Mathematica Bohemica

Aissa Boukarou; Kaddour Guerbati; Khaled Zennir
On the radius of spatial analyticity for the higher order nonlinear dispersive equation
Mathematica Bohemica, Vol. 147 (2022), No. 1, 19-32

Persistent URL: http://dml.cz/dmlcz/149596

Terms of use:

© Institute of Mathematics AS CR, 2022

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/149596
http://dml.cz

147 (2022) MATHEMATICA BOHEMICA No. 1, 19-32

ON THE RADIUS OF SPATIAL ANALYTICITY FOR THE HIGHER
ORDER NONLINEAR DISPERSIVE EQUATION

A1ssA BOUKAROU, KADDOUR GUERBATI, Ghardaia,
KHALED ZENNIR, Ar-Rass

Received May 22, 2020. Published online March 16, 2021.
Communicated by Ondrej Kreml

Abstract. In this work, using bilinear estimates in Bourgain type spaces, we prove the
local existence of a solution to a higher order nonlinear dispersive equation on the line for
analytic initial data ug. The analytic initial data can be extended as holomorphic func-
tions in a strip around the z-axis. By Gevrey approximate conservation law, we prove the
existence of the global solutions, which improve earlier results of Z. Zhang, Z. Liu, M. Sun,
S.Li, (2019).
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1. INTRODUCTION

In this paper we consider a higher order nonlinear dispersive equation:

O+ M0%u + Xa02u + A\303u + A\g0pu + udpu =0, (z,t) € R?,
(1.1)
U(IE, 0) = ’U,()(il,'),

where A1 # 0, A2, A3, A4 are real numbers. For more details to the higher order
nonlinear dispersive equation which arises in the study of water waves with surface
tension and arises as mathematical models for the weakly nonlinear propagation of
long waves, see [15] and [8].

Well-posedness of the Cauchy problem for the higher order nonlinear dispersive
equation in (1.1) has been studied by Zhang et al. (see [15]) in Sobolev spaces. By
using the Fourier restriction norm, the authors showed that (1.1) is locally well-posed
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in H*(R) for s > —2 and global well-posedness for s = 0. In [4] it has been shown
that the Cauchy problem for fifth-order Kadomtsev-Petviashvili I equation is locally
well-posed in G%5152 for s1, 59 > 0, see also [3], [2].

The main novelty in this paper is the study of the question of global well-posedness
for initial data ug(x) that is analytic on the line and can be extended as holomorphic
functions in a strip around the z-axis. A class of analytic functions suitable for our
analysis is the analytic Gevrey class G%*(R) introduced in [6], which is defined as

(1.2) GO (R) = {up € L3(R): |Jug||gs.«(R) < o0},

where

o2y = / 2316l (€)2%] 5 (6) P de

for s € R, 6 > 0 and (-) := (1 + |-|). If § = 0, the space G** coincides with the
standard Sobolev space H*.

We note the following embedding property of the Gevrey spaces: for all 0 < §' < 4
and s,s’ € R we have

(1.3) Gé’S(R) CG* (R), ie. HUOHG‘S’:S'([R) < 0575/,5,5/||u0||(;5,5(R).

The interest in these spaces is due to the following fact, for which a discussion can
be found in [9].

Proposition 1.1 (Paley-Wiener theorem). Let § > 0, s € R. Then f € G%* if
and only if it is the restriction to the real line of a function F' which is holomorphic
in the strip

{z+iy: z,y €R, |y| <6}

and satisfies

sup ||F(z +iy)||gs < oo.

lyl<é

In the view of the Paley-Wiener theorem, it is natural to take initial data in G%*

and obtain a better understanding of the behavior of solution as we try to extend it
to be global in time. It means that given ug € G%*° for some initial radius § > 0 we
want to estimate the behavior of the radius of analyticity 6(T") as time T goes to co.
This is our second novelty and main goal in this paper.

Theorem 1.2. Assume that \i\s < 0 and A3 > 0, let 6 > 0 and s > —g. Then
for any ug € G%* there exists T = T(||ug||gs.-) > 0 and a unique solution u of (1.1)
on the time interval (0,T") such that

u e C([0,T], G>*).
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Moreover, the solution depends continuously on the data ug. Here we have

Co

(1.4) T = T Twleen)?

for some constants ¢ > 0 and 8 > 1 depending only on s. Furthermore, the
solution u satisfies the bound

1
(1.5) lullxz,, <2C0ugllgsss 5 <b<1

b

with a constant C' > 0 depending only on s and b.

Thus, this result shows that for local-in-time the radius of analyticity remains
constant. Our next main result for the higher order nonlinear dispersive equation
yields an estimate on how the width of the strip of the radius of the spatial analyticity
decay with time.

Theorem 1.3. Let s > —g and &y > 0, and assume ug € G%5. Then the solution
given by Theorem 1.2 extends globally in time and for any T’ > 0 we have

u€ C([07 T/], Gé(T,)’S) with 5(T’) = Inin{éo7 ClT/*(B/SJon)},

where og > 0 can be taken arbitrarily small and C7; > 0 is a constant depending
on ug, dg, § and og.

The method used here for proving lower bounds on the radius of analyticity was
introduced in [12] in the context of the 1D Dirac-Klein-Gordon equations. It was
applied to the modified Kawahara equation (see [10]) and the non-periodic KdV
equation in [11] improving an earlier result of Bona et al. (see [1]), to the dispersion-
generalized periodic KAV equation in [7] and to the quartic generalized KAV equation
on the line in [13].

The rest of the paper is organized as follows. In Section 2, we define the function
spaces, linear estimates and bilinear estimates. In Section 3 we prove Theorem 1.2 us-
ing the bilinear estimate and the linear estimate together with contraction mapping
principle. Section 4 proves the existence of a fundamental approximate conserva-
tion law. In the final section, Theorem 1.3 will be proven, using the approximate

conservation law.
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2. PRELIMINARY ESTIMATES AND FUNCTION SPACES

Function spaces. Now we introduce the Bourgain space Xsﬁb([Rz) = X, asso-
ciated to the higher order nonlinear dispersive equation with respect to the norm

(2.1) [[ul

o= ([ e pacar)

where (&) = A&7 — X% + A3€3 — M€,
In addition, we also need the Grevey-Bourgain space, denoted X57S7b(R2) = X5,
defined by

1/2

22 s, = lulls,, = ([ @ - oo @ fa P dsar)

where
(2.3) Au'(€,) = llar (g, 1),

For § = 0, the space X s coincides with the Bourgain spaces X .

Finally, we will need the restrictions of X, and Xs5 to a time slab R x (0,7),
T > 0. These spaces are denoted by Xg:b and Xg:&b, respectively, and are Banach
spaces when equipped with the norms

[ullxr, = mf{{lvllx,,: v=wuon Rx(0,T)}

lullxz,, = nf{llollx,.,: v=uonRx (0,T)}

Linear and bilinear estimates. To prove our main results we have a need of
some multilinear estimate in the analytic Gevrey-Bourgain spaces. Note that the
spaces Xs s, are continuously embedded in C(R,G%*(R)) provided that b > 1. We
start with the following useful lemma.

Lemma 2.1. Let b > 3, s € R and § > 0. Then X;,, C C(R,G**(R)) and

(2.4) sup [u@®)llgs.s < Cllu®)lx; .0,

where C' depends only on b.
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Proof. First, we observe that the operator A satisfies
(2.5) lullxs., = lAullx,, and |lulgs: = [[Aulm,

where X ; is introduced in [15]. We observe that Au belongs to C'(R, H®) and for
some C' > 0 we have

(2.6) [Aullc@,us < CllAulx, ,-
Thus, it follows that u € C([0, 7], G%*) and
(2.7) luller,gos < Cllullxs,,,-

O

Lemma 2.2. Let s € R, § > 0 and —5 < b <0 < 5. Then for any T > 0 we
have

(2.8) lullxz,, < CT" " llullxr

8,8,b 5,5,5/’

where C' depends only on b and b'.

Lemma 2.3. Let s € R, § > 0, —
interval I C [0,T] we have

<b< iandT > 0. Then for any time

1
2 2

(2.9) Ixt®ullx,., < Cllullxz, .

where x1(t) is the characteristic function of I and C' depends only on b.

Proof. The proofs of Lemma 2.2 and Lemma 2.3 for § = 0 can be found in
Section 2.6 of [14] and in Lemma 3.1 of [5], respectively. These inequalities clearly
remain valid for § > 0, as one merely has to replace u by Au. ([

Next, consider the linear Cauchy problem for given F' = 9,u? and ug,

Opu+ MO%u + A 02u + A\303u + M\g0,u = F,
(2.10)

u(z,0) = uo(x).
By Duhamel’s principle the solution can be then written as
1 t
(2.11) u(t) = S(t)uog — 5/ S(t—t")(F(t))dt,
0

where

S(t)ug :/ei(x@rw(&))%(f) de.
R
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Lemma 2.4. Let s € R, % <b<1,6>20and 0 < T < 1. There is a constant
C > 0 depending only on b such that

(2.12) IS(tuollxz, , < Clluollgs.s.

t
/ S(t—t)F(t')dt < C||F| xr
0

5,5,b—1

(2.13) ‘

Xéj:s,b
Proof. The proofsof (2.12) and (2.13) for 6 = 0 can be found in Lemmas 5.1, 5.2

of [15], respectively. These inequalities clearly remain valid for 6 > 0, as one merely
has to replace ug by Aug, F' by AF. O

The author in [15] assumed A1, A2 < 0, A3 > 0 to prove the bilinear estimate in
Sobolev spaces H®. In this paper we used the bilinear estimate in Sobolev spaces H*
and the operator A in order to prove bilinear estimate in analytic Gevrey spaces G,

Lemma 2.5. Assume that A{\s < 0 and A3 > 0. Let b’ be close enough to %
satisfying b’ > % For b > %, 0>0ands > —g we have

(2.14) [0 (uruz) | x5, v, < Clluallx,.,

luz||x;..,-

Proof. We observe, by considering the operator A in (2.3), that

el = (2n) 20Ty « iy
< (271)72/ OlEmmlg (& —m, 7 — 01)e’ ™ Wz (n1, 01) Ay dos
[R2

= (AmQ),
since 0|¢| < 0|€ — m| + 0|n2|. Thus, we have
10x (urua)| x, , -y < 02(AurAug)llx, ;-
Thanks to Lemma 4.1 in [15], we have

102 (Aur Aug)|lx, -, < Cl|Aua]

|AU2|

s/ —1 Xob Xop — CH“lHXs,s,b |u2||X5,s,b'
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3. PrROOF OF THEOREM 1.2

Existence of solution. Fix § > 0, s > %, and ug € G%*. To construct the local
solution u to (1.1), we proceed by an iteration argument in the space ng_b. Let
{u(™}22 ) be the sequence defined by

2@ + X107ul® + X002u® + X\303u® + \10,u®) =0,
u(9(0) = uo,
and for n € {1,2,...} by
pu™ + X107u™ + X02u™ 4+ A303u™ + X\ 0pu™ = =10, (umDu=D),
u(™M(0) = .
Based on the comments preceding Lemma 2.4, we may write
u(O) (:L‘, t) = S(t)uo(x),

1 t
u™ (x,t) = S(t)uo(z) — 5 / St — 10, (™ (2, t Y u =V (z,t)) dt’.
0
It then follows from Lemmas 2.2, 2.5 and 2.4 that

1) u@lxr, < Cluollgs..

< Cluollgos + CT" )0 (™ Vul* V)| xr

(n)
HU' HXT 5,5,0/ —1

5,8,b

b —b —1)2
< Clluollgns + OT" =Dy
with 1 < b <’ < 1. By induction, it follows that

(3-2) ™l xx

5,5,b < QCHUOHga,S
for all n if T € (0, 1] is chosen so small that

1
T < _
(8C2||ug|| gs.s M/ (V' =0)

(3.3)

Using Lemma 2.5 together with (3.2) and (3.1) in that order, we therefore get

fu™ — u("fl)”ngsyb < CTY =)0, (um Vo= — u(”*Q)u("fz))ngjsyb,_l

<O (Ju" Vllxr  + [u P xr )

5,s,b

< a2 r

1 n— n—
< Sl — D
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It follows that the sequence converges to a solution u verifying the bound (3.2).

Continuous dependence on the initial data. Now assume that u and v are so-
lutions to the Cauchy problem (1.1) for initial data ug and vy, respectively. Then sim-
ilarly as above, again with the same choice of T' and for any T’ such that 0 < T" < T,
we have

1
lu = vllxzr , < Clluo = vollgss + 5|

provided thus ||ug — vo||gs.« is sufficiently small. This proves continuous dependence.

U_UHXEI:;»,E;

The uniqueness. Uniqueness of the solution in C([0, 7], G**) can be proved by
the following standard argument. Suppose that u,v € C([0,T], G%*) are solutions
to (1.1) with u(-,0) = v(-,0) in G**. Setting w = u — v, we see that w solves the
Cauchy problem

. 1
Drw + MOTw + Nod2w + N302 + \Opw + i&cw(u +v)=0, w(0)=0.
Multiplying both sides by w and integrating in space yield
. 1
wow + Alwagw + )\gwé‘gw + )\3w8£ + Mwdw + 5wamw(u +v) =0.

Thus, we have

1d » _1d 9 _
(3.4) E&Hw(t,)HLz =53 /[Rw (t,z)de = /Rw(t,a:)(‘)tw(t,a:) dz
= —% w(t, ©)0; (u? —v?)dz =0

R

since we have

w X 7U) X xTr = w X 5’lU i xTr = w X 3’lU i X
/R (t, 2)0w(t, ) d / (t, 2)00w(t, z)d / (t, 2)0%w(t, ) d

_ / w(t, )0y w(t, z) dz = 0.
R

We may here assume that w and its all spatial derivatives decay to zero as |z| — oo
(see the argument in [11], page 10). Thanks to equation (3.4) we have

%Hw(t, )||2L2 = — /[R w(t,fn)c'?gg(u2 — 1)2) de = — /R w(t, )0, (f(t, x)w(t, z))dx,

where f = u 4 v. Integrating the last integral by parts we obtain
d 2 2
St e = [ Bty (t,2) e,
R
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from which we deduce the inequality

d
(3-5) gl ILe| = 110 fllee @7

Since u,v € C([0,T], G%*), we have that u and v are continuous in ¢ on the compact
set [0, 7] and are G** in x. Thus, we can conclude that

(3.6) 10 fllLe < ¢ < o0.

Therefore, from (3.5) and (3.6) we obtain the differential inequality

d

et ll:| < cle@®)z:, 0<t<T.

Solving it gives
3.7) lw(®)l|Z: < elw(0)]|72, 0<t<T.

Since [|w(0)2, = 0, from (3.7) we obtain that w(t) =0, 0< ¢ < T or u = v.

4. APPROXIMATE CONSERVATION LAW

Our goal in this section is to establish an approximate conservation law for a
solution to (1.1) based on the conservation of the L?(R) norm of solutions of the
equation. Explicitly, we aim at proving Theorem 4.1.

Theorem 4.1. Let s € [0,2) and T be as in Theorem 1.2. There exist b € (3,1)
and C' > 0 such that for any § > 0 and any solution u € ngo,b to the Cauchy
problem (1.1) on the time interval [0,T], we have the estimate

(4.1) sup |u(t)l[Es0 < [u(0)][Es0 + CO%lullXr .
te[O,T] 8,0,b

Moreover, we have

(4.2) sup Ju(t)[|gs.0 < [|u(0)[[Es0 + CO™u(0)l[gs.0-
t€[0,T

For the proof of Theorem 4.1 we require the following preliminary estimate.

Lemma 4.2. Given « € [0, 3), there exist b € (3,1) and C > 0 such that for all
T >0 and u € X505 we have

(4.3) G x0,-0 < CO™Jlull%,,
where G = 0, ((Au)? — A(u)?) and the operator A is given by (2.3).
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Proof. Let G = 20,((Au)? — A(u)?).Then

1
2

”G”Xo,b—l = % W /[Rg (e‘”&‘ﬂ(fl, Tl)eé‘giglla(f - 517 T Tl)
— eélglﬂ(fl, Tl)a(f — 517 T — Tl)) dfl dTl
Lgﬁ
1 o~
~2 W /[Rz (eX16ledle=Erl — e2lEhz(gy, 1)

xu(§ =&, —m7)d& dn

L,
Using this and the following estimate (see [11])
Slalels) _ flatdl < (25 min(jal, |8])) %187, 8 € [0,1],

and

<§1><€—€1>.

min(|€1|a|§_§1|) <2 <£>

For € [0,2) C [0,1] one can see that

g
(r—e(@)=*

x el ClG (e, m)a(¢ - &, 7 — 1) d& dmy

||G||X0,b—1 <

1 . K
: / @5min(je ], € — &)

2
Lg,r

T e

Rﬂ(g —§1,T—T1)d€1 dTl

LEJ
Now by taking s = —k € (—%, 0] we obtain

6)° / e1la(g, )
R2

1 K
16100 < 5(26)

(T —p(§)t° (€1)®
S8l -6, 7 —m)
€-ay  Cdn,

&, 7
Setting v = Au and f(7,€) = (1 — p(£))°0(7, &) we have ?l€lu(r, &) = o(r,€) =
F(T,6){T — ©(€))° and therefore we can write
1

[ £(e)s f(&,7)
||G||X0,b—l < 2(26) <7- _ ¢(€)>1—b /[Rg <€1>S<T1 — @(§1)>b
f(g_gla’r_’rl)
. (€ =&)s (T =11 — 0§ —&))° dérdn

2
Lg,r
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By Remark 9 in [11] we get
Gl x0,1 < CO™[Ifll72 = CO"[lvl%,, = Co™lullk,,,-
and the result is proven. O

Now we prove Theorem 4.1.

Proof of Theorem 4.1. Let V(t,z) = Au(t,z), which is real-valued since the
multiplier A is even and u is real-valued. Applying A to (1.1) we obtain

(4.4) OV 4+ MOV + X053V + X303V + M0,V + V0,V =G,

where 1
G = §8x((Au)2 - A(u)Q).

Multiplying (4.4) by V and integrating in space we obtain
/ VoVdr + A / VoIV dz + A / VORV dz + A3 / VOV dx
R R R R

+/\4/V(‘)dex+/V28dex:/VGda:.
R R R

By noticing that 82V (z,t) — 0 as |x| — oo (see [11]) we can use integration by parts

1d [,

Now integrating the last equality with respect to ¢t € [0,7] we obtain

obtaining

R R R2
Thus,

T o = )0 +2| [ xom(OVG dsa

We now use Plancherel, Holder, Lemmas 2.3, 4.2 and the fact that 1 — b < b since
b > % and we obtain

45 | [ xom(OVGarat] < IOV x. oGl
<IVlxg, IClxg, < Coulls,
Finally, by using condition (3.2) we conclude that

sup [[u(®)[[ G0 < Ju(0)lZs0 + C8"[[u(0)|gs.0-
te[0,T

The proof is now complete. O
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5. PROOF OF THEOREM 1.3

Fix 69 > 0, s > —g, K € (0,%), and ug € G%-*. It suffices to prove that the
solution u to (1.1) satisfies

ue C([0,77,G°T)=),

where
§(T") = min{dy, C1T'~1/%}

for all T > 0, and C; > 0 is a constant depending on ug, dg, s, and k. By Theo-
rem 1.2, there is a maximal time T = T*(ug, do, s) € (0, o0] such that

u e C([0,T*], G%).
If T* = oo, we are done. If T* < 0o, as we assume henceforth, it remains to prove
(5.1) we C(0,77,GOT ") forall T > T
The case s = 0. Fix T" > T* and we will show that for § > 0 sufficiently small

(5:2) sup [u()llgs0 < 2[u(0)[gso.o-
tE[OvT/]

To prove this, we will use repeatedly Theorems 1.2 and 4.1 with the time step

Co

(5.3) L T 20 n)

The smallness conditions on ¢ will be
21" Ko3/2
(5.4) 0 <y and TC& 2°7%)|u(0)]| o0 < 1,

where C' > 0 is the constant in Theorems 4.1. Proceeding by induction, we will verify
that

(5-5) s lu®) 150 < u(0)[Es.0 +nC"2%2u(0)|[E50.0,
te|0,n

(5.6) sup_||u(t)|Gso < 2/u(0)][Zs0.0
te[0,nT)

forn € {1,...,m+ 1}, where m € N is chosen so that T’ € [mT, (m + 1)T"). This m
does exist, since by Theorem 1.2 and the definition of T, we have

Co

D T Tu0)gn)?

<T*  henceT <T'.
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In the first step, we cover the interval [0, 7], and by Theorem 4.1, we have

sup [lu(®)[Zs0 < [[u(0)][Za0 + C*[lu(0)Igs0 < u(0)Es0 + C8"[[w(0) G500,

where we used that [|u(0)||gso < ||u(0)||gso0, since & < dp. This verifies (5.5)
for n = 1 and now, (5.6) follows using again [|u(0)|gso < ||u(0)]|gso0 as well
as C8%||u(0)||gso0 < 1. Next, assuming that (5.5) and (5.6) hold for some
n € {1,...,m}, we will prove that they hold for n + 1. We estimate

sup JJu(®)[[Gso < J[u(nT) G0 + CO"[lu(nT)lgs0
te[nT,(n+1)T]

< Ju(nT)|Es0 + C82%%[u(0) | 3500
< Nu(O) g0 +nC8*2% 2 [u(0)[Ea0.0 + 2% %|u(0)][ 0.0,

verifying (5.5) with n replaced by n + 1. To get (5.6) with n replaced by n + 1, it is
then enough to have
(n + 1)C6%23/2||u(0)[| gso0 < 1,

but this holds by (5.4), since n+1 < m+1<T7'/T+1 < 2T'/T. Finally, condi-
tion (5.4) is satisfied for 6 € (0,d9) such that

27’ .
=623 ||u(0)]| g0 = 1.
T
Thus, § = C1T"~'/*, where C; = (CO/C25/2||u(O)||Gao,o(1 + 2||u(0)||Gso,o)ﬁ)1/“.

The general case. For general s, we use the embedding (1.3) to get ug € G%* C
G%/20, The case s = 0 already being proved, we know that there is a 7} > 0 such
that

u e C([0,Ty), G%/%0)

and
we C(0,77,G*T ") for T > T,

where 0 > 0 depends on ug, 69 and . Applying again embedding (1.3), we now
conclude that
we C([0,Ty), G%/*)

and

/

we C(0,77,G°T ") for T > Ty,

and these together imply (5.1). The proof of Theorem 1.3 is now completed. (]
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