 7 and j,
we have

k

m,n=1

k )
for any i,j € Zj. Let xp, = >, amnn?", then the above equation can be rewrit-
n=1

z’“: A
nfzm

m=1

ten as

This is a system of homogeneous linear equations, whose coefficient determi-

nant is a Vandermonde determinant which is not zero, it follows that x,, = 0.
The same reason forces all the a,,, = 0. Similarly, we can prove that all the
bij =0.

Thirdly, we show that ® is also a coalgebra homomorphism. It is just to prove that
for any generators a = z,y, 0, T, we have A®(a) = (2 ® ®)A(a) and € o P(a) = (a).

For x, we have

k—1
AD(z) = A( > n_idm)
i,5=0
k—1 k—1 ) 1 k
= ( S 0 i @ dicmjon + - Z e T esﬂ,,tﬂ)’
3,7=0 “m,n=0 t=1
(@ © ®)A(z) = (<I>®<I>)(x®x+7®7)

277 Zd,]® 277 Zd,]+zes+1e®zes+ls

1,7=0 1,7=0
k—1 - k

_ i+1

= E E n i+ dij @ dy j + g €s11,5s ® €t ¢
4,7=014’,5'=0 s,t=1

Note that if s —t # 1, then

i(s—t—1
't Jest ® esijirs =

0 =0

Eal i
i
—_
Bl
ol
|
—
7N
™M
L

ni(8t1)>es,t ® eS-‘rj,t-’rj = O7

4,9
so we have A®(z) = (P ® ®)A(x).
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For y, we have

som=a(E )

»J=

H

k=1 , k—1 1

= (Z 0N i ® die,jn + 7 Z z(g_t)_J‘fat®€s+j,t+j)a
i,7=0 “m,n=0 t=1
k—1

(@RP)AW) = > nd;® Zn d”+Zns 1ess®zn1 See.s

1,j=0 1,j=0
k-1 k-

= Z Z 77_(”] )d’Lj ®dz’ i+ Z 77 t€s,s®et,t-
1,j=04",j'=0 s,t=1

Note that if s — ¢ # 0, then

_ = ‘
Z et @ esters = k Z (Z 0’ t)) Test ® estjiti = 0,
=0 =0

so we have AdP(y) = (P @ P)A(y).
For o, we have

k
_ A(Z 7]8165,5)
<Z d—z, ]®€5 75— j+ Zes Js8— J®d7J)

wlr—k

1
= ||Mw

1,j=0 1,j=0
1 —
(@@@)A(U) - 7_] ®Z77g 1eg§+277 eq7s® Z (n_j)k_ldid
i,j:O i,j=0
kE—1 k E k-1
- ST e+ Y Y T e, s @ d; .
i,j=0 s=1 s=11,j=0

Clearly, A®(0) = (¢ ® ®)A(0).
For 7, we have

k
Z eerl,s)

=1

k-1 k-1
(Z Ndi—j ® esp1—js—j+ D N Cst1ojs—j @ d”)’

i,j=0 i,j=0
(® @ P)A(T) = (<1>®<1>)( ®x+x® T)

s+1s®z77 d,]"‘Zﬂ zd,j®zes+ls

1,j=0 1,j=0

Il
M -

Il
ﬁM»
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Clearly, A®(7) = (® ® ®)A(7). Note that

k—1 k—1
coa(a) =e(( 30w ) = X uie(diy) = 1= <(o)
i,j=0 i,j=0
k—1 k—1
50(1)(y)_5< 77]dw> - 277 e(di;) =1 =e(y);
4,j=0 4,j=0
k
o0(0) ==Y 1 ens ) = 0=<lo)

cod(r) = (i cerns ) =0 =<(0)

s=1

Therefore, ® is a coalgebra homomorphism.

Finally, we prove that for any generators a € H, ®(S(a)) = S(®(a)). Note that

k—1 . k—1 k—1 )
B(S(z)) = BahT) = <Z n"di,j) =Y vidiy

1,J=0 4,5=0

= S(kz_:l n—idi,j) = 1§ n”tdoi = ®(S(x));

4,J=0 4,J=0

k—1 ) k—1 k—1 )
B(S(y)) = D) = <Z n]di,j) =S iy

i,j=0 i,j=0

= S(IS n—fdaj) = kf nld_;_; =9(S(y));

i,j=0 i,j=0
k
O(5(0)) =D(0) = > n* e
s=1
k k
_S<Z773_16s,) Zns 1egg_q> ( ))7
s=1 s=1

k

k k-1
(S(7)) = d(rF 1) = <Zl eSH,S) = Zesﬂ,m;
= S(zk: es-l—l,s) zk: €s,54+1 = ))
s=1

s=1

The proof is completed.
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3. REPRESENTATIONS OF THE SEKINE QUANTUM GROUPS

Let S;j, i,j € Z, be a one-dimensional irreducible #-module with the basis v;;,
the actions of the generators of H on §;; being

_ 1 o J —_ N —
Tovp =1 i, Y- =0 vy, o-v;=0=1T"v.

Let P be the k-dimensional irreducible H-module with the basis {v;: | € Z;}, the
module actions being

!
z-u=0=y-v, c-v=nv, T-U =041

Lemma 3.1. The following statements hold.
(1) Sij @ Syjr =2 Siyir j4j for all i, 5,4, € Zy,
(2) S;; @ P=PX=P®S,, foralli,je Zy,

(B) PP @ Siy.

V.5 €l
Proof. (1) Suppose that v;; and v, are the bases of S;; and S,/ respectively.
Then v;; ® vy is the basis of S;; ® Sy and we have

€ - (’Uij ®U1‘/]/) T V5 QT Vyrjr + T Vij QT+ Vyrjr = 777<i+i/)’l)ij & Vg7,

Y+ (ij ®viryr) =y vi; @Y vy + 005 T vy =07 0 vy @ vy,
0 (Vi @ Vi) =Y 0i; @0 Vi + 005 @Y vy =0,

T-(Vij QUipjr) =T -0 QT - Vyrjr + X -0 QT - vyrjr =0,

So we get (1).
(2) Take {v;j: i,j € Zy} and {v;: | € Z;} for the bases of S;; and P, respectively.

Then

—i(l+4)

Ull =n Vij & Vi44, le .,

are the bases of S;; ® P and we have

zov =0 (@ v @ v + T 0 @7 ugy) =0,
Y- l/_n_i(l"l‘j) Y - Vij ®y.vl+j +U'Uij ®O'k_1 "UlJ,-j) = 0;
o

/

Uy

k—1 L./
Y Uij @0 vy + 00 QYT ugg) =1,
i(1j 1)

3

—i(l47)

(
(
—i(l+j)(
(

— /
= TV QT V4 +2-0; QT - Vi45) =1 Vij @ Vi4jt1 = Vpyq-

Similarly, let
—i(l+5)

’Ul”:n Vi—j @ V5, le .,

then {v]': | € Z)} are the bases of P ® S;; and we have P = P ® S;;. Therefore, (2)

is proved.
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(3) Fori,j € Zy, let v;; = Zn U ®ui45, where {v;: | € Z} and {viq;: 1+j € Zj}
=
are the bases of P, respectlvely Note that

k-1

” ” »
T Vi = Zn’ (l‘"l}l®$"l}l+j+7"vl®7—"l}l+j):an V41 ® Vipj+1 =17 ’vij,
1=0

k1

yvij =Y 'y uey-ugto-uec ™ o) =Y ' u ey =1,
1=0

o=y 0y u®o v+ o-u@ytT uyy) =0,

T v = Z??il(’r"l)l®CL"’U[+j+fE"U[®T"Ul+j):O.
Hence, P@ P= @ Sij. O
i, j €Lk

Theorem 3.2. The representation ring r(H) of H is generated by X1, Xo and Y
with the relations

(3.1) X1Xo = XoX;, XF=1 X,Y=Y=YX;, i=1,2,
k
(3.2) V=Y Xixi.
i,j=1

The set {Y,XfXg: i,7=1,2,...,k} is a Z basis of r(H).

Proof. Let R be the ring generated by X;, X5 and Y with the relations (3.1)
and (3.2). It is easy to see that there is a unique ring epimorphism

®: R—r(H)

defined by ®(X1) = [So1], ®(X2) = [S10), 2(Y) = [P]. (Here and in the following, [X]
represents the isomorphism classes of finite dimensional irreducible # modules X.)
Comparing the ranks of R and r(#), we get that ® is an isomorphism. O

It is well known that the representation ring r(H) or the representation algebra
r(H) ®z k are a Frobenius algebra with the nonsingular, associative and symmetric
bilinear form defined by

B([X],[Y]) = dimy Homy, (X, Y™)
for any irreducible representations X, Y of H, Y* = Homy(Y, k), and the H-actions
on the dual Y* are

foraceH, feY andyeY.
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In the following, we compute the Casimir number of r(?), which can be used
to determine whether or not the representation ring r(?) is Jacobson semisimple,
namely, it has the zero Jacobson radical, see [7]. Before this, we first recall the
definition of the Casimir element and Casimir number in general. Let R be a free
Frobenius Z-algebra of finite rank with a nonsingular associative bilinear form (3:
R x R — 7. 1If R has two Z-bases {z;: 1 < ¢ < n} and {y;: 1 < i < n} satisfying
B(zi,y;) = d;j, where §;; is the Kronecker symbol, then these two bases are called
dual bases of R with respect to S(—,—). Accordingly, any a € R can be written as

n n

GZZB(G,%)% or 6225(%‘7@)%.

i=1 i=1

The Casimir operator of R (see e.g. [4]) is the map ¢ from R to its centre Z(R)
defined by

n
c(a) = Z yiax;
i=1

for a € R. The map c is independent of the choice of dual bases {z;: 1 < i < n}

and {y;: 1 < i < n}. The element ¢(1) = > y;x; is called the Casimir element
i=1
of R and it depends on S(—, —) only up to a central unit. The image Imc of ¢ is an

ideal of Z(R), called the Casimir ideal of R. It does not depend on the choice of the
bilinear form. Set
Ir:={z € R: ¢(x) =nylg}.

Then 0 € Zg. Let Zz = {n,: x € I}, then Zy is an ideal of Z. Indeed, if n, € Z7 and
n € Z, then there exists x € Zg such that c(nz) = ne(z) = nny1g, that is nn, € Zz.
Therefore, there exists m € Z such that Z; = (m). Then ng := m does not depend
on the choice of the bilinear form on R and it is called the Casimir number of R.

Furthermore, for each object X of r(#), one can define its Frobenius-Perron di-
mension FP dim(X) (see [1]), which is the largest positive eigenvalue of the matrix
of the left or the right multiplication by X. We have the following theorem.

Theorem 3.3. FP dim(c(1)) = 2k? and the Casimir number N (H) = 2k4.

Proof. By the bilinear form
6([X]a [Y]) = dimy HOIII;.[(X, Y*)a

where X, Y are irreducible representations of H and Y* = Homy(Y, k), it is easy
to see that S; = S_; _; and P* = P. Therefore, r(H) has the dual basis {P, S;;:
i,j € Z} and {P,S_; _j: 1,j € Zi} with respect to the bilinear form above. Ac-

705



cordingly, the Casimir operator of r(H) is
c(a) =PaP+ Y S;aS_i_;
1,J€Lk
for any a € r(H), where the multiplication is given as in Lemma 3.1. In particular,
the Casimir element is
(1) = P+ Z SijS—i—j = Z Si,j + k*So,0-
4,J€Ly 1,J€L
It follows that
(Sa) =KSer+ Y Sije
1,JELy,
Furthermore, ¢( Y. S;;) = 2l<:2< > Si,j) and ¢(P) = k*P + k*P = 2k°P.
,j€L 4,§€ Lk

Let £.(1) be the left multiplication of ¢(1). Then the matrix of £,;) under the basis
{Sij:4,7=0,1,...,n—1,P}is

E2+1 1 1 0
1 K241 ... 1 0
1 1 . kE2+1 0
0 0 0 k2

It follows that k2 and 2k2 are the different eigenvalues of £c(1, hence
FP dim(c(1)) = 2k2.
Recall that c(z) = zc(1), where x = ) s;;S;; +nP with s;;,n € Z, so we get
,JEL,
C(J?) = Z (kQSij + Z 5kl>5ij +2n k2P
i,j€L k€2,

If c(x) € 71, (), we have

2nk? =0,
{ kQSij + Z sk =0, (Zaj) 7£ (070)
k€25

It follows that n = 0 and s;; = spq = p € Z for (i,5) # (p,q) in Zy, x Z, — (0,0).
Hence, soo = (1 — 2k?)p. In this case, we have
x = —2k*uSoo + 11 Z Si;€r(M) and c(x) = —2k*uSoo.
4,JELk

It is noted that Spo is the identity 1,(3) of 7(#), hence the Casimir number
_ 914
nr(;_[) = 2k=. O
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