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Abstract. Let a and b € N. Denote by R, ; the set of all integers n > 1 whose canonical

prime representation n = p‘flpg‘z ...py" has all exponents a; (1 < i < 7) being a multiple

of a or belonging to the arithmetic progression at+b, t € Ng := NU{0}. All integers in R, }
are called generalized square-full integers. Using the exponent pair method, an upper bound
for character sums over generalized square-full integers is derived. An application on the
distribution of generalized square-full integers in an arithmetic progression is given.

Keywords: arithmetic progression; character sum; exponent pair method; square-full
number
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1. INTRODUCTION AND RESULTS

An integer n > 1 is called square-full, if in the canonical representation of n each
exponent is not less than 2. Let Q2 denote the set of all square-full integers, g2(n) the
characteristic function of the set Q2 and Q2(x) the number of square-full integers
n < x. The investigation of square-full integers has a long and rich history. Erdés
and Szekeres in [5] proved that

) = €(3/2)x1/2 21/3
(1.1) Q2(x) <Gy + O(x'/?).

In 1958, Bateman and Grosswald in [1] improved (1.1) and showed that

_CB/2) 12, C(2/3) 1 3/5 ~1/5
(1.2) Q2(z) = Wx 24 le/?’ + O(zY/ exp(—C(log 2)%/° (log log =) ~/?))

for some absolute constant C' > 0. For a given integer ¢ > 2 and an integer [ such
that ged(l,q) = 1, Q2(z; 1, q) denotes the number of square-full numbers n < = and
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n =1 (mod ¢). The study on the distribution of square-full numbers in an arithmetic
progression attracts the interests of many authors; see, e.g. [2], [3], [6], [7] and [10].

It would be interesting to extend this problem on generalized square-full inte-
gers. Let a and b be fixed positive integers and R, the set of all integers n > 1
with the property that, for the canonical representation of n = pi"'p3?...p%", each
exponent a; (1 < 4 < r) is either a multiple of a or is contained in the progres-
sion at + b, t > 0. Let rqp be the characteristic function for the element in the
set Ry p and R, p(x) the number of integers n < x such that n € R, . Cohen was
the first mathematician to introduce generalized square-full integers and he derived
asymptotic formulas for R, ;(x) in various cases, see [4]. It is clear that the set Ro 3
is the set of square-full integers. Thus, all integers in R, may be called generalized
square-full integers.

In this paper, we use the exponent pair method of [8] and [9] to bound the character
sums over generalized square-full numbers and apply it to study the distribution for
a generalized square-full numbers in an arithmetic progression.

In [10], Srichan used the exponent pair method to study the appearance of square-
full numbers in an arithmetic progression and showed that
(13)  Qsla:lg) = L(3/2,x0) + 22\, xa (Z)L(3/27X1)x1/2

qL(3, x0)

N L(2/3,x0) + X, X2(1)L(2/3, XQ)x1/3 N

qL(2, x0)

where xo, x1 and x2 denote the principal, quadratic and cubic character modulo g,

O(q1/2+€l‘1/6),

respectively. However, there is a mistake in the O-term of (1.3). Srichan overlooked
the value of ¢(g). In particular, the O-term in the formula for Q2 (z;1, ¢) should be
corrected to ¢*/3t€x1/6. In the present paper, we also give this correction.

Let a and b be fixed positive integers, and a < b < 2a. For given integers q > 2
and 0 < [ < g such that ged(l, q) = 1, let Rqp(x;1, ¢) be the number of integers n <
such that n € R, and n =1 (mod ¢). We obtain the following theorem.

Theorem 1.1. Let a and b be fixed positive integers and a < b < 2a. For given
integers ¢ > 2, 0 < | < q, such that ged(l,q) = 1 and x > ¢**°, we have

. ~( L(b/a, xo) _ v L(b/a,x?) 1/a
roteit )= (G * 22 g )

L(a/b, x0) - L(a/vaa)) 1/b 4 1/(2b
+ | ——+ Zix/—i—Oq/Hex/(),
(s 2 W) ( )

where A, and B, denote the set of all non-principal characters modulo q of order d
such that d | a and d | b, respectively.
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Remark 1.1. Using Theorem 1.1 we obtain the correct error term in [10] for
a=2andb=3.

2. PRELIMINARY RESULTS AND NOTATIONS

As usual, let pu(n) and p(n) denote the Mobius function and the Euler phi func-
tion, respectively, and 7, 5(n) denotes the number of ordered pairs (d, d) of positive
integers d and & such that d”6® = n. Let ¢)(z) = z — |2 — 1. The following lemmas
are well known and the proofs can be found in their references.

Lemma 2.1 ([4], Lemma 2.1). Ifa [b, then

rep(n) = Z w(d)7a,p5(0).

d2bé=n

Lemma 2.2 ([8], Lemma 2). Let w and k be two real numbers, w > 0, 0 < k # 1.
Then

Z n~" =((k) — - 1w1_“ —P(W)w ™"+ Ow™ ).

Lemma 2.3. For real x > 1 and any non-principal character xy modulo gq,

(2.1) > k) = a0 2 -2 +1]

k<z J<q

(2:2) YoxB)Ikl =) x() > Lk

k<z J<q k<z
k=j (mod q)

Proof. Equations (2.1) and (2.2) follow from the periodicity of the character x
modulo q. O

Lemma 2.4 ([9], Lemma 13). If f(n) is an arithmetic function, then

o fm)y=>uld) Y f(ma).

nLw, dlq m<w/d
ged(n,q)=1
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Lemma 2.5. Fora >0, a# 1, and 0 < 8 < 1, we have

S e A e o,
n<x
n=l (mod q)

where

an R(s) > 1.

Proof. It follows from Lemma 14 in [9]. O

Lemma 2.6 ([9], Lemma 17). Let z, 1, a, w be real numbers, j and q positive
numbers, where © > 1, « > 0, n > 1, 1 < j < ¢, and (k,l) an exponent pair
with k > 0 and

. x
R(z,m, 050, ;w) = Y w(n—a +w),

nLn
n=j (mod q)

if w is independent on n. Then

R(z,n,a;q, j;w) = O(1) + O(a™ /2y +e/2g71)
O(xk/(k-l-l)n(l—ak)/(k+1)q—l/(k+1)) for | > Oék,

+ { O(zF/ B+1) 1og ng—ok/(k+1)) for | = ak,
O((wq—)k/(F0+a)k=1)) for | < ak,

where the O-constants are dependent on only «.

3. PrROOF OF THEOREM 1.1

Proof. Let a and b be fixed positive integers and a < b < 2a. Let ¢ and [ be
integers such that ¢ > 2, 0 <1 < ¢ and ged(l,q) = 1. By the orthogonality relation
for Dirichlet characters modulo ¢, we have

(31) Ra,b(x;laQ) = Z rab ZX ab x X
n<x
n=l (mod q)
where

abe Zr(zb

n<x
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In view of Lemma 2.1, we have

(32)  Caple, )= D wd)x*(d)7ap(5)x(6)

d2bo<x

= Z w(d)x*(d) Z Ta,b(6) X (0)

d< (zgq—(at+b))1/(20) 5<ad—2b

i 3 p(d)x*(d) > Tap(8)x(5)

(zg—(a+0))1/(2b) <dLapl/ (20) o<<ad 20

= U1 + UQ.
First, we bound Us. For any character modulo ¢, we have

(3-3) Uz = > pld (@) Y x(mn)

(2q—(a+D))1/(2b) < a1/ (20) manb<ad—2b

1
< Z _(md—Qb)l/a

(wq—(a+1))1/(20) < d<z1/(2b) q
< xl/(2b)qf(a2+ab72b2)/(2ab).

Now we calculate U;. Put

abe ZTab

n<e

Thus

(3.4) Uy = > ()X (d)Tap(xd ™2, X).
d< (wq—(atb))1/(20)

Then we need the asymptotic formula for T, ,(z, x). We consider the corresponding
Dirichlet series of 74(n)x(n), namely,

— ra,b(n)X(n) _ L(G&Xa)L(b&Xb)
zz: s o L(2bs,x2b)

which converges absolutely for %(s) > 1/a. Since

1 = p(m)x? (n)
= > —
Lo~ 2 e rR6)Z

has a comparatively small abscissa of absolute convergence with 1 < r < 2b, we put

p(d)x*(d)
Dy(x,x.7) = ) zb/r :
d<z1/(2b)
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Thus, for 1 < r < 2b, we have

(35) Db(x7Xa 7’) -

p(d _ 1 1/(26)—1/r
2bs L(2bs,x%) > 2b/7" ~ L(2bs, x2) +0( )-

d>1/(2b)

Since 00
3 M — L(as, x")L(bs, x")
n=1

and from the Euler product for L(s, x), we can deduce

(3:6)  Tap(z,x)= D x“mx'(m)= > xm Y. x'n)

m/unng m,g;cl/(‘“rb) ng(x/m/a)l/b

oY X)) x'(m)

n<al/ (a+d) m<(z/nb)1/e

- ) Xm) >, X

m<al/ (@) n<zl/ (a+b)

Let A, and By be the set of all non-principal characters modg of order d such

that d | a and d | b, respectively. Now we consider the sum (3.6) in the following
five cases:

Case 1: x = Xo, the principal character modulo ¢. In view of (3.6), we have

Top(x,x0) = Z Z 1+ Z Z 1

m<at/ @) n < (z/m®)L/ n<at/ @) i< (2 nb) L/ e
ged(m,q)=1 ged(n,q)=1 ged(n,g)=1 gcd(m,q)=1

— E 1 E 1.
mal/ @+ gt/ (ath)

ged(m,q)=1 ged(n,q)=1

In view of Lemma 2.4, we have

Ta,b(%XO) = Z Z:u‘(d) Z 1+ Z Z:u‘(d) Z 1

m<al/ (@) dlq n<zl/b /(dma/b) n<at/ (610 d|g m<al/a /(dnb/e)
ged(m,q)=1 ged(n,q)=1
S SITURED SRS DTCHED DI
dlq m<al/(e+b) /d  t|q m<al/ (atb) /¢
xl/b xl/a
B ST SR S B8 WP S Sl
d|g mgxl/(a-*—b) dlq ngxl/(‘”'b)
ged(m,q)=1 ged(n,q)=1
21/ (a+b) 21/ (a+b)
Ll DL bt

dlq
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We apply Lemma 2.4 again to the first two inner sums and note that the last term
is the product of the same sums. Thus, we have

a b X XO ZZM Z \;F(fxm)a/bJ
dlg tlq m<x1/<a+b)/t
xl/a
+3 3 wdut) Y {W)b -]
dlg tlq m<azl/(a+d) /¢
21/ (a+b)
(Zu |2 D |
From |z] =2 — ¢(z) — %, we have
21/b 21/t 1
abl‘ XO ZZH Z (d(tm)“/b _w(d(tm—)a/b)_§)
dlg tlq mgzl/(a+b>/t
xl/a xl/a 1
+ 223w S (g~ qgmye) ~3)
dlq tlq m<al/ (a+h) /¢
/(a+b) xl/(aer) 1 2
(ST () 1)

In view of the well known identities > u(d) = 0 for ¢ > 1 and > u(d)/d = ¢(q)/q,

we have dlg dlg

vlq p(t —a
Top(z, x0) = /oL () t“(/g Z m—e/
q tlq m<t—1zl/(a+b)

1/b

-2 @ Y ()

dlq t|q m<t—1al/(a+b)

" x1/aM p(t) Z m-t/a
q

tb/a
tlq m<t—1xl/ (atb)

xl/a
S OIS S ¢y

dlq tlq m<t— g1/ (atd)

o(q) L1/ (atb)
+ 27 Z pu(d)y (7)

dlq

xl/(a—i—b)

2
©*(@) 2/(a .
_ %xzm ) 4 0(g°).
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Now we use Lemma 2.2 to get

Top(x, X0) = fﬂ)@ o 5(1(2 (C(%> +b

(x1/<a+b>

£1/b(a+b)
t1/b

)xfa/(aer)bta/b n O(x’l/bt(“b)/b))

1/b

DD WO SR

dlq tlq m<t—1gl/(atd)

PP 10 (o (0

q Lt a t=1/a
q

L (x1/<a+b>

t
1/a

SE Sty Y ()

dlq th mgt_lml/(“+b)

+

)xfb/a(aer)tb/a n O(xfl/at(aer)/a))

) 1/(a+b)
4 (2(1) p2/(atb) | 2@ Z“(d)w<xT)xl/(a+b) + O0(¢°).
q q
dlq

In view of > u(t)/t* = [[(1 —p~®), @ € R, and {(s)[[(1 — p~*) = L(s, x0), s # 1,
we have ! pla pla

N ©(q) a 1/b <p2(q) 2/(a+b)
(3.7) Ta,b(a?,Xo)——q L(b7X0>$ +0 2"

/(a+b)
_ el Zu(ﬁ)w(xl - i )xl/(a+b) +O(g')

q tlg

1/b

SY St Y ()

d\q t\q mgt_la:l/(""*'b)

b 2
n @L(_, Xo)xl/a _ a</’_(2‘1)x2/<a+b>
q a

q
— LSy

9 tlq

L1/ (a+b)
R

1/a

DY uldu) > w(d(fm)b/a) - @q(Qq) g2/t

d\q t\q mgt—lxl/(u#»b)

#(q) 1/(atb)
25 p(dyp(——)

dlg

) é 1/a ©(q) a 1/b +ey _ g _
= L(a,xo)x i L<b,><o)x +0(¢ ™) — 51— 52,

xl/(a—i—b) + O(qs)
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where
1/b

S1 =3 > wdut) > w(—d(fm)a )
dlg tlq m<al/(a+d) /¢
and »
SED IO DI ¢ oot
dlqg tlg m<al/ (atb) /¢

If we use Lemma 2.6 with the exponent pair (%, %), then for ¢ < z'/(¢1?) we have

/b ,.1/(a+b)
Si= 323 wd ) R( g ——5:1,0.0)

dlg tlg

< Zz(x1/(2a+2b)d1/2f1 T x2/(3a+3b)d72/9t74/9)
dlq tlq
_ O(J?Q/(Ba+3b)q1/3+€)

and
1/a xl/(aer) b

52 = ZZﬂ(d)M(t)R<%a Ta Ev ]-aOvO)

dlg tlq

< Zz(x1/(2a+2b)d1/2f1 4 2/ (o430 g=2/9;—4/9)
dlg tlg
— O(xQ/(a+b)q1/3+s).

Substituting for S; and S, in (3.7), we have, for ¢ < z!/(@+b),
(3.8) T, = ML 9 1/a ML a 1/b 4 (g2/(Bat3b) 1/3+¢
. ab(T, X0) = q a’XO T+ p b’XO 7+ O(x q ).

Case 2: the non-principal characters x modulo ¢ such that x € A, — By. In view
of (3.6), we have

Top(z,X) = Y. > X'

m<at/ (@0 n(x/ma)r/b

ged(m,q)=1
+ > X X1
n<al/(a+b) mg(x/nb)l/a,

ged(m,q)=1

- > 1) X
m<al/ (@) gt/ (ath)
ged(m,q)=1
We use (2.1) of Lemma 2.3 for the inner sum of the first term and then apply
Lemma 2.1. For the second term we first use Lemma 2.1 for its inner sum and then
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use (2.2) of Lemma 2.3. We apply Lemmas 2.1 and 2.3 separately for the last term.
Thus, we have

RIS SPUT) SO D DR -t
ab —_ <
i<a dlq n<al/ (@) /q (nd)e/® g
b xt/e
D BEOD DTG DI P="ry
Jj<aq d|g n<at/ (e +0)
n=j (mod q)
1/ (a+d) 1/(a+b) .
B SR E) o) | Lt Y]
Ji<q d|q

We write |z as 2 — ¢(z) — 3 and ¢(z + 1) = ¢(z). We obtain

1/b i1 21/b ;
T., d S T (|
e JZ;IX )%M()nggg;{;w)/d(q(m@(‘/b q+2 w(Q(nd)“/b q))
) 1/a 1/a 1
O $ (v -
Jj<q d|q n<at/ (@th)
n=j (mod q)
1/ (a+Dd) 1/ (a+d) j 1 21/ (a+b) j
SO T | (e e Y)

Using the following identities, Y x(j) = 0 for a non-principal character y, and

S u(d) =0, ¢ > 1, we have isq
dlq

. 1/b .
39 Tusle0) = A S ) 5 (<L v( g - 1)
i<q d|q nal/(atd) /d
1/a 1/a
XD w@ Y (v ()
Ji<q d|q n<at/(atd)
n=j (mod q)
1/ a+b) j xl/(aer) j
=X )| (-1 (1))
Jj<q d|q
1/b :
= —ZXb(j)Zﬂ(d) Z w(m—é)
Ji<q dlq n<al/(a+d) /d
1/a 1/a
XD w@d Y (v ()
J<q d|q n<a/ (@+D)
n=j (mod q)
21/(a+b) gl/(atb) 4
P v S| (o2 )
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— @xl/aszo) Z n—b/a

Jj<q n<at/ (e+d)
n=j (mod q)
1/(a+b) 1
q a y z
+ o( )xl/( +b) be(]w( — ‘1) + O(q2) — 53 — 84,
q i<q 1
where
Ss =Y MY > s j)
3 = (nd\a/b )
i<q dlq n<zt/(a+t) /d a(nd)®/ ¢
- xl/a
Si=> X" wd) D w(dnb/a)'
i<q dlq n<al/ (o)
n=j (mod q)

Using Lemma 2.5 and writting the Hurwitz zeta-function as the Dirichlet L-function
q* > x(4)C(s,3/q) = L(s, x) for s # 1, we have

Jj<q

310) 2 EDS G S

q i<q ngzl/(atb)
n=j (mod q)

a ( ) - — a b ' a— a
Y %;xb(ﬂ(q v C(aé) +ﬁx( b/
L@t
(=
_ 1/a9(@) by (—blar(0 J
at/e == %X () (a C(a,q>

(xl/(aer)

q
g/t

ZXb(jW( _ _)xl/(aer)

#la)

q 4 q q
#la)

q

)x—b/(a(a—i-b)) 4 O(qx—l/a))

<

_J\,.—b/(ala+b) ~1/a
q)x + O(qz ))

J<q

+ L(g,xb)xl/“—i—O(qQ).

Substituting (3.10) into (3.9), we get
b
(311) Ta,b(an) = ML(E?Xb)xl/a+O(q2) _S3 _S4~
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If we use Lemma 2.6 with the exponent pair (%, %), then for ¢ < z'/(¢+?) we have

/b 1/(a+b) a _j
= 77a_71a17_)
D_X"G) Y m(d) (qda/b bl

Ji<q d|q

< Z Z (xl/(2a+2b)q1/2d71 T x2/(3a+3b)q72/9d—4/9)
Ji<q d|q
= O(xQ/(?)(L-‘,-Bb) q4/3+5)

and similarly

1/a
Si= YN Y w@R (T2, 2 g o)

J<q dlq

< Zz(x1/(2a+2b)q1/2d—1 +x2/(3a+3b)q—2/9d—4/9)
Jj<q dlg
= O(z?/Ba+3b) gi/3+2),

Replacing S5 and Sy in (3.11), we have, for ¢ < 2'/(a+b)

b
(3.12) Tos(,X) = @E]Q)L(E,Xb)ml/a + O(xQ/(3a+3b)q4/3+s).

Case 3: non-principal characters x modulo ¢ such that x € B, — A,.. We prove
this case by the same steps as Case 2. We obtain, for ¢ < z'/(@+0)

a -
(3.13) Top(z,x) = #L(g,x ) 1/b+0( 2/(3a+3b) 4/3+5).

Case 4: non-principal characters x modulo ¢ such that x € A, N B,. In this case
we obtain the same result as in Case 1. Thus we have, for ¢ < 2!/(¢+?)

~ p(g) Q 1/a ¢(q) a 1/b 2/(3a+3b) ,1/3+¢
(314) Ta,b(va)— q L(a7X0>x + q L(b7X0>m +O(l‘ q )

Case 5: non-principal characters x modulo ¢ such that x ¢ A, U B,. In view
of (3.6), we use (2.1) of Lemma 2.3 and get that

1/b

a T J
Tas(X) ZX Z X(n)t—a/b———l—lJ
i<q n<zl/(ath) qan q
. xl/a j
O REOEDY Xb(m){ e ——+1J
J<q m<wl/ (at+b) qam q
Yt (at+b)  p
- x| = L [ - 2 41,
j<a h<q q q q q
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Since |z] = z — ¢(z) — 3, > x(j) = 0 for non-principal characters and ¢ (z) =

P(z + 1), we have isq

1/b

x i1 MY
Tunle) = 20 3 xo)(mm =5+~ (mm )
Jisq n<al/(a+) qne/b  q 2 qne/t ¢
/e 51 VI
PTe0 S (-l D)
1'2 m<§“+b) gmb/e q 2 gmb/e ¢
gi/ath) 5 1 P/t
R R )
J<q h<q q q q

1/ (a+d) 1 1/ (a+b) h
(e ()
2 q q

h
.
--Xa ¥ (L w(q%) -2)
DICUES S e (E o (g - 9))
-X3 vanm(d (- D) (G (- 1))

In view of (2.2) of Lemma 2.3, we have

xl/(aer) ]

RIS 3> LU D S Camu)
j<q h<g ngxl/(aﬁ-b)
n=h (mod q)

21/ (a+b)
Y Y enn Y (e - v o)

b/a
j<q h<q gzt (@) am q
m=j (mod q)
=: -85 — Sg + O(q2).

If we use Lemma 2.6 with the exponent pair (%, %), then, for ¢ < 2@ we have

1/b .
=> > xb(j)xa(h)R(xT, !/, % q,h, 7])

J<q h<q

< Z Z(l'l/(Q(H_Qb)q_l/Q + x2/(3a+3b)q—2/3)
J<q h<gq
_ O(xz/(3“+3b)q4/3)

and similarly

SG _ O(xZ/(3a+3b)q4/3).
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Thus,
(3.15) Top(,x) = O(mQ/(3a+3b)q4/3).

Considering (3.8), (3.12), (3.13), (3.14) and (3.15), we deduce that

L) ERL ()

S

q
+ O(ml/(%)ql/?’“) for X = X0,
@(Q)L b 1/a+0( 1/(2b) 4/3+€) f A —B
—q , X |x x q or Y € Ay X

Tap(z,Xx) = ,Xa)xl/b + O(2V/ 20 gA/3+ey for y € By — A,

Lo+ A58}

+ Oz g3+ey  for x € A, N By,
O(z1/ (20 g4/3) for x € Ay, U By,

—~
2
S—
h
VS

o o'l Qo

5
»QQI-Q
S~—
~
/~

We return to the asymptotics for (3.4). In view of (3.8), we obtain the asymptotic
formula for the first case x = xo,

(3.16) Cup(z,x0) = > p(d)xg"(d)Tup(xd >, x0)

dgxl/(%)
_ @ LO/ax0) /e, 2(@) La/b,x0) ap + Oz gy,
q L(Zb/a7X0) q L(27X0)
For other non-principal characters, we proceed in a similar way. For ¢ < z!/(¢+0),
we have
olg) Lb/a,x") 14 1/(2b) 4/3+
0] & f A, —B
¢ Tyt PO e A By
o(q) L(a/b,x*) 1/ 1/(2b) 4/3+e
TI,(TXQI)):B/—’_O(:B/( )q/ ) forxéBX—AX,
(3.17) Cap(z,X) = § wlq) L(b/a, xo) Sl/a (a) L(a/b, xo0) 1
q L(Qb/éhx%) q L(2,x*)
+ Oz g34ey for x € A, N By,
O(xl/(Qb)q4/3) for x € Ay U By

Since a < b < 2a, 3 <a/(2b) < 4 and 1 < b/a < 2, then (20> — ab — a?)/(2ab) < 3.
Thus, O(z'/(?)¢*/3) dominates the bound of Us in (3.3) and Theorem 1.1 follows
from (3.1), (3.16) and (3.17). O
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