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Abstract. We prove that there are at least two new non-naturally reductive Ad(Sp(l) x
Sp(k) x Sp(k) x Sp(k)) invariant Einstein metrics on Sp(l+3k) (k < 1). It implies that every
compact simple Lie group Sp(n) for n = [+ 3k > 4 admits at least 2[% (n—1)] non-naturally
reductive Ad(Sp(l) x Sp(k) x Sp(k) x Sp(k)) invariant Einstein metrics.

Keywords: Einstein metric; non-naturally reductive metric; compact Lie group; symplec-
tic group
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1. INTRODUCTION

A Riemannian manifold (M, g) is called Einstein if there is a constant ¢ such
that Ricci tensor satisfies Ric(g) = og. Einstein manifolds play an important role
in Riemannian geometry and general relativity; see the survey book [4] and the
articles [13], [14]. In particular, it has been an interesting and important problem to
study left-invariant Einstein metrics on compact Lie groups.

As is well known, any bi-invariant Riemannian metric on a compact simple Lie
group must be Einstein, which are globally symmetric. As a generalization of sym-
metric metrics, naturally reductive metrics play important roles in many topics.
In 1979, D’Atri and Ziller in [10] established many important results on naturally
reductive Einstein metrics on the classical compact groups SO(n), SU(n) and Sp(n);
for example, they pointed that every compact simple Lie group except SO(3) admits
at least two left-invariant naturally reductive Einstein metrics. They also found that
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it is difficult to obtain left-invariant Einstein metrics on compact simple Lie groups,
which are non-naturally reductive. From then on, many results have been estab-
lished on left-invariant non-naturally reductive Einstein metrics on compact simple
Lie groups. Mori initiated the study of this problem by showing that there exist non-
naturally reductive left-invariant Einstein metrics on SU(n) for n > 6 in [11]. Later,
the authors in [2] got the existence of such metrics on the compact Lie groups SO(n)
for n > 11, Sp(n) for n > 3, Eg, E7 and Eg. Chen and Liang in [8], Chrysikos
and Sakane in [9], and H. Chen, Z.Chen and Deng in [5] also obtained some new
non-naturally reductive Einstein metrics on exceptionally simple Lie groups.

Recently, many researchers are studying the problem of lower bounds of the num-
ber for non-naturally reductive Einstein metrics on compact simple Lie groups. Yan
and Deng in [16] found a new method to construct left-invariant non-naturally reduc-
tive Einstein metrics on compact simple Lie groups through the study of standard
triples. They got lower bounds of the number for compact simple Lie groups SO(2n)
and Sp(2n), i.e., SO(2n) admits at least (I1 +1)(la+1)...(ls +1) — 3 non-naturally
reductive Einstein metrics and Sp(2n) admits at least (I;4+1)(I2+1) ... (ls+1)—1 non-
naturally reductive Einstein metrics for any n = pi1'1p!2 ... p,ls with p; prime. Later
on, H. Chen, Z. Chen and Deng proved that SO(n) admits at least 2([3(n — 1)] — 2)
left-invariant non-naturally reductive Einstein metrics in [6]. Furthermore, the au-
thors in [7] gave lower bounds on the number of Sp(n) (n > 4). In this paper, we
generalize the results in [17] and prove the following theorem.

Theorem 1.1. For n = 3k +1 > 4 (k <), the compact simple Lie group Sp(n)
admits at least two new Ad(Sp(1) x Sp(k) x Sp(k) x Sp(k))-invariant Einstein metrics,
which are non-naturally reductive. Moreover, every compact simple Lie group Sp(n)
admits at least 2[+(n— 1)] non-naturally reductive Ad(Sp(l) x Sp(k) x Sp(k) x Sp(k))

invariant Finstein metrics.

The paper is organized as follows. In Section 2, we recall some fundamental results
about the Ricci tensors and naturally reductive metrics on compact Lie groups. In
Section 3, we calculate the Ricci tensors and naturally reductive metrics for Lie
group Sp(n) in detail. Finally in Section 4, we finish the proof of Theorem 1.1.

2. THE RiICCI TENSOR AND NATURALLY REDUCTIVE METRICS
ON REDUCTIVE HOMOGENEOUS SPACES

Let G be a compact simple Lie group, K a connected closed subgroup of G with
Lie algebras g and ¢, respectively. The Killing form B of g is negative definite, so we
can define an Ad(G)-invariant inner product —B on g. Let g = ¢ ®m be a reductive
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decomposition with respect to —B. Then [¢,m] C m and m = T,(G/K). We assume
that m can be decomposed into mutually non-equivalent irreducible Ad(K )-modules
as follows:

(2.1) m=m; O...om,.
Then any G-invariant Riemannian metric on G/K can be expressed as

(2.2) ;) :xl(—B)‘ml +...+xq(—B)‘mq,
where z1,...,z, are positive real numbers.

The Ricci tensor r of a G-invariant Riemannian metric on G/K is of the same
form as in (2.2), that is, there exist real numbers ¥, ..., y, such that

(2.3) r=y1(=B)|_ +...+y(—B)|

my mg’
Let {en} be a (—B)-orthonormal basis adapted to the decomposition of m, i.e.,

o € m; for some i, and o < B if i < j. We put AZB = —B(lea,es],ey), that

k
is [ea,ep] = D0 Al ey Set [] = > (Al4)?, where the sum is taken over all in-
¥ v
dices v, B, v with e € m;, eg € mj, ey € my, see [15].

k
Let d; = dimm,; with respect to the metric given as above. We define [} =
)

Z([eg,eé] e§>2, where i, j, k vary from 1 to d,, dg, dv, respectively. Then it is
ijk k
easily seen that the positive numbers [ . ] are independent of the B-orthonormal

L]
k k J
bases chosen for m;, m;, my, and we have | . | =| . | = .
1j Ji ki
Then we have the following;:
Lemma 2.1 ([12]). The components r1,...,rq of the Ricci tensor r of the metric

of the form (2.2) on G/K are given by

2.4 =— 4 — - — — k=1,...
24) ™ oy * 4d, ; T [zy] 2d, ; T [kz ( SRRRCOE

where the sum is taken overi,j = 1,...,q, rp = r(Xl(k),Xl(k)), and {X;k)}?il is an
(-, -)-orthonormal basis of my.

As is well known, there is a one-to-one correspondence between G-invariant metrics
on G/H and Ad(K)-invariant inner products on m.
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Definition 2.1. A Riemannian homogeneous space (M = G/K, (-, -)) with a re-
ductive complement m of £ in g is called naturally reductive if

(X, Y]m, Z) + (V,[X, 2] ) =0 VX,Y,Z€em.

Under the notions above, let £ = ¢, @€, D. ..D¥, be a decomposition of £ into ideals,
where £ is the center of ¢ and ¢ (i = 1,...,p) are simple ideals of €. Let AO‘EO be
an arbitrary metric on €. In [10], D’Atri and Ziller investigated naturally reductive
metrics among left-invariant metrics on compact Lie groups. And they gave the
following useful result.

Theorem 2.1 ([10]). A left-invariant metric on G of the form
(2.5) (-, = x(—B)‘m + A0|Eo + ul(—B)|El +...4 up(—B)‘Ep, TyUty ... Up >0
is naturally reductive with respect to G x K, where G x K acts on G by
(9.k)y = gyk™".

Moreover, if a left-invariant metric (-, -) on a compact simple Lie group G is natu-
rally reductive, then there is a closed subgroup K of G and the metric (-, -) is given
by the form (2.5).

3. THE COMPACT SIMPLE LIE GROUPS Sp(n)

In this section, we describe a decomposition of the Lie algebra of Sp(n). Then we
obtain the Ricci tensors and the naturally reductive metrics.

Let G = Sp(n) = Sp(k1+k2+ks+ka) and K = Sp(k1) x Sp(k2) x Sp(ks) x Sp(k4),
where k1, ko, k3, kg > 1. Obviously, K is the closed subgroup of G. Then the tangent
space sp(k1 + ko + ks + k4) of the symplectic group G = Sp(k1 + k2 + ks + k4) can
be written as a direct sum of Ad(K)-invariant modules as

(3.1) sp(k1 + ko + ks + ka) = sp(k1) @ sp(ka) @ sp(ks) @ sp(ks) ® m,

where m corresponds to the tangent space of G/K.
For i = 1,2, 3,4, we embed the Lie subalgebra

X, -Y; ks
R e B e O R
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into the Lie algebra sp(k1 + k2 + ks + k4) as

<l

353

0 0
0 0
0

_§12

0

0
—Bi;
0
—Al
0
~Bis
0
Al

0 0
0 0
0 0
0 0
0
0
0
0

0
0

0

0

0 Bis

Aia
Bis
0
0

0
— A
/
12
0
—Aly
0
/
13

mi2
mis

with respect to the Ad(G)-invariant inner product —B. We denote by M(p, q) the

The tangent space m of G/K at the origin is given by € in g = sp(ky + ko + k3 + ky)
set of all p x ¢ matrices. Then we set



0 0 0 Ayu| 0 0 0 —Bu

0 00 0 0 00 0

0 00 O 0 00 0
S ~A, 00 0 |-Bjy 00 0 |

0 0 0 Byu| 0 0 0 Ay

0 00 O 0 00 0

0 00 O 0 00 0

B, 00 0 |-AY% 00 0

0 0 0 0]l0 0 0 0

0 0 Ay3 0[0 0 —Bys 0

0 —-Ay 0 0[0 —-Bh)y 0 0

0 0 0 0/0 0 0 0
Moz = ;

0 0 0 0/0 0 0 0

0 0 By 0|0 0 Az 0

0 By 0 0[]0 —Ay% 0 0

0 0 0 0/0 0 0 0

O 0 o0 OO0 O 0 0

0 0 0 Ay|0 0 0 —By

O 0 0 00 0O 0 ©

0 -4, 0 0 |0 -B, 0 0
"1=Yl0 0 0 0]o 0 0 0 ’

0 0 0 Byul|l0 0 0 Ay

O 0 0 00 0O 0 ©

0 By 0 010 —A, 0 0

00 0 0 l0o0 0 0

00 0 000 0 0

0 0 0 A |0 0 0 —By

00 —-A,, 0 |0 0 —-B 0
™1=Ylo 0 o0 0]0o0 0 0 ’

00 0 0|00 O 0

00 0 Bu|0 0 0 Azy

00 By 0100 -4 0

where

Aij,Bing(ki,kj); 1<’L<]<4

The subspaces m;; are given as the corresponding orthogonal complements with
respect to the negative of the Killing form. Note that the subspaces m;; are the
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irreducible Ad(XK)-submodules and that the irreducible submodules m;; are mutually
non-equivalent.

Therefore, decomposition (3.1) of the Lie algebra of the symplectic group G =
Sp(k1 + ka2 + k3 + k4) is

(3.2) g =my + Mo +m3 + my + Mg + My3 + Myg + Moz + Moy + M3y,

where we denote by m; the subalgebras sp(k;), 1 < j < 4.

Now we consider left-invariant metrics on G which are determined by the
Ad(Sp(k1)xSp(k2)xSp(ks) x Sp(ka4))-invariant scalar products on sp(ki+ko+ks+ks)
given by

4 4 4
(33) <" > = Zmi(_B)‘ﬁp(ki)—’_Z +x1i(_B)|m11‘,+Zin(_B)‘m2i+x34(_B)‘m34’
i=1 i=2 i=3

where z; (i =1,2,3,4) and z;; (1 # i < j # 4) are all positive real numbers. Then
we have the following lemma.

Lemma 3.1. The submodules in decomposition (3.2) satisfy the following bracket

relations:

[mi;mi] =my, [mi7mij] = myy, [mj7mij] = myy, [mij;mjk] = My,

(Mg, ma] = myp, [, mye] =mg;,  [my;,mg] =m; +my,

where 1 < i < j < k < 4 and all the other pairs of subspaces not appearing in the
above list are all multiplication commutative.

The proof is direct and we omit it.
It follows that the only non zero symbols (up to permutations of indices) are

oo il Ll L) Lo Lamw) Laoon ]

Denote by d; and d;; the dimensions of the modules m; and m;;, respectively.
Since dimm;; = 4k;k; (1 <i < j < 4), it is easily seen that d;=2k2 + k;, d;j=4k;k;.

Then we consider Ad(Sp(k1) x Sp(ka) x Sp(ks) x Sp(k4))-invariant metrics of the
form (3.3). We first prove the following proposition.

Proposition 3.1. If a left invariant metric (-,-) of the form (3.3) on Sp(n) is
naturally reductive with respect to Sp(n) x L for some closed subgroup L of Sp(n),
then one of the following holds:
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—_

) T1 =T =T12, T13 = Ti4a = Tog = Ta4 = T34;

2) X1 =Ty = T12, T3 = Ty = T34, T13 = T14 = T23 = T4}
3) Tl = T2 = T3 = T12 = T13 = T23, T14 = T24 = T34;

4) x1 =Ty = T4 = T12 = Ti4 = To4, T13 = T23 = T34;

5) X1 = T3 = T13, T12 = T14 = T3 = T24 = T34}

6) x1 =3 = x13, Ta = Ty = To4, T12 = T14 = T23 = T34}
7T) X1 =3 = x4 = T13 = T14 = T34, T12 = T23 = T24;

8) x1 =4 = T14, T12 = T13 = To3 = To4 = T34;

9) x1 =4 = T14, Ta = Ty = T23, Ti2 = T13 = T4 = T34}
10) z2 = w3 = x23, T12 = T13 = T14 = Tag = T34;

—_

1
2 T3 = T4 = T3 = To4 = T34, T12 = T13 = T14;

) T2 =T3 =T93, T1 = Tg = Ti4, Ti2 = Taa = L13 = L34]
13) ®g = @4 = Toa, T12 = T14 = Tz = T13 = T34;

—_

T2

—_

4
15
Conversely, if one of the above conditions is satisfied, then the metric {-,-) of the

XT3 = T4 = X34, T12 = T13 = T14 = T23 = T24;
T12 = 13 = T14 = T23 = T24 = T34-

form (3.3) is naturally reductive with respect to Sp(n) x L for some closed subgroup L
of Sp(n).

Proof. Let I be the Lie algebra of L. Then we have either [ C £ or [ € €. First we
consider the case [ Z €. Let h be the subalgebra of g generated by [ and ¢. Since g can
be decomposed into the sum of mutually non-equivalent irreducible Ad(K')-modules
as (3.2), it is easily seen that ) contains at least one of mj2, my3, my4, Mogz, Moy, Or M3y.

We first consider the case when b contains mj2. Note that [mya, mis] = my + ma.
Thus, h contains sp(k1+k2) Dsp(ks) Dsp(ka), sp(ki+ka)Dsp(ks+ka), sp(k1+ko+ks)®
s5p(ka) or sp(k1+ ko + ka) ®sp(ks). If b = sp(ky + k) ©sp(ks) ®sp(ka), then we have
an irreducible decomposition sp(ky + ka2 + k3 + k4) = b @ n, where n = my3 ® myy @
Mog B Moy b mays. Notice that the terms of composition (2.5) are Ad(L)-modules. If
the metric of the form (3.3) is naturally reductive, then it must satisfy z; = 2 = 12
and r13 = 14 = To3 = 24 = T34. The other conclusions can be proved similarly.

Next we consider the case when [ C €. In this case we have [+ O mis @ miz §
Mg O Moz @ Moy @ mzy. It follows that z1o = 213 = T14 = 23 = Tog = x34. The
converse statement is a direct consequence of Theorem 2.1. O

Now we calculate the Ricci tensor of the left-invariant metrics on Sp(n) =
Sp(k1 + ko + k3 + k4), determined by the Ad(K) = Ad(Sp(k1) x Sp(ka) x Sp(ks) x
Sp(k4))-invariant scalar products of the form (3.3). Note that the Ricci tensor r of
the metric (3.3) is also Ad(K)-invariant. Write

g=m; +mo + m3 + my + ms + Mg + My + Mg + Mg + My,
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where ms = My, Mg — M3, M7 — Myg, Mg = Moz, Mg — Moy and mjp = M34. Then
by Lemma 3.1, it is easy to see the following lemma.

Lemma 3.2. For an Ad(K)-invariant symmetric 2-tensor g on sp(ki+ko+ks+k4)
we have o(m;,m;) = (0) for i # j. In particular, for the Ricci tensor r of the
metric (3.3) we have r(m;, m;) = (0) for i # j.

Using Lemma 2.1 and (3.4), we get the following:

Proposition 3.2. The components of the Ricci tensor r for the left-invariant
metric {,) on Sp(n) defined by (3.3) are given as follows:

”::2ii+4&i([;}£l+f;§:.[@jiﬁ>]§%>

J=1,j#i
e () [ 5 [lss

k=1 ki, j
g Ut B o A B

i z; [<§j)]<€>k>} o Lz‘j;(z‘j)} x_ ) [(miyuj)] _)

where i,j =1,2,3,4 and i # j.

We recall the following result by Arvanitoyeorgos, Dzhepko and Nikonorov:

Lemma 3.3 ([1], [3]). The following relations hold:

al _ ko (ko +1)(2kq + 1) a _ koky(2k, + 1)
[aa] n+1 ’ [(ab)(ab)] n+1l
[ b ]:mm@m+m, [(w)}ZQQmm,
(ab)(abd) n+1 (be)(ac) n+1

where a,b,c =1,2,3 or 4 and (a — b)(b — ¢)(c — a) # 0.

Combining the above results we get the components of the Ricci tensor for met-
rics (3.3).
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Proposition 3.3. The components of the Ricci tensor r for the left-invariant
metric (-,-) on G defined by (3.3) are given as follows:

4
ki +1 1 T
e E fo. Y
" 4(n+ 1), + 4(n + 1)< inﬁ)’

j=1,5#1
4
s = L ki ( Tij il Tji )
1] - -
2(El‘j =112 4(TL + ].) T4 Tij x4 TijTq

_ 2k; +1 xi ij-f—lﬁ
8(n+1)xf 8(n+1)a}’

where i,j =1,2,3,4 and i < j.

4. PrROOF OF THEOREM 1.1

Consider the case of k1 = [, ko = k3 = k4 = k in the formula given in Proposi-
tion 3.3. By the definition of ri, we only need to deal with the equations

(4.1) TN =T9 =173 =174 =712 =713 = T14 = I'23 = T'24 = T34.
Setting the metric with
T2 =x13 = %14 = 1, Tog = T34 = Toz, T2 = T3z = Iy,
we can reduce equations (4.1) to
(4.2) 1 = T2, T2 = T12, T9 = T23.

Then finding Einstein metrics of the form (3.3) reduces to finding positive solutions of
the system of equations (4.2). It is easy to deduce the system of algebraic equations:

f1 = 3ka3woxds — loyw3a3s — 2kx123 — kxya3; + lxexds — 11225 + 0735 = 0,

=2l 2 ka2 2x2a? 4k 3. — 12k 2. — 4] 2 4k

J2 = 2lx122055 + 2ka575, + 25355 + dkToxss 233 ToTo3 + 4RIy
+ 2k;x§3 + xlel‘%B + m%xgg — 433233%3 + 23:%3 =0,

f3 = lx323; — lwoxds + 4kx3 — Skwowas + kady + 23 — 2w0m03 + 235 = 0,

A A A
where f1 =71 — T2, fg = T2 —T12, f3 = T9 — T923.
In particular,

f3 = ({EQ — (E23)(Z£L'2{E§3 + dkxy — kxosz + x0 — {E23) =0.
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If x5 = x93, by Proposition 3.1 we have that it contradicts the non-naturally reductive
Einstein metrics. So we assume xy # xa3. Together with x4, xo3 # 0, we get

(]f —+ 1)%23
4. = """\
(43) T Ak + 1

Substituting (4.3) into f; and fo, we have

g1 = w35 (k + 1)(3kladas, + 12k xTwes + 3kaires — 1Pxy25, — Ikle w3y — 3lzi23,
— 18Ky — 10kzy — 21 + l2x§3 + lx§3 + 4klxos + 4kxog + lxag + Ta3)
= 3klaad, + 12k 03003 + 3katwes — 12w 05, — Okle wds — 3lria3, — 18k,
— 10kzy — 21 + 123:33 + lm§3 + 4klxos + 4kxog + lxoz + 223 = 0,
go = 1333(]6 + 1)(212:51:5%3 + 11:13533 + 8klx1x93 + 4kx1293 + 2121723 + 1723 + klx‘213
+ 21%a5, — 12klxsy — 41225, — Alads + 18k>w3, + 18klas, + Thass + 6lr3,
+ 225 — 48k2 w93 — 16klxaz — 28kao3 — 4lwag — 4wa3 + 36k + 20k + 2)
= 212x1x§3 + 1x1x§3 + 8klx1xoz + 4kx1203 + 2lT1203 + T1 293 + I<;lx‘213 + 212x33
— 12klx3, — Al%ah, — Alads + 18k%x3, + 18klxss + Thass + 6123, + 735
- 48k21323 — 16klxos — 28kxo3 — 4lxoz — 493 + 36k + 20k +2=0.

Consider the polynomial ring R = Q[z,x1,223] and the ideal I generated by
{91, 92, zz1293 — 1}, and take a lexicographic order ‘>’ with z > 7 > x93 for
a monomial ordering on R. We need to find positive solutions of the system.
With the help of a computer, we obtain a Grobner basis containing the polynomials
{h(x23), h1(z23, 1)}, where h(xa3) is the polynomial of zo3 given by

h(wa3) = 21%(2k + 1)(12k2 + 6kl + 21% + )25,
—41%(3k + 1+ 1)(24k? + 12k1 4 21% + 1) x2,
+ 1(432k* + 1080k31 + 168K> + 612k%1% + 570k% + 24k
+ 120k + 242K1° + 791 + 41* + 320° + 191% + 20)x5,
— 43k +1+1)
x (204k3 + 156k>1 + 66k> + 26k1* + 61kl + 6k + 81% + 41) x5,
+ (972K° + 6264K*] + T56k* 4 4176k31% + 5286k%] + 255k
+ 852k%1% 4 2780k21% + 1525k%1 + 42k? + 32k1* + 456k1°
+ 580k1? + 174kl + 3k + 81* + 601 + 381 + 51)x3;
—4(3k 4 1 + 1)(432k* + 648k31 4 276k> + 108k21% 4 426k
+ 66k2 + 62k1% 4 T9k] + 6k + 81% + 41)a3,
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+ (10800k5 + 9144K*] + 12060k* + 2064k>12 + 8556k31

+ 5082k3 + 64Kk%1% 4+ 1664k%12 + 2860k>] + 998K> 4 32kI13
+ 424K1% + 398kl + 85k + 41> + 321> + 191 + 2)x3,

— 4(4k 4 1)(18K% 4 10k + 1)(3k 4+ 1 + 1)(12k + 21 4 1)203
+ 2(18k* + 10k + 1)*(6k + 21 + 1).

For every k,l € 7T, if | > k, we have

h(0) = 2(18k* + 10k + 1)%(6k + 21 + 1) > 0,
h(1) = (k —1)(2k + 1)(3k + 1)2(6k + 20 + 1) < 0,
h(o0) = 0.

Thus, the equation h(z23) = 0 has at least two positive roots a and 8, where 0 < v < 1,
B > 1. On the other hand, ha(z23, 1) is the polynomial of x93 and x; given by

ho(as, 1) = — 212(2k 4 1)(12k? + 6kl + 212 + 1)
x (6K + 30k21 + 9k? + 10k1* + 17kl + 3k + 41% + 21)x5,
+ 4123k 4 1 + 1)(24k> + 12kl + 21> + 1)
x (6k3 4 30k21 + 9k? + 10k1* + 17kl + 3k + 41% 4 21)a$5,
— 1(2592k" + 14256k°1 + 4896k 4 33480k°1% 4 21780k°
+ 2952k° + 25992K41% 4+ 40692k112 + 12516k + 720k* + 8592k31*
+ 26076k%1% + 18084k312 + 3129k31 + 72k + 1176k%1° 4 7120%21*
+ 8974K%1% + 3424K%1% + 303K21 + 40k1°® + 788KI° + 1810kI1*
+ 1179k1® + 245k1% 4 6kl + 161° + 1281° + 1321* + 4413 + 41?)a3,
+ 43k +1+1)
x (1224Kk5 + 4464Kk°1 4 2232k° 4 4716k + 5346k
+ 1242k* + 1692k313 + 4716k312 + 2367k + 252k3
+ 188k21* + 1484K%1% 4 1625217 + 429K%1 + 18K>
+ 144K1* + 396k1° + 210k(? + 24kl + 281* + 2813 + 71?)x3,
— (5832k® + 40824k 71 + 13284k7 + 118152k51% 4 95616k51
+ 11250k 4 103608%°13 + 197748K12 + 82170k°] + 4815K°
+ 37128k*1* + 142128k 4 129222k*1% + 33702k* + 1161k*
+ 5304Kk31° + 43524K31* 4 74790k313 + 41175k31% + 698131
+ 153k> + 176,215 + 5352k21° + 18540k21* + 18442k21°
+ 6528%212 + 678k?1 + 9k? + 128k1° + 1792k1° + 3336ki*
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+ 2056k13 + 452Kk12 + 21k1 4 241° + 19615 + 2101* + 7513 + 81%)a3,
+ 4(3k + 1+ 1)(2592k" + 5184k51 + 5544k° + 8856%°1>

+ 11052k51 + 41765 + 3888k 13 + 12672k1% + 8136k

+ 1458k* + 432K31* 4 4T16K313 + 6768312 + 2619k3] + 252k3
+ 47621 + 2024213 + 1631212 + 369k%1 + 18K* + 172k1*

+ 352k1% 4 169k1% 4 18kl + 201* + 201 + 51%)x3,

— (531363 + T1712k"1 4 139104k" + 68112k512 + 176400%°1
+ 140508k5 + 30624k°13 + 136848k51% + 162984k°1 + 71700k5
+ 4848K41* + 51888K41® 4 105276k41% + 73812k*1 4+ 19902k*
+ 64K31° + 7312k31* + 32856K31% 4 39188K31 + 17510431

+ 2934k3 + 112K%1° 4 3896Kk21* + 9544k213 + 7302k212

+ 2099k21 + 195k? + 56k1° 4 844KkI* 4 1250k1> + 621ki?

+ 106kl 4 3k + 81° + 601* 4 581> + 171% + 1) x93

+ (k +1)(2k + 1)(18%> 4 10k + 1)(20 4 1)(6k + 21 + 1)

x (12k* + 6kl + 3k + 21° + 1)1

+ 24k (k 4+ 1)(2k + 1)(18%% + 10k + 1)(3k + 1+ 1)

x (12k% + 6kl + 3k + 212 +1).

By the equation ho(zes,z1) = 0, 21 can be expressed by a polynomial of xo3.
Since there exist at least two real roots a and 8 of f(za3) = 0, there are at least
two real solutions for hg(za3,21) = 0. Then we show that the real solutions z; of
ha(xe3,21) = 0 are positive. We take a lexicographic order ¢ > with z > xa3 > 23
for a monomial ordering on R. With the help of a computer, we obtain that a Grob-
nerbasis contains the polynomial y; (z1) of 1 given by

y(w1) = (k + 1)(2k + 1)(6k + 21 + 1)(12k* + 6kl + 21> + 1)
x (12k* + 6kl + 3k + 21 + 1)%2}
— 8(k 4+ 1)(2k + 1)(3k 4+ 1 + 1)(12k* + 6kl + 3k + 21> + 1)
x (72k* + 180k31 + 18K + 132K%1% + 48k?]
+ 4813 + 30k1% 4 3kl + 81* + 813 + 21%)z]
+2(k 4+ 1)(2k + 1)
x (5832k" + 4676451 + 12420k° + 85320k°1% + 54324K°] + 6228k
+ 779763 + 81810k 12 + 20763k + 1170k + 41940k31* + 62028K313
+ 27045K31? + 3330K31 4 72k + 13824K%1° + 26472k1* + 16680k21°
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+ 3858k21% + 222K + 2640k1° 4 6312k1° 4 5248k1* + 1798kI> + 223k1>

+ 6kl + 22417 4 66415 4 7161° + 3381* 4 631> + 21%)2§
—8(k+1)(2k+1)(3k +1+1)

x (2322k°1 4 864k° + 6156k*1% + 3915k 4 432k + 6300%°1> + 6426k31>
+ 1386K31 + 54k> + 3312k21* + 4692k%1 + 1794K%1% 4 180k?1 + 936K1°

+ 1728K1* + 958Kk1® + 176k1? + 9kl + 1121° + 2681° + 2121* + 631° + 51?)2
+(k+1)(2k+1)

x (13608k51 + 7776K° 4 83376Kk°1% + 78192k + 14256k° + 143496k

+ 198252k41% + 71754k 4+ 6576k + 117360k31* 4 220284k31% + 127278K>12
+ 23980%°1 + 1128k 4 52032k21° + 126384Kk%1* 4 103200k21% + 32556k
+ 3443k%1 4+ 60k? + 12000k1° 4 36784k1° + 40584k1* + 19212k1° 4 3604k1>
+ 200k1 4 112017 + 42401° 4 612415 + 41681* + 13211 + 1601 + 41)z]
—8(k+1)(2k+ 1)1+ 1)Bk+1+1)

x (T74k* + 288k + 2052k31% + 1305k°1 + 144k> + 189621

+ 1944k21% + 414Kk21 + 18Kk* + 768k + 1172kI> + 454kl?

+ 44kl 4+ 1121° + 2401* 4 1581 + 351% + 21)z}

+4(k+1)(2k +1)(1 +1)?

X (324Kk° + 2598k + 690k* + 4514317 + 2841k31 4 314k3

+ 3168k213 + 3640Kk%1% + 960k + 49k> + 984kl + 1740k13

+ 882k1% + 129kl + 2k + 1121° + 2761* + 2241° + 671% + 61)xF
—16(k+1)(2k + 1)1 +1)3Bk +1+1)(4k + 20+ 1)

x (4k? + 10kl + k + 417 + 1)y

+4(k+1)(2k + 1)1 + 1)*(2k + 1) (4k + 21 + 1)

Since the coefficients of the polynomial y(z1) are positive for even degree terms
and negative for odd degree terms, all the real solutions of the polynomial y(x1) =0
are positive. Therefore, we obtain at least two solutions of the homogeneous Einstein
equations of the form

1 = plwes) x:x:xzm
1 = Pp(T23), 2 3 4 Zx%3+4k+1’

Ti2 =13 =T14a = 1, o3 = Tog = T34 # 1.

We conclude that these metrics are not naturally reductive by Proposition 3.1.
This completes the proof of Theorem 1.1. O
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