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Abstract. In this paper we propose a new concept of quasi-uniform monotonicity weaker
than the uniform monotonicity which has been developed in the study of nonlinear operator
equation Au = b. We prove that if A is a quasi-uniformly monotone and hemi-continuous
operator, then A7 is strictly monotone, bounded and continuous, and thus the Galerkin
approximations converge. Also we show an application of a quasi-uniformly monotone and
hemi-continuous operator to the proof of the well-posedness and convergence of Galerkin
approximations to the solution of steady-state electromagnetic p-curl systems.
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1. INTRODUCTION

The theory of monotone operators is a powerful tool in the study of nonlinear
operator equations such as nonlinear elliptic partial differential equations. It is well
known that a sufficient condition for the well-posedness and convergence of Galerkin
approximations to the solution of a nonlinear operator equation is the uniform mono-
tonicity and hemi-continuity, see [5], [9], [12], [14]. However, among nonlinear op-
erator equations which are important in the real-life applications, there are many
equations without uniform monotonicity or exhibiting difficulties in the proof of co-
ercivity and S-property, see [5].

The goal of this paper is to introduce a new concept of a quasi-uniformly monotone
operator weaker than the well-known uniformly monotone one, to show some of its
nice properties and then its application to the electromagnetic p-curl systems.
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For the nonlinear operator equation, if the quasi-uniform monotonicity of the
operator is obtained, we can directly prove the well-posedness and convergence of
Galerkin approximations without the proof of coercivity and S-property. Therefore,
the method proposed in this paper is more efficient in the sense that the proof of
well-posedness and convergence of Galerkin approximations is simpler than that of
previous methods in the case that the proof of coercivity and S-property is difficult
or much more complicated.

Firstly we propose the definition of a quasi-uniformly monotone operator, which
enables us to study nonlinear operator equations without uniform monotonicity, and
prove the strict monotonicity, S-property and coercivity. This leads us to obtaining
the well-posedness and convergence of Galerkin approximations for nonlinear op-
erator equations with quasi-uniform monotonicity and hemi-continuity. Moreover,
we show that some nonlinear differential operators which play important role in
the real-life applications such as fluid mechanics and electromagnetics possess the
quasi-uniform monotonicity and hemi-continuity.

Next, in this paper we use the quasi-uniform monotonicity and hemi-continuity of
the operator to prove the well-posedness and convergence of Galerkin approximations
to the solution of a steady-state electromagnetic p-curl system.

Steady-state Maxwell’s equations are usually stated as

(1.1) curlH =J, curlE=0, divD=yp, divB=0.

In the nonlinear media, if the relations £ = A(|J|)J, B = pH hold provided that
the permeability is constant, then from (1.1) it follows that

curl (A(Jcurl H|)curlH) =0, divH =0,
and if the relations H = A(|B|)B, B = curl A hold, then
curl(A(|curl A|)curl A) = J, divA =0.

Here E, H are the electric and magnetic field, B is the magnetic flux density, D is
the electric displacement, J is the current density, A is the magnetic vector potential,
¢ is the electric permittivity, p is the magnetic permeability, g is the electric charge
density, and A: Ry — R is a given function.

Therefore, steady-state Maxwell’s equations in nonlinear media can be considered
as the quasi-linear PDE

(1.2) curl(A(Jcurl u(z)|)curlu(x)) = f(z), divu(z) =0, z€Q,
where (2 is a bounded simply connected three-dimensional domain.
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In recent years, great attention has been focused on the study of Maxwell’s equa-
tions in nonlinear media, see [2], [1], [13], [4], [6], [10], [11]. In [6], the authors have
established the level set method for the inverse problem to the equation (1.2) in the
case of A\(s) = d + cs®/(a® + s°), a,b,c,d > 0. In [11], the authors studied a lin-
ear fully discrete approximation scheme for the electric field and the convergence
and error estimation when the relation between the electric field and the current
density is A(s) = s™. More recently, there have been reported theoretical results
for the equation (1.2), which is called the electromagnetic p-curl system, in the
case of \(s) = s?72, f = f(x,u) and its some variations including p(z), p(z,t),
see [2], [1], [13], [4]. In [4], the existence and non-existence of solution for p(z)-
curl systems with the source Ag(z,u) + pf(z,u) have been studied in the case of
6/5 < p(z) < 3. In [2], [1], the unique existence and finite time extinction of the
solution of p(x,t)-curl , p-curl systems with a nonlinear source have been studied in
the case of 6/5 < p(z,t), p, respectively. In [13], the authors proved the existence and
multiplicity of solution of p(x)-curl systems having nonlinear source and other terms.

In this paper, we prove that the p-curl operator is quasi-uniformly monotone and
hemi-continuous if 1 < p < 2. Based on it, we next show the well-posedness
and convergence of Galerkin approximations to the solution of electromagnetic
p-curl systems.

The paper is organized as follows. In Section 2, we introduce the definition of
a quasi-uniformly monotone operator and prove some its properties. Moreover, we
give some examples of the quasi-uniformly monotone operators. In Section 3, we
give the weak formulation of the problem (1.2) and consider some functional spaces
and their norms. In Section 4, we prove that the operator defined by electromagnetic
p-curl systems is quasi-uniformly monotone if 1 < p < 2 and locally Hélder contin-
uous if 1 < p. Since the locally Holder continuous operator is hemi-continuous, we
show the local Holder continuity in this paper.

2. PROPERTIES OF A QUASI-UNIFORMLY MONOTONE OPERATOR

Let us introduce the concept of a quasi-uniformly monotone operator.

Definition 2.1. Let V be the Banach space, VV* the conjugate space of V, A:
V — V* an operator, (-,-) duality pairing in V* x V, R = (—o00,00), Ry = [0, 00),
Ryt = (0,00).

If p: Ry x Ryy — Ry is continuous, strictly increasing in the first variable, not
increasing in the second variable, with

VieRyy, p(0,1) =0, p(oo,t)=o0, tlgl(l) pu(t,t) =0, tlirgo p(t, ) = oo
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and
(Au— Av,u —v) 2 [[u—vf|p((lu = o, Jul| +[[v]]) Vu,veV,

then the operator A is called a quasi-uniformly monotone.
From Definition 2.1 it is obvious that the following implications for an opera-
tor hold:

uniformly monotone = quasi-uniformly monotone = strictly monotone.

Definition 2.2 ([9], III. Definition 1.4). Let V be a Banach space, V* the
conjugate space of V, A: V. — V* an operator. Then we say that the opera-
tor A has S-property provided the following holds: if u, tends to u weakly and
(Au,, — Au, uy, — u) — 0, then u,, — u.

For another definition of S-property, we refer to [8], [14].
Now let us consider the operator equation
(2.1) Au=b, beV™*
and the Galerkin approximation equation
(2.2) Up € Vo,  (Aup,v) = (b,v) Vv eV,.
Here V,, is finite dimensional subspace of the space V.
Lemma 2.1. If the operator A is quasi-uniformly monotone, then it is coercive

and has the S-property.
Proof. From Definition 2.1 it follows, that if u # 0, then

(Au,u)  (Au— A0+ AO,u)  (Au— A0,u—0) = (A0,u)
[l il il il
< llu = Ol = O}, [[u]| + [O]})

- [l

= p(llull, f[ull) = [JAO]} = oo as [Jul| — oo

— [ A0]

Therefore, A is coercive.
Now let us show the S-property. Let

Up = u, (AU — Uy up —u) =0, up,u€V asn— oo.

It is clear that
Jee Ryy, ull<e, Jun|| <c YneN.
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This together with Definition 2.1 yields that
(Aun =, un — ) 2 Jlu—unl|p(llu = un |, [[ull + unll) = llu—unllp(lv — unl], 2¢),

which implies that ||u — wy||p(|lu — up||,2¢) = 0 as n — oco.

On the other hand, by Definition 2.1 the function f(s) := su(s,2¢c) is continu-
ous and strictly increasing in Ry, and f(0) = 0, f(co0) = oo. Hence, there exists
the inverse function g(t): Ry — Ry such that ¢g(0) = 0, g(oco) = oco. More-
over, it is also continuous and strictly increasing. Let a, := f(|ju — u,]||). Then
glan) = ||lu—uy| — 0 as n — oo, since a, — 0 as n — oo. Thus A has the S-
property. 0

Lemma 2.2 ([5], [9], [12], [14]). Let an operator A: V' — V* be strictly monotone,
coercive, hemi-continuous and have the S-property. Let V' be a real separable reflex-

ive Banach space and V,,, n = 1, 2,..., be finite dimensional subspaces of V such

oo

that Vi C Vo C ... and let |J V,, be dense in V. Then there exists AL VSV
n=1

such that A~! is strictly monotone, bounded and continuous. Moreover, a unique

solution u,, to (2.2) converges to a unique solution u to the equation (2.1) as n — co.
From the two lemmas above, we immediately have the following theorem.
Theorem 2.1. Let A: V — V*be quasi-uniformly monotone and hemi-conti-

nuous, and V', V,, satisfy the assumption of Lemma 2.2. Then the result of Lemma 2.2
continues to hold.

We close this section with some examples of quasi-uniformly monotone and locally
Holder continuous operators. Let € be a bounded domain of RY, V' a subspace of
the Sobolev space Wpl(Q), 1<p<2, A€ C(Ry). Let the operator A be defined as

(Au, v) :/)\(|Vu|)Vu'Vde Vu,veV.
Q

If A(s) satisfies one of the following relations, then the operator A is quasi-uniformly
monotone and locally Holder continuous.

> Gas flow through packed beds in the industrial furnaces, see [5].

1
(a2 4+ bs)/2 4+ a

As) =

, a>0,b>0.

> Laminar flow of non-Newtonian fluid, see [5].
As)=(a+bs) %, a>0,b>0, 1<c<2.
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> Porous flow of fluid, see [14].
Ms)=as"?, a>0,1<c<2.

> Transonic flow of compressible ideal fluid gas, see [5].
52

—c
1/2.
26) , 0<e<1/

A(s) = (1 +

3. WEAK FORMULATION OF THE EQUATION (1.2)

Before we give the weak formulation of the equation (1.2), we introduce the no-
tations to be used later. Let © be a bounded simply connected domain with C?!
boundary ' = 99 in R3, (f)q, (f)r the integrals of f over 2 and I'. We denote the
outward normal and tangential unit vector at x € T by n(z), 7(z), respectively. Let
us put

Y= (u-n)n, MU=NXU, YU=U— VU

Let p>1,1/p+1/q= 1. We define Sobolev type spaces and norms as

WhP(Q
WP(div®, Q
WP(Q
WP(Q

lullcurt, p = [lcurlul|, q.

={v e LP(Q); V> € LP(Q), |a| < k},

= {u € [LP(Q)?: curlu € [LP(Q)]?, divu = 0},
= {u e WP(div®,Q): y,ulr = 0},

= {u e WP(div®,Q): ~eulr = 0},

— — — —

Then we obtain from Corollaries 2.8 and 2.11 of [3] that for all u € [W*+1P(Q))3

¢(||curl ]

][ k41,p.0 kp,2 +[divullkp.o + vl /gpr),

NN

¢(||curl |

[ullk+1,p.0 kp T [divaleirp.o + Inullire/qpr)-
Here the constant c is independent of u. Setting k& = 0, it holds that
lullip.e < cllullear,p, Vu € WE(Q)UWL(Q).

So the norm ||||curl,p in subspaces W2(Q), WF(Q) of the space WP (Q) is equivalent
to the norm of the space W1P(Q2). Using Lemma II.1.25 of [9] and Theorems 1.6.12,
I1.3.23 of [7], we have the following lemma.

Lemma 3.1. The spaces WE(Q), WF(Q) are separable reflexive Banach spaces
with norm ||-||cur,, and this norm is equivalent to that of the space WP ().
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It is well known that for u,v € [C1(Q)]3

(div (u x v))g = (n - (u X V),
div (u x v) = v - curlu — u - curlw,
n-(uxv)=u-(vxn)=v-(nxu),
n-(uXv)=—u-y7v=uv-yu,
U v = (Yl + Y)YV = Ve N,

(v-curlu)g — (u-curlv)g = (v yu)r = —(u - yv)r = —(Yru - YV)r = (Y0 - Yw)r.
Replacing u by A(|curlu|)curlw in the above relations, we get

(3.1) (v - curl(A(Jcurl u|)curlu))o — (A(Jeurl u|)curlu - curlv)q
= —(A(|curl u|)yrcurl u - yv)r
= (A(leurlu|)yeurlu - yo)r Vu € [C2(Q)]3,v € [CHQ)]P.

Here we use the boundary conditions

(3.2) e =0, A]curlu|)ycurlu=¢ onT,
(3.3) mwu=0 onT.

From the equation (3.1), if u is the solution of (1.2), (3.2), then we have
u € WP(Q), (A|curlu|)(curlu)-(curlv))g = (fv)o—(g-1v)r Yov € CHQ)PNWE(Q)
and if u is the solution of (1.2) and (3.3), then
ue WP(Q), (Mcurlu|)(curlu) - (curlv))g = (f -v)a Vv € CHQ)P N WF(Q).
Now, if we define the operator A as
(Au,v) = (A(|curl u])(curlu) - (curlv))q,

then the solution of the problem (1.2), (3.2) or (1.2), (3.3) satisfies the variation
equation

(3.4) ue Wp(Q), (Au,v)=(f v)a—(9-nv)r YveWp(Q),
(3.5) ueWF(Q), (Au,v)=(f-v)a YveWF(Q).

In (3.4), (3.5), it is assumed that the given functions f, g are as smooth as the bounds
(f -v)a, (g wv)r.
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4. QUASI—UNIFORM MONOTONICITY AND LOCAL HOLDER CONTINUITY OF A

In the end of Section 2 we gave some examples of quasi-uniformly monotone and
hemi-continuous operators. Here we want to show that the operator A defined
by (4.1) below is quasi-uniformly monotone and locally Hélder continuous.

Theorem 4.1. Let Q C R3 be a simply connected bounded domain with C%1
boundary. Let us define the operator A as

(4.1) (Au,v) = (Jeurlu[P~2(curlu) - (curlv))q, 1< p < oo,

for u,v € W (:= WP(Q) or WF(Q)). Then the operator A is locally Holder contin-
uous. Moreover, it is quasi-uniformly monotone if 1 < p < 2, strongly monotone if
p = 2 and uniformly monotone if p > 2.

Since the local Holder continuity implies the hemi-continuity, from Theorems 2.1
and 4.1 we have immediately:

Corollary 4.1. The weak formulation (3.4) (or (3.5)) of the steady-state electro-
magnetic p-curl systems (1.2), (3.2) (or (1.2),(3.3)) is well-posed and the Galerkin
approximations converge in the norm of the space WF(Q2) (or WF(2)).

Remark 4.1. If f = f(x,u) is a nonlinear function in the equation (1.2), our
result also holds under certain assumptions, for example, the monotonicity and hemi-
continuity of the operator Fu = —f(x, u).

Proof of Theorem 4.1. Now let u,v € R?, u # 0, v # 0, p > 1. The following

inequality is well known, see [1]: for all u,v € R3

2 -2
Cplt —V ul + |v P ) 1<p<2,
(42) 36> 0, (uP2umtfopr20)-(umv) > 70T
cplu — P, p=2.

In this paper, we explain how the constant c, is related to p in more detail. To this
end we use the following inequalities without proof: for 1 < p < oo, 7 > 0, s > 0,
t>0,

(4.3) (sp_l —tp_l)(s—t) > (S—t)2 y (S—Ft)p_Q ifl<p<?2,
P (S;D*2+tp72) 1f2<p,

|7 =T < &y(s +H)]s — o™,

438



p—1 ifl<p<2, 1 if1<p<2,
(4.4) my = . Gr)=q~ .
1 if 2<p, &pr? if 2<p,

p—1 ifl<p<?2,

1<§p<p7 0<"7p<{

12 if2<p,
while
(4.5) Er(s+1t)" <s"+t"<e(s+1t),
1 if1<r i 91T if 1<y,
ey = er 1=
21" if0<r <1, 1 ifo<r<l1.

From the inequality (4.5), it follows that
SPTEH P2 >, o(s+ )P if2< p.

Combining the previous inequality with (4.3), we get

(4.6) ("1 =t (s — 1) 2 (s — 1) (s + )72,
B 1 if1<p<3,
= X
=X 93 ip 35,

Since the function f(x) =z~", r > 0, is convex, we obtain

N1
(s;) <) st>0,

and therefore,
(4.7) sTTHtTT 22T (s 1), st > 0.
We use (4.6) to get

(4.8) (Jul""2u = [oP~?v) - (u —v)
= [l ul? + o2 of* = u - o(fulP 7 + 0?72
= ([ul?™" = [P~ (jul = ol) + (Jul?™2 + [P =*)(|uljv] — u - v)

> Tip(ul = o) (Jul + o))"~ + (ul" = + [oP7*) (Jullo] = u - v).
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Considering (4.5) and (4.7) yields that

ulP =2 + [0P72 > Epa(ful + [0)P7* ifp—220,

é
2P (Ju| + [v[)P72 if —1<p—2<0,

VoV

a2 + o2

which can be rewritten as
2r—l ifl<p<?2,
49) P+ P 2 (ul + )P =41 if2<p<3,
2-P if 3 < p.
Connecting (4.8) and (4.9), we obtain that
(JulP~?u = [o]P2v) - (u — v)
[ ([l = [0)? + Fp(Jul[v] = u - 0))(|ul + o))"~

win {7, 37p (1l = [0 + 2(1ullo] = u- o))l + fol)?

WV

WV

. (~ 1x _
= min {7y, 377y flu— v (Jul + o] 72,

As a result, we have that for all p > 1, and u,v € R3, u # 0, v # 0,

(4.10) ([ulP"2u — [P "20) - (u = v) = Bplu — v*(Jul + o],

where

= [~ 1z
7p := min {np, 577,,} > 0.

On the other hand, from (4.3) and (4.4), it follows that for p > 2

[lulP 2w — [P~ = [Jul”™2(u = v) + (ju["~* = [v]"~2)o|
< JulP 2 = o] + |[uP72 = [o[P 73] o],

[P~ = [P~ ol < [ul?=2[ul = Joll + [[ufP~" = o7
<

[alP =2 lu] = [oll + & (Jul + [0))P~2[ul — [v]].
These two inequalities imply that

[lulP~2u — [P0 < JulP?|u = o] + [ulP 2| |u] = [v]] + & (lu] + [0))P 72 |u — 0|
< 2(Jul + [0))P 72 fu = o] + & (Jul + o)~ u —vl.
Hence,

(4.11) lul?~%u = [o]P~?0 < (24 &) (Jul + [])P"*lu— o] ifp>2.
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If 1 < p <2, then by (4.3), (4.4), (4.5), we get

P72 = P20l = (JulP = [P+ 2ul ol (ul o] - u - v)

[lul = P12 + 2(ful[o )P~ (Jullo] = u-v)

(Jul = [P~ 1+2(|u||v|)” *(lulfo] = w-0)P = 2lullv])* ™"
(Jul = [P~ + 22722 2(Julfo] — w-v)P~

272 {[(Jul = D2+ 2(Jullo] = - 0)}P 7}

20722 [(Jul — o])® + 2(Jullv] = w - v)]

26-3p |y, — v|2(”_1).

|

NN

(
(
[
[

NN

Therefore,

(4.12) |[u[P~2u — |v|P~20] < 28732y — P~ if 1l <p<2.

From (4.11), (4.12), we conclude that for all p > 1 and all u,v € R®, u # 0, v # 0,
(4.13) af?~2u — o] ~%0] < Elu — o] (Ju] + [o)>~ ",

where m,, is from (4.4) and

5: 23-30/2 if 1 < p < 2,
P l2+¢,  if2<p.

Now let us prove the quasi-uniform monotonicity and local Holder continuity of A
defined by (4.1).
Since from (4.10)
Tplu = of* < (Jul?~>u = [v]"~?0) - (u = v)(|u + |0])*77,
we can easily get that for 1 <p < 2
0 [ u=oran < [ (a2 o) (= o2l + ) a0,
and furthermore by the Holder inequality with the pair (p/2, (2 — p)/2)
7%;,’/2/9 |u — v|P dQ
p/2 p(2—p)/(2p)
< | Ltup=2u—pop=20) - o-waal ([ ul+pran)
Q Q

p/2
< [/ (Ju|P~2u — |v|P~20) - (u — v) dQ] ([ullp.g + [0]lp.0)PEP)/2.
Q
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Now replacing u,v by curlu, curl v, respectively, and using the fact that the norm
I|*llcur,p is equivalent to the norm of W1P(Q) in the spaces WZ(£2), WP (2), we have

T2l = ol < (A = Ao, 0= )P (ulcwry + [oleart )P
The previous inequality implies immediately that for all 1 < p < 2,

(Au = Av,u =) = llu = vl 2, ([ellewp + [0]lcun )"~

= ”u - ’Uchrl,pul)(Hu - Uchrl,p’ ||u||curl,p + HUchrl,p) VU,, v e VV7

where

fip(5,1) = GpstP™2, & =1, >0 forl<p<2.

Hence the operator A is quasi-uniformly monotone if 1 < p < 2.
On the other hand, the strong monotonicity for p = 2 and the uniform one for
p > 2 follow directly from the fact that by (4.2)

(Au — A’U, u — U> = Cp”u - UHSurl,p

if p>2.

Now it remains to show the local Holder continuity of A. From (4.13) it follows
that for 1/p+1/g=1
(4.14) ‘/ (JulP~2u — |v|P%v)w dQ‘
Q

<§p/ = o™ (Jul + [o))P~ "7 fw| dQ
Q

~ 1/q
< &pllwl

g [ = ol ]+ o)1) a0
Q

For p > 2, setting
p p

Pri=— P2 =T
myq’ (p—1—myp)g

and using the Holder inequality with a pair (p1,p2), we get

1/q
@15) | [ = o gul et a0l
Q

mp/p (p—1-mp)/p
< (/ |u—v|de) </(|u|+|v|)pd9)
Q Q

< = ollig (] i,

.o+ [[vlp0
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Since p—m, —1=0for 1 <p < 2and g(p—1) =p, we have

1/q
@10) | [l vl ul oo dl
Q

1/q y .
=([ju—vwmﬁ = flu— of]?/2 = llu— o],

Inserting (4.15), (4.16) into (4.14), replacing u,v by curlu,curlv and applying the
dual argument, we obtain that for p > 1

1Au = Avlls < Epllu— vl (lulleurp + [0lewnp)P ™™ Vu,0 € W,

curl,p

which implies the local Holder continuity of A. Note that ||-||. is the norm of W*
which is the conjugate space of W. O
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