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Abstract. We propose a lower bound sequence for the minimum eigenvalue of Hadamard
product of an M-matrix and its inverse, in terms of an S-type eigenvalues inclusion set
and inequality scaling techniques. In addition, it is proved that the lower bound sequence
converges. Several numerical experiments are given to demonstrate that the lower bound
sequence is sharper than some existing ones in most cases.

Keywords: lower bound sequence; Hadamard product; M-matrix; doubly stochastic ma-
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1. INTRODUCTION

M-matrices play an important role in various fields of science and engineering.
Many problems in biology, physics, mathematics, and social sciences are closely
related to the M-matrices, such as economic value model matrices and coefficient
matrices of inverse network analysis and linear complementarity problems in opti-
mization.

Denote the set of all n x n real matrices by R™*™, and N denotes the set
{1,2,...,n}. Let A= (a;;) € R"*". If A satisfies a;; <0, i,j € N, i # j, then A is
a Z-matrix. The set of all n x n Z-matrices is represented by Z,,. The matrix A is
a nonsingular M-matrix if and only if A € Z,, and A can be written as A = sI — B,
where B is a nonnegative matrix (i.e., all elements are not negative), and s > o(B).
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The set of all n x n nonsingular M-matrices is denoted by M,,, see [1]. We denote
7(A) = min{Re(\): A € o(A)},

where o(A) denotes the spectrum of the matrix A.

For two real matrices A = (a;;), B = (b;;) € R"*", the Hadamard product of A
and B is Ao B = (a;;b;;). It is proved that Ao B~!is an M-matrix if both A and B
are M-matrices, see [5], [6].

The question of whether a real matrix may be symmetrized via multiplication by
a positive diagonal matrix, is reduced to the corresponding issue for M-matrices and
related to Hadamard products. Fiedler et al. in [4] pointed out a measure 7(Ao A1),
which is the minimum real eigenvalue of Ao A~!. In addition, they showed that

(1.1) 0<r(AoA™h <1

for a nonsingular M-matrix A. Subsequently, Fiedler and Markham in [5] proved
that

(1.2) T(AoA™Y) >

)

S|

and proposed the following conjecture:

2

(1.3) T(Ao A7) > =,

n

We introduce some notations that will be very useful in explaining some existing

results. Suppose A = (a;;), A~ = B = (b;;). For any i,j,k € N, j # i, t =
0,1,2,..., denote

R; aji| + i laje|de
SRS SR L

= — S5, =
jazi|” |aj;|

, si = max{si;},
i i

|ail |agil + > 5z |agulrs
e St A A e v R
i ki |35 3
lagil + > gz i lajime 0 .
Uji = |a¢.j.’|l ;U= %lif{uij}v P = min{s;i, myi},
77
s
) =max{pf}y, mY = mgx{ @ 1 0 }
Iz 370 Uagilpyi — 2 ksgi lajelprg
t t
0 _ Jasil + Xy lasnlpid hY gy = ot Bl
e |aj] o |aj;] PO g D
t
gl + 2k |ajklvl(ci) G = @il + D ki lajn s ¢i = max{qi;}
Ji o |ajj| ) Jr |ajj| ) T i VBR)
lagil + 35250 lajnlan |ajq|
fii = - lji = ’ l; = max{l;;}.
’ |aj;] T agil i = Xy lagelfr” AT
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Li et al. in [8] testified the conjecture (1.3) and obtained the result

1.4 TAOA_l > i {M},
(1.4) ( ) > min [ S

which depends only on the entries of matrix A instead of the dimension of matrix A.
Cheng et al. in [3] improved result (1.4) indicating the following result:

4 . ai — uidR;
. > — [
(1.5) T(Ao A™Y) %1]{/1{1 S uﬂ}

Zhou et al. in [12] proved that
(1.6) (Ao A7) > 1 — *(Ja),

where D4 = diag(a;), Ca = Da — A, Ja = DXICA.
Zhao et al. in [11] improved results (1.4) and (1.5), showing the following conclu-
sion:

NN OF -3
(1.7) T(Ao A7) Emin{m}, t=1,2,...

Chen in [2] obtained the result

_ 1
(1.8) T(Ao AT > rgél?§{aiibn + a;;bj; — [(au‘bii — a;jb;;)?
1/2
+4<QiZ|aki|bii) <qu|akj|bjj>] }
ki ki

Huang et al. in [7] gave three lower bounds as follows, which are difficult to be
compared theoretically:

_ 1
(1.9) T(AoA™) > rgél?§{aiibn + a;;bj; — [(au‘bii — a;jb;;)?
1/2
+4<giZ|aki|bii> <9jZ|akj|bjj>} }7
i oy
=S aslas
(1.10) (Ao A > min{ it~ 2 |05l }
iEN | Q5 — Zk# akiaik/akk
1
(1.11) T(Ao A7) > rzn;él? §{aiibii +ajjbj; — [(an‘bn‘ —a;;bj;)?
1/2
+4<biiZ|aki|Qki> <bij|akj|ij>} }
pox it
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The content of this paper can be listed as follows: In Section 2, some lemmas
and notations are presented. In Section 3, we exhibit a lower bound sequence for
7(Ao A™1) by using S-type eigenvalue inclusion set and a series of inequality scaling
techniques. For the obtained lower bound sequence, we prove its convergence and
give the calculation algorithm. In Section 4, in order to verify the validity and supe-
riority of our results, numerical experiments are carried out by randomly generating
M-matrices.

2. SOME LEMMAS AND NOTATIONS

For convenience, let S denote a nonempty subset of N, n > 2, and let S := N\ S
denote its complement in N. Then for any given matrix A = (a;;) € R™*", split
each row sum R;(A) and column sum C;(A) into two parts, depending on S and S.
In other words, for any i € N, denote

RIA) = Y Jayl, RIA) = Y Jayl,

JjeS\{i} jesS\{i}
ClA) = > laul, CX(A) = D lajil-
JjeS\{i} jeS\{i}

Lemma 2.1 ([11]). If A = (a;;) € M, Is a strictly row diagonally dominant
matrix, then A~' = (b;;) exists, and

(t=1)
|ajil + D ki lasklvg iy .
bji < — ZJ"% T by =i <pbii, €N, jAL t=1,2,...
i

Remark 2.1. Astincreases, pg) and pgt) will decrease gradually, and 0 < pg;) <
pl(.t) < 1, see [11], Lemma 1. By the monotone bounded theorem we know that pl(;)
and pgt) are convergent.

Lemma 2.2 ([11]). If A = (a;;) € M, Is a strictly row diagonally dominant
matrix, then A~! = (b;;) exists, and

1 1
_<b’ii< t)’

. X X
ii Qi — Zj;ﬁi |aji|pji

i,jEN, t=1,2,...
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Lemma 2.3 ([11]). If A = (a;j;) € M,, and B = A~' = (b;;) is a doubly stochastic

matrix, then
1

2 Ok
I+ Zj;éipji

i1

i,jEN, t=1,2,...

Lemma 2.4 ([10]). For a given A = (a;;) € R™*™ and a nonempty subset S,
define the Gershgorin-type discs

(2.1) IY(A):={2€C: |z —ay| <C7(A)} (anyicS)

7

and the sets

(2.2) V5(A) :=={z€C: (|2 — au| — CF(A) (|2 — aj5| — CF(A)) < CF(A)CF(A)}

J

(any i € S, any j € S). Then all the eigenvalues of A lie in the region

(2.3 e = (Uriw)u( U vsw).

i€s €S, jes
which is called the S-type eigenvalue inclusion set.

Remark 2.2. See [10]. Let
Si={i} (eN),
G(A) = [ J{z: |z —ail < Ri(A)},
ieN
K(4) = [J{z: |2 = aillz — aj5] < Ri(A)R;(A)}.
i#]
Then
a(A)C (] E%(A) C[)E%(4) CK(A) CGA).
P#£SCN iEN
This means that we use a more precise eigenvalue inclusion set than the one used in
other corresponding papers.

Lemma 2.5. Let S denote a nonempty subset of N. For a given A = (a;;) € R™*"

and positive real constants pi,ps,...,DPn, all the eigenvalues of A lie in the region:
Qs
(U{z |z — aii| < pi Z M})
i€S kesvqip Pk
Qe Qi
U( U { (emmdon 2 S) (1o & 520)
icSjes kesvgip Pk kes\ly 1
ki akj
<Piz | Z|pjz | ]|})
ke Pk kes Pk
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Proof. Since D~'AD has the same eigenvalues as A when D is nonsingular, we
apply Lemma 2.4 to D~'AD and thereby obtain additional eigenvalue inclusion sets
for A. A particularly convenient choice is D = diag(p1,p2,...,ps) with all p; > 0.
Applying Lemma 2.4 to D™'AD = [p;a;;/p;] we get the result we want. O

3. MAIN RESULT

In this section, a superior lower bound for 7(A o A~!) is given. Moreover, the
present authors verify the validity and superiority of the lower bound. Without
loss of generality, we assume that A~! is a doubly stochastic matrix. Otherwise,
there exist two positive diagonal matrices D; and D, such that D; A~ D, is dou-
bly stochastic, see [10]. The matrix B = D;'AD; ' is an M-matrix and satisfies
7(BoB~') = 7(Ao A™') in virtue of Bo B~' = (D;'AD; ') o (D1A'Dy) =
(D:D7") (A0 A1)(Dy D)L,

To facilitate the formulation in the following theorems, we introduce the notation

HS (t) = aiibi; — pgt)biicis (A)v

(2

sometimes abbreviated as H.

Theorem 3.1. Let S denote a nonempty subset of N, n > 2. If A = (a;;) € M,
and B = A~ = (b;;) is a doubly stochastic matrix, then for t =1,2,. ..,

T(AoA™Y)

ol s s B2 (O A5 a1 S ANL/2
2 @;I}gagNiegfzrég_{Hi + Hy — [(H7 — H})™ +4p; "bi; C7 (A)p; "by5;,C7 (A)]/=}

= Qt.

Proof. Firstly, we assume that A is irreducible. Since B = A~! is a doubly
stochastic matrix, we obtain that Ae = e, ATe = e, and A is a nonsingular M-matrix,
so we can conclude that

aiiZRi(A)—i-l:Ci(A)—l—l and a; > 1, i € N.

We have

t—1
{ |aij| + 2 psi |aik|vl(cj :

|aii

) _ (th _
" = ol = ma

}, 1e€N, t=1,2,...

Since A is an irreducible matrix and due to Remark 2.1, we know that 0 < p(t) < 1.

)

Let 7(Ao B) = A. It is not hard to get 0 < A < 1 < aj;by, ¢ € N. Thus, for any
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given positive integer ¢, by Lemma 2.5, either there exists i € S such that

ak;|b
(3.1) I\ — aibii < pl” Z | kz(|)kz,
kes\{i} Pk

or there exists i € S, j € S such that

t |ak |bk t |ak |bk
(3.2) <|>\— aibi| —pl” Y z) (IA— ajibil —pl” Y S

kesv(i} Pk kes\(j}  Pr
t) |ak1|bk1 t) |akJ |bk1
) NG > NG
keS kesS
t |akz|p bii t |a’k] |pk jJ
(®) Z (tk)’ (*) Z (t)j (by Lemma 2.1)
kes Pk keS
P03 lawilp$Pbi; Y las|
keS kes

= p"biCF (A)p\Vb;; 0% (A).

By inequality (3.1) we know that

(t) |aki| bk
(33) A = a“‘bii —D; Z —(t)
kes\{i} Pk
> aibi —p? S laxsl i bis
Z Q0 — P; 0)
kes\{i} Py
> Cliibu pgt) Z |aki|bii
keS\{i}

= a;ibii — pl('t)C{g(A)bii
> Iggg{aiibii - pﬁt)Cf(A)bn}.
Since 0 < A < agibik, k € N, by inequality (3.2), we conclude that

(3.4) pﬁt)buC?(A)p§t)bijf(A)

i |br ak;i|be
><|)\—anbm‘|_p§t > (| )(IA azsbis = p§ Y %)

kes\{i} Pk keS\{j3 Pk
ki |bri ak;|b
_ (Clm'bu‘ oW 3 | k(|t)k ><a”b]] a p(t) 3 | k](L)kj>
kes\{i} Pk keS\{jy Pk
ki |bri ki |k
= ()\ — ;b +P(t) Z | k(|t)k > <>‘ a;jjbj; "‘P(t) Z | k](|t)kj >
kes\{i} Pk kes\{j} Pk
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By Lemma 2.1, similarly to (3.2), it is true that

|ak'|bk' |ak'|bk' —
35) p? Y S <phciA), B 3T S <pCl ),

kes\{i} Pk keS\{3 Pk
Let
HF = agbs — p"bi CF (A), H; = ajb;5 — 065,05 (A),
s 0 |aki|bri 5 0 |ak;|br;
KP = aibi =p,” ) w0 K7 =aibii - > o
kes\{i} Pk kes\(} Pk

From (3.5), K¥ > HY >0, KJE > HJE > 0. Then inequality (3.4) can be simplified as
(3.6) (A= KO = K5) < p{0aCF () 035 CF (4),
which is a one-variable quadratic inequality. For convenience, denote

M = K 4 K5~ [(KF — K9+ 4pbCF (Apy;05 ()]},

Yo = SUKE + KT (K5 = K5 + 4 b CF ()b, (4)) 2,

It is not difficult to obtain that (3.6) is equivalent to (A — A1)(A — A2) < 0. Due to
A1 < Ao, we conclude that

1 — — —
(B7) A2 A= KT+ K — (K5 = K + 470 CF (A)p}b,,CF (A)] 2

Let a =K — H?, b= KJE — HJE, c= 4p§t)biiCi§(A)p§-t)bij’j$(A) (a, b and c are
all nonnegative), then we will show that

S S S S\2 1/2 S S S S\2 1/2
(3.8) K7 + Ky - [(K; - K7) +d'? > H| +H7 —[(HY — H})" + ] 2,
that is
(3.9) at+ b+ [(HS —HD)? + V2 > [(HS +a— HS —0)?+ "2

equation (3.9) is equivalent to

(3.10) (a+b)2+2(a+b)[(HS — HY)? + "2+ (HS — HY)? + ¢
> (HY = Hj +a—0)°+¢
= (HS — HP)? +2(H — H?)(a—b) + (a — ) +c.

(2
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Then (3.10) can be simplified as

(3.11) (a+b)2+2(a+b)[(HS — HY)? +d"?> (a—b) +2(a — 0)2(HS — HY).

Through item by item comparison, it is easy to conclude that (3.11) is true, there-
fore (3.10), (3.9) and (3.8) all hold. Hence, by (3.7) and (3.8), we obtain that

1 — — —
(312) N> S{HY +H] — [(H — H})* +4p" b C7 (A)p)b;;07 (4]}

1 5 5 5
> win S{HP + H — (7 — H}) + 4piCF (A)p; 035 O (A)] 2},
e,

We get two lower bounds (3.3) and (3.12) on A, but there is concrete evidence to
suggest that

in {aibi; — pPCS(A)by;} = min{ HS
(3.13) rirélg{a“b“ p;  C2(A)bii } Ilrélél{H,L}

1 5 5 5
> min S{HP + HF = (H7 — H}) + 49, 0iCF (A)p; b3 CF (A7},
€957

Then we will prove (3.13). For any giveni € S, j € S, if H < HJE holds, then
1 — — —
5 U + HF — ((H? = H)? + 4p b CZ (A)p{!b;,CF (4)/?)
1 — —
< GUHY + Hf — [(HF = HP)?)'/?) = B
Otherwise, H? > ng, then
1 — — —
5 U + HY = (H? = H)? + 4pbiCF (A)p{!b;,CF (4))/)
1 — — —
< GUHP + HY = [(HF = HP )"} = HP < H.

Therefore, (3.13) holds.

Whenever a nonempty subset S is given, there is a corresponding eigenvalue in-
clusion set. So 7(A o A~!) > Q, is obtained.

If A is reducible, without loss of generality, we may assume that A has the block
upper triangular form

A A .0 Ay
A Aoy ... Ao
ASS

with irreducible diagonal blocks Aj;, i = 1,2,...,s. Obviously, 7(4 o A7!) =
m1£1 (Aji o A;').  Thus, reducible matrix A is reduced to irreducible diagonal

1<i<s

blocks A;;. The result of Theorem 3.1 also holds. O

671



Theorem 3.2. The sequence {€;} obtained from Theorem 3.1 is increasing on
{t: t=1,2,...}, consequently, it is convergent.

Proof. Let

(3.14) G(t) = 4p"bi; CF (A)piVb;0% (A),
D(t) = HE (1) + HE (t) — [(HE(t) — H (1)) + G(t)]/2.

(®

From Remark 2.1, we have p;;’ and pgt) are decreasing on {t: t = 1,2,...}. Hence,

H?(t) is increasing and G(t) is decreasing on {t: ¢ = 1,2,...}. For any given positive
integer ¢; and t2 (1 < t2), we assume that

(3.15)  HS(ta) = HE (1) +e, HP(ta) = HP(t)+6, G(ts)=G(t1) -6,
where €, § and 0 are nonnegative. From (3.14) and (3.15), we obtain that

D(tz) = D(t1) = &+ 0 + [(HF (t1) — HE (t1))* + G(t1)]/?
— [(HS(t2) — H (t2))* + G(t2)]"/?
= e+ 0+ [(HE (1) — HP (11))? + G(t)]'/?
—[(H (t1) 4+ ¢ — HS(tl) —0)2 4+ G(ty) — )2

We will prove that I'(t2) — T'(¢1) > 0, i.e.,

(3.16) e+ 0+ [(HE () — HE (01)? + G(t1)]/?
> [(HE (1) + & — HE (t1) — 6)2 + G(t1) — 0]'/2,

which is equivalent to

(3.17) (e +0)2 + (HE (tr) — HY (t1))? + G(t1)
+2(e + 0)[(HE (t1) — HE (1)) + G(t1)]/?
> (H? +e—HS(t1) 6+ G(t) — 0
= (HE(t) — HY (1))* + (¢ — 0)?

F2(HE (1) — HE (t1))(e — 8) + G(t1) — 6.

(t1)
(t1) —

And (3.17) is equivalent to

(318)  (e+0)% +2(c + O)[(HF (1) — HJ (t))? + G(t1)] /2
> (e — 62+ 2(HS (1) — HS (t1))(e — ) — 6.

z J
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Thanks to €, §, 8 and G(t) being nonnegative, we have

(3.19) (e +0)* > (e —6)?,

(3.20) 2(e+9) = 2(e —9),

(3.21) [(HE (t1) — HY (1))? + G(t)]'/? > (HE (1) — H (1)),
(3.22) 0> 0.

By (3.19), (3.20), (3.21) and (3.22), we conclude that (3.18) is valid, therefore (3.17)
and (3.16) also hold. Hence, we obtain that I'(t2) — I'(¢1) > 0. In other word, as ¢
increases, I'(t) will increase gradually. Finally, we know that €2, is increasing on
{t: t =1,2,...}. Any term in the sequence {{2;} is a lower bound of 7(A o A1),
so {); is convergent in virtue of monotone bounded theorem. O

Next, an algorithm of €2, is given as follow:

Algorithm 1: an algorithm of £,

Input: a nonsingular M-matrix A = (a;;) whose inverse matrix is a doubly stochas-
tic matrix, and tg;

Output:
1: compute R; = > |ai;l;

J#i

R,
2: compute d; = ——;

|aii]

aj;| + - |Aik dk
3: compute sj; = @il + 2z st drj = ||

laj;|
4: compute s; = max{s;;} and r; = max{rj;};
J#i J#i

lagsl = > gzl azn

|ajil + 3 pzji lagelri

|aj;] ’

5: compute mj; =

6: compute p§8) = min{s;i, mj;};
7: for t =0: tg
8: compute pl(t) _ max{pl(;)} and hz(t) _ max{ t i _ };
J#i i#i a, |sz _Zk#J |ajk|pki
)y ®)
aji| + ajk h;
9: compute v(t) | ]Z| Zk#]z| J |P ’
laj;l ©
t
aji| + c |k | UL
10:  compute p(fﬂ) 41| Z|k¢17|z| ik Ui ;
ajj

11: end for
12: compute ,;
13: return that €.
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For a given positive integer ¢, the corresponding lower bound €2, can be obtained.
And t( can be chosen as small as possible according to the need of different precision.
For example, tq is selected so that |Q;, — Q4 —1] < 1078, which is a condition for
cycle termination.

4. NUMERICAL EXAMPLE

In this section, the following examples are given to demonstrate the superiority of
our result.

Example 4.1. Let us see the following simple M-matrix given in [7]:

4 -1 -1 -1
-2 5 -1 -1
0o -2 4 -1
-1 -1 -1 4

A:

We know that B = A~! = (b;;) is a doubly stochastic matrix because Ae = e and
ATe = e. By direct calculations with MATLAB R2016a, we get the following results.

Theorem Lower bound
Theorem 3.1 of [3] 0.6624
Theorem 3.1 of [§] 0.8250
Corollary 2 of [4] 0.8364
Theorem 3.2 of [5] 0.8456
Theorem 2 of [9] 0.8904
Theorem 3 of [9] 0.6874
Theorem 4 of [9] 0.8811

Table 1. Lower bounds for 7(A o A™1).

If we apply Theorem 3.1, we get 7(A4 o0 A1) > Q, see Table 2.

t 1 2 3 4
Q;  0.9168 0.9188 0.9190 0.9190

Table 2. The lower bounds of 7(A o A~!) by Theorem 3.1.

The numerical example shows that the bound of Theorem 3.1 is greater than these
corresponding results.
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Example 4.2. The last example is not convincing enough. Next, we construct
randomly 120 4 x 4 M-matrices, whose inverse matrices are doubly stochastic. For
convenience, the idea, how the random matrices are constructed, is as follows. Firstly,
the diagonal entries of the 3 order principal submatrix are generated randomly.
Secondly, the off-diagonal entries of the 3 order principal submatrix are generated
randomly in the diagonal constraints, Finally, the remaining entries can be calcu-
lated, see Algorithm 2. We compare the new lower bound with Theorems 24 of [7],
ie., (1.9), (1.10) and (1.11), see Figure 1.

Algorithm 2: a 4 x 4 M-matrix A is constructed randomly

Output: a 4 x 4 M-matrix A, whose inverse matrix is doubly stochastic
1: initialization A = O4x4;

2: [a11,a92,a33] = 10x rand(1, 3) + [2, 2, 2];
3:fori=1:3

4 forj=1:3

5 ifi#j

6: a;; = [2 — min(a;;, a;;)] xrand(1);
7 end if

8: end for

9: end for

10: fori=1:3

11:  aiu =1—aj — a2 — a;3;

12:  ifa;y >0

13: return step 3;

14:  end if

15: end for

16: fori=1:3

170 a4 =1 —a1; — az — asg;

18:  ifay; >0

19: return step 3;

20:  end if

21: end for

22:if A71 >0

23:  return A;

24: else

25:  return step 3;

26: end if
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Lower bound estimates

0.6

0.5

0.4

0.2

-e- Theorem 2 of [7] - Theorem 3 of [7] — Theorem 4 of [7] = Theorem 3.1 |

0.3 f1

]

0 20

40

60

80

100

120

The number of the random M-matrix

Figure 1. The lower bound estimations derived from Theorems 24 of [7] and Theorem 3.1.

In order to observe conveniently, we arrange incrementally the lower bounds ob-
tained from Theorem 3.1. As can be seen in Figure 1, in most cases, the lower
bounds obtained from Theorem 3.1 (star symbol) are better than the ones obtained
from Theorems 2—4 of [7]. To facilitate our observation, we remove Theorem 3 of [7],

see Figure 2.

| o Theorem 2 of [7] — Theorem 4 of [7] -« Theorem 3.1 |
0.95 | | | | | |

0.90

0.85

0.80

0.75

Lower bound estimates

0.70

0.65 | | | | | | | | |
0 20 40 60 80 100 120 140 160 180

The number of the random M-matrix

200

Figure 2. The lower bound estimations derived from Theorems 2—4 of [7] and Theorem 3.1.
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In Figure 2, we increase the number of random M-matrices to 200. And the
conclusion is consistent with what we have said before, i.e., in most cases, the lower
bounds obtained from Theorem 3.1 are better than the ones from Theorems 2 and 4
of [7]. Then we compare the estimate value from Theorem 3.1 with the one from
Theorems 2-4 of [7], by subtracting the latter from the former, see Figures 3-5.

0.30 i i
0.25
0.20

0.15

0.10

0.05

—0.05

~0.10 | | | | | | | | |
0 1000 2000 3000 4000 5000 6OOO 7000 8000 9000 10000

The number of the random M-matrix

Figure 3. Subtract the lower bounds given by Theorem 2 of [7] from the lower bounds given
by Theorem 3.1.

01 | | | | | | |
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

The number of the random M-matrix

Figure 4. Subtract the lower bounds given by Theorem 3 of [7] from the lower bounds given
by Theorem 3.1.
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Figure 5. Subtract the lower bounds given by Theorem 4 of [7] from the lower bounds given
by Theorem 3.1

In Figures 3-5, we construct randomly 10000 M-matrices, respectively. We can see
that most symbols are above the X-axis. It means that the estimated value for lower
bound of 7(A o A~1) from Theorem 3.1 is larger than the one from Theorems 2—4
of [7]. We count the total number of points above the X-axis, so we can figure out the
proportion of points above the X-axis. The result is, that in Figures 2—4, the rates
of points above the X-axis are 1.0000, 0.9984, 0.9545, respectively. The superiority
of Theorem 3.1 is explained.

5. CONCLUSION

This paper concerns 7(A o A~!), the minimum eigenvalue of Hadamard product
of an M-matrix and its inverse, in which A is a nonsingular M-matrix. By using
S-type eigenvalue inclusion set and the inequality scaling techniques, the lower bound
sequence of 7(A o A7) is obtained, and the convergence of the sequence is proved
and the algorithm is given. Finally, we illustrate the superiority and validity of the
theorem by numerical experiments with examples presented in other literatures and
randomly generated M-matrices. In conclusion, we obtain a superior lower bound
sequence for 7(A o A1),
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