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Abstract. Let K be a number field defined by an irreducible polynomial F(X) € Z[X]
and 7 g its ring of integers. For every prime integer p, we give sufficient and necessary con-
ditions on F'(X) that guarantee the existence of exactly r prime ideals of Z i lying above p,
where F(X) factors into powers of r monic irreducible polynomials in Fp[X]. The given
result presents a weaker condition than that given by S. K. Khanduja and M. Kumar (2010),
which guarantees the existence of exactly r prime ideals of 7 lying above p. We further
specify for every prime ideal of 7 i lying above p, the ramification index, the residue degree,
and a p-generator.
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1. INTRODUCTION

For every prime p of 7 let v, be the p-adic valuation on @ and [, the finite
field Z/(p). The Gaussian valuation of Q,[X] which extends v, is defined by

! )

I/p(z ain’z) = min{y,(a;), 0 < i < 1}. Let K = Q(a) be a number field, where o
i=0

is a complex root of a monic irreducible polynomial F'(X) € Z[X], Zk its ring of

integers, and ind(«) = [Zk : Z[a]] the index of the group Z[a] in Zk. If a prime
integer p does not divide ind(«), then a theorem of Dedekind says: The factorization
T

of pZk can be derived directly from the decomposition FI(X) = []@;(X)" (mod p).
i=1
Namely, pZyx = H pz , where every p; = (p, @i(@)), e(p;) = 1; is the ramification in-

dex, f(p;) = deg(gpz) is the residue degree. Also, Dedekind’s criterion in [4] allows to
test whether p divides ind(«) or not. It is known that there exist number fields with
at least one prime integer p for which Dedekind’s criterion fails, that is, p divides
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the index [Z : Z[a]] for all primitive elements « of Zx (see for example [1]). For
such primes and number fields it is not possible to obtain the prime factorization
of pZk by Dedekind’s theorem. An alternative approach towards obtaining the
factorization of pZy for these primes was initiated by Bauer in [2] using Newton
polygons. This method has been further developed by several mathematicians,
starting by Ore in 1923. In 2009, Khanduja and Kumar in [8] asked whether it is
possible to find a weaker condition in order to have exactly r prime ideals p1,...,p,
of 7k lying above p, with ramification indices, and residue degrees all as above.
In the same paper, they gave a weaker sufficient condition, a result which we state
in Section 3. Besides, in 1894, Hensel developed a powerful approach by showing
that the primes of Zx lying above a prime p are in one-to-one correspondence with
monic irreducible factors of F'(X) in Q,[X]. For every prime ideal corresponding
to any irreducible factor in Q,[X], the ramification index and the residue degree
together are the same as those of the local field defined by the irreducible factor,
see [7]. The main goal of this paper is to give an improvement of the result given
in [8], by giving a weaker sufficient condition, which is also necessary to get exactly
r prime ideals py,...,p, of Zx lying above p. A result which appears in our main
results: Proposition 3.2, Lemma 3.6 and Theorem 3.8. We further specify for every
prime ideal p;, the ramification index, the residue degree and a p-generator; i.e., an
integral element 3; € Zi such that p; is generated by p and f;.

2. PRELIMINARIES

After Hensel’s work for every prime integer p the prime ideals of 7k lying above p
are in one-one correspondence with the monic irreducible factors of F/(X) in Q,[X].
Hensel’s lemma allows then to get the first step of the factorization of F(X) in Q,[X].
First order Newton polygon techniques (Ore’s work) can be used to refine this factor-
ization namely, the theorem of the polygon and the theorem of the residual polyno-
mial, see for instance [6]. If all these techniques do not provide all irreducible factors
of F(X) in @,[X], then in 2012, Guardia, Montes, and Nart (see [6]) introduced
an alternative technique, namely high order Newton polygon. In each order, the
theorem of the polygon and the theorem of the residual polynomial could be used
again to refine the factorization.

Let p be a prime integer, ¢ € Z,[X] a monic polynomial whose reduction modulo p
is irreducible. Let F, be the finite field defined by p and ¢; F, = Z,[X]/(p, ¢) and
red: Z,[X] — F, the canonical projection. For any polynomial F'(X) € Z,[X], by
the Euclidean division by successive powers of ¢, we can expand F(X) as F(X) =
an(X)o(X) " +an—1(X)p(X)" 1 +.. .+ao(X); this is called the -ezpansion of F(X)
(ai(X) € Z,[X] and dega;(X) < degyp for every i := 0,...,n). The ¢-Newton
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polygon of F(X), with respect to p, is the lower convex envelope of the set of points
(4,u;), u; < oo, in the Euclidean plane, where u; = vp(a;(X)). The ¢-Newton
polygon is obtained by joining all sides Sp, ..., .S, ordered by increasing slopes. We
express this construction as N,(F) = So+ ...+ 5,. Note that the sum here is only
a notation to express that the sides are joining in the order of increasing slopes. The
principal ¢p-Newton polygon of F', denoted by N;,‘ (F), is the polygon determined by
the sides of negative slopes of N, (F'). For every i = 0,...,n, we attach the following
residue coefficient t; € F, defined by

0 if (¢,u,) lies strictly above N, (F),

ti = red(%) if (4,u;) lies on N, (F).
For every side S of N} (F), let [ = £(S) be the length of its projection to the z-axis
and H = h(S) the length of its projection to the y-axis. Then [ is called the length
of S and H is called its height. Let d = ged(l, H). Then d is called the degree of S
and —\ = —h/e is the slope of S, where h and e are two positive coprime integers;
h = H/d and e = l/d. Note that if s is the abscissa of the initial point of .S, then
the points with integer coordinates lying on S are exactly (s, us), (s +e,us—h),...,
(s + de,us — dh) and the abscissa candidates to provide nonzero residue coeflicients
are exactly s,s+e,...,s+ de. Let

Fs(Y)=cqV%4+cg 1Y+ .. eV +co € F[Y]

be the residual polynomial of F(X) attached to S, where for every i = 0,...,d,
¢; = tsyie is the residue coefficient. The following are the relevant theorems from
Ore’s work (first order Newton polygon):

Theorem 2.1 (Theorem of the polygon). Let F' € Z,[X] be a monic polynomial
such that F(X) is a positive power of ¢. If N} (F) = Sy +...4 S, then we can split
F(X) = Fi(X)x...xF(X) in Z,[X], such that N (F;) = S; and F;g,(Y) = Fs,(Y)

up to multiplication by a nonzero element of F,, for every i =1,...,7.

Theorem 2.2 (Theorem of the residual polynomial). Let F' € Z,[X] be a monic

polynomial such that F(X) is congruent to a positive power of ¢(x) (mod p),
g

N} (F) = S has a single side of slope —\. If Fs(Y) = [] ¢:(Y)" is the factoriza-
i=1

1=

tion in F,[Y], then F(X) splits as follows: F(X) = F|(X) x ... x Fy(X) in Z,[X]
such that N,(F;) = S; has a single side of slope —\ and F;g,(Y) = ¢;¢;(Y)" for
some ¢; € F, for every i=1,...,r.
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The following example illustrates the first order Newton polygon’s techniques.
Let p =2, 0= X?+X —1and F = ¢° + (12X + 6)p° + (12X + 12)p? + 72.
As ¢ is irreducible modulo 3, F = @° (mod 3), and v3(72X + 48) = 1, then
Ny (F) = S, with respect to p = 3, has a single side of height 1, and so its
residual polynomial is irreducible over F,. Thus, F' is irreducible over Q3. Let
K = Q(«a) be the number field defined by F. Then there is a unique prime ideal
of Zk lying above 3. For p = 2, ¢ is irreducible in Fo[X], F = @° in Fa[X],
and Ny (F) = N} (F) = 51 + Sz (see Figure 1). By the theorem of the polygon,
F(X) = Fi(X)F»(X), where N,(F;) = S;, and F;g,(Y) = Fg,(Y) up to multiplica-
tion by a nonzero element of F, for i = 1,2. As d(S2) = 1, Fs,(Y) is irreducible,
and so Fy is irreducible over Q. Thus, F5 provides a unique prime ideal of Zg
lying above 2. For Fy, N,(Fi) = S; and Fig, (Y) = (Y + 1)? is a power of an
irreducible factor, then we have to use second order Newton polygon techniques.
We recall here some fundamental techniques of Newton polygon of high order. For
more details, we refer to [6]. As introduced in [6], a type of order r — 1 is a data
t = (g1(X),—A1,92(X), = A2y ..y gro1(X), = Ar—1,¥r—1(X)), where every ¢;(X) is
a monic polynomial in Z,[X], \; € QF, and ¢,_1(Y) is a polynomial over a fi-
nite field of p* elements, with o = TH2 fis fi = deg(w;(X)), satisfying the following

=0

recursive properties:

(1) g1(X) is irreducible modulo p, ¥o(Y) € F[Y] (F = F,) is the polynomial ob-
tained by reduction of g1 (X) modulo p, and Fy := F[Y]/(¢0(Y)).

(2) For everyi=1,...,r—1, the Newton polygon of the ith order N;(g;+1(X)) has
a single side of slope —\;.

(3) For every i =1,...,r — 1, the residual polynomial of the ith order R;(gi+1)(Y)
is an irreducible polynomial in F;[Y], ¢;(Y") € F;[Y] is the monic polynomial de-
termined by R;(pi+1)(Y) ~ ¢;(Y) (are equal up to multiplication by a nonzero
element of F;, and F,11 = F;[Y]/(¢:(Y))).

(4) For every i = 1,...,7 — 1, g;4+1(X) has minimal degree among all monic poly-
nomials in Z,[X] satisfying (2) and (3).

(5) ¥r—1(Y) € Fr_1[Y] is a monic irreducible polynomial, ¢,_1(Y) # Y, and F, =
FroalY]/ (¢hr -1 (Y)).

Here the field F; should not be confused with the finite field of i elements. As
for every i = 1,...,r — 1, the residual polynomial of the ith order R;(g;+1)(Y) is an
irreducible polynomial in F;[Y], by theorem of the product in order i, the polyno-
mial g;(X) is irreducible in Z,[X]. Let wo = [vp, x, 0] be the Gauss’s extension of v,
to @,(X). As for every i = 1,...,7 — 1, the residual polynomial of the ith order
Ri(gi+1)(Y) is an irreducible polynomial in F;[Y], then according to MacLane no-
tations and definitions (see [9]), gi+1(X) induces a valuation on Q,(X), denoted by
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Figure 1. Ny (F).

Wit1 = €;|wi, git1, Ai+1], where \; = h;/e;, e; and h; are positive coprime integers.
The valuation w;41 is called the augmented valuation of v, with respect to ¢ and A
is defined over Q,[X] as follows:

wip1 (F(X)) = min{e;1wi(af" (X)) + jhit1, =0, i},

Niy1 .
where F(X) = Y a}"'l(X)gngl (X) is the g;+1(X)-expansion of F(X). According to
=0

the terminology in [6], the valuation w, is called the rth-order valuation associated
to the data t. For every order r > 1, the g,-Newton polygon of F(X) with respect
to the valuation w;, is the lower boundary of the convex envelope of the set of points
{(i,pi), i = 0,...,n,} in the Euclidean plane, where y; = w,(al(X)gi(X)). The
following are the relevant theorems from Montes-Guardia-Nart’s work (high order
Newton polygon):

Theorem 2.3 ([6], Theorem 3.1). Let F' € Zp[X] be a monic polynomial such that
F(X) is a positive power of ¢. If N.(F) = Sy +...+ S, has g sides, then we can split
F(X)=Fix...xFy(X)in Z,[X], such that N, (F, ) S; and R (F;)(Y) = R.(F)(Y)
up to multiplication by a nonzero element of F,. for everyi=1,...,g.

Theorem 2.4 ([6], Theorem 3.7). Let F' € 7Z,[X] be a monic po]ynomia] such
that N,.(F) = S has a single side of finite slope —\,.. If F5(Y) = H ;i (V)% is the

factorization in F,.[Y], then F(X) splits as F(X) = F1(X) x ... x Ft(X) in Z,[X]
such that N, (F;) = S has a single side of slope —\, and R, (F;)(Y) = ¢;(Y)* up to
multiplication by a nonzero element of [, for everyi=1,...,t.

The following example illustrates the high order Newton polygon’s techniques. Let
p=2¢p=X,and F = X*+ aX?+bX + c € Z[X] be an irreducible polynomial
over Q such that vs(a) > 2, va(b) > 2, and vo(c) = 2. Then modulo 2, F = X*,
Ni(F) = S has a single side of slope —3%, and R;(F) = (Y + 1)2. So, with Ore’s
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works, we can not conclude the factorization of F in Q2[X]. Let ¢2 = X2+ 2. Then
F =3+ (a—4)p2+ (bX +c+4—2a) is the pr-expansion of F. Let wy = 2[v2, X, 3]
be the augmented valuation of v with respect to X and A = 3. As wy(X) =2\ =1,
wa(p2) = 2, wa((a—4)p2) = 6, and we(bX +c+4—2a) > 5, the second order Newton
polygon of F' is as follows:

A S A
5
4 \ 9 Sl
6 S,
0 1 2 0 1 2

(a) (b)

Figure 2. Na(F) with (a) v2(b) = 2; (b) v2(b) =4, va(c+4 — 2a) > 5 and va(a) > 3).

If v5(b) = 2, then No(F) = S has a single side with height 1 and length 2 (see
Figure 2 (a)). In this case, there is a unique prime ideal of Zx lying above 2 with
ramification index ejes = 4 and residue degree 1. If vo(b) = 4, vo(c+4 —2a) =2 5
and va(a) > 3, then No(F) = S; + Sz has two sides with length 1 each one (see
Figure 2(b)). In this case, there is two prime ideals of Zy lying above 2 with
ramification index 2 and residue degree 1 each one. Thanks to the index formula
(see [6], Theorem 4.18), after a finite number of iterations, this process will provide
indéH(F) = 0; the index of (j + 1)th-order associated to the factor g1(X). In
this case, the data t = (g1(X), A1, 92(X), A2,...,9;(X), Aj,9;41(Y)) is said to be
F-complete. Thus, all factors of F(X), provided by applying factorization of each
order from 1 to r, are irreducible in Q,[X]. So, thanks to Hensel’s correspondence,
we deduce all maximal ideals of Zx lying above p (their number, in particular). In
the third example, we exhibit an example, where we have to use high order Newton
polygon to achieve the factorization of F/(X) in Q,[X], and so the number of maximal
ideals of Zk lying above p.

3. MAIN RESULTS

Throughout this paper, F(X) € Z[X] is a monic irreducible polynomial, « a com-
plex root of FI(X), K the number field generated by «, Zk its ring of integers and p

T
a prime integer such that F(X) = [ ¢l (X) (mod p), where every ¢; € Z,[X] is
i=1
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a monic polynomial and whose reduction modulo p is irreducible, ¢; and ¢; are not

L; )
congruent modulo p for all i # j. For every i = 1,...,7 let F(X) = Y a%(X)g;(X)
j=0
be the p;-expansion of F(X) and N; = N;‘i (F) the @;-principal polygon of F(X).

According to Newton polygon notations and terminology (see [8], Corollary 1.2)
can be reformulated as follows: If for everyi=1,...,7 eitherl; =1 orl; > 2 and N;
has a single side of degree d; = 1, then there are exactly r prime ideals p1,...,p,
of Z lying above p.

Proposition 3.2 gives a much weaker sufficient condition on F'(X) that guarantees
the existence of exactly r prime ideals p1,...,p, of Zx lying above p and for every
prime ideal p;, the ramification index e(p;), the residue degree f(p;) and a p-generator
of p; are given too; an element w; € Zx such that p = pZg +wZk.

For a p-generators of p; we need the following lemma:

Lemma 3.1. An element w € K being a p-generator of p is characterized in the
following way: If e(p) > 2, then w € Zg, vy(w) = 1 and vy (w) = 0 for every other
prime ideal p’ lying above p. If e(p) = 1, then the condition v,(w) = 1 can be
replaced by vy (w) > 1, where v, is the p-adic valuation on K.

Proof. Let p be a maximal ideal of Z i lying above p. If p = (p,w) = pZx+w’lk,
then w € p and vy(w) > 1. If e(p) > 2 and vy (w) > 2, then w and p are both in p?,
which is impossible because p ¢ p2. Hence, if e(p) > 2, then vp(w) = 1 and if
e(p) = 1, then condition v,(w) = 1 can be replaced by vp(w) > 1. If pZ # p, then
let p’ # p be an other maximal ideal of Z i lying above p and set s = vy (w). If s > 1
then p’* C (p,w) = p, which is impossible because p’® and p are coprime ideals. O

Proposition 3.2. Suppose that for every i = 1,...,r, either l; =1 orl; > 2, N;
has a single side and Fy,(Y) is irreducible. Then there are exactly r prime ideals
P1,...,pr of Zi lying above p.

Moreover, for every i = 1,...,7, f(p;) = mud;, e(p;) = l;/d;, where m; = deg(p;),
di = ged(vp(ah(X)),l;), and if e(p;) = 1, then p; = (p,pi(a)), otherwise p; =
(p, Gi(a) (9] () /p¥")+pi(x)), where h; and e; are two positive coprime integers such
that —h;/e; is the slope of N;, x; and y; are two integers solution of h;x; — e;y; = 1
with 0 < z; < e; and G;(X) = H w; (X)¥i

Proof. If for every i = 1,...,7r, [; = 1, then by Dedeklnd s criterion, p does
not divide ind(«) and pZx = H p;. Else, as F(X) = H ¢4 (X) (mod p), by

Hensel’s lemma we can split F(X) [[Fi(X) in Z,[X], where for everyi=1,...,r,
1

F;(X) is monic and F;(X) = ¢! (X) (mod p). So, in order to have exactly r prime

)
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ideals of Z lying above p, it suffices that every F;(X) is irreducible in Z,[X], see [7].
Fix i = 1,...,r. By theorem of the polygon (see [6], Theorem 1.15, page 372) and
by assumption, Ny, (F;) = NJ (F) = N; has a single side up to a translation and
Fin,(Y) = Fn,(Y) up to multiplication by a nonzero constant. As Fy,(Y) is irre-
ducible in F,,[Y], F;n,(Y) is irreducible in Fy,[Y]. By [3], Theorem 1.6, F;(X) is
irreducible in 7Z,[X]. Finally, for every i = 1,...,r, F;(X) is irreducible in Z,[X].
Thus, by [7] there are exactly r prime ideals p1,...,p, of Zx lying above p.

We next calculate the ramification index, the residue degree and a p-generator of
each prime ideal p;. To simplify notations, fix ¢ = 1,...,r and set f(X) = F;(X),
(X)) = ¢i(X), S = N;, 8 aroot of f(X) = Fi(X), K = Qu(8) the local
field, p its maximal ideal, and Z its ring of integers. As f(X) = ¢'(X) (mod p),
the @-expansion of f(X) is f(X) = o(X)! 4+ bi—1(X)p(X)'™1 + ... + bo(X). Let
v = 1p(ah(X)). As S = Ny, (Fi) = N}(F), v = vy(bo(X)). Moreover, the fact
that S has a single side of slope —\ implies that v = I\. Since 0 = f(8) = ¢'(B)
modulo p, let 5 be the projection of 8 in Zy/(p). So, ¢(X) is the minimal polyno—
mial of 3 over F,. Since ¢(X) does not divide (bo(X)/p") )/p ), we have (bo(83)/p*) #
modulo p. So vp(bo(B)) = e(P)vp(bo(X)) = e(p)r = e(p)lX. We now show that
vp(p(B)) = e(p)A. Note that as S has a single side, v,(b;(X)) > (I — j)A for every
j=0,...,0. So, vu(b;(B)) = (I—j)Ae(p) (since S is integral over Z,). Thus, for every
J=0,..., L vy(bj(B)e(B)) = (I —5)Ae(p) + jw, where w = vy (p(B)). If w # e(p)A,
then it follows from the -expansion of f(X) that v, (f(8)) = min(lw,le(p)N),
which is impossible since v,(f(8)) = vp(0) = oo. Thus, w = e(p)X. Let
d = ged(l,vp(ad(X))), e = I/d, h = vp(a(X))/d and v = (B)°/p". Let us
show that e(p) = e. As vp(p(B)) = e(p)X = e(p)h/e and e and h are coprime, we
conclude that e divides e(p). Moreover, as v, (y) = 0,  is integral over Z,, and v # 0

(mod p). Consider the ring homomorphism
v FalY] = Zufp, a(Y) o a0

Its kernel is the maximal ideal of F,[Y] generated by the minimal polynomial of 7

over F,. Since fs(Y') is irreducible over F,, in order to show that [F,[y] : F,] =
d

deg(fs(Y)), it suffices to show that fs(y) = 0. Recall that fs(Y) = > ¢;Y97%
i=0

where ¢; = red(bi.(X)/p™) (mod p,¢) = 7(bie(X)/p™) with 7 being the canonical

projection defined by 7: Z,[X] — ZK/p, X — B.

Now, let us show that fs(v) =

f(X) . Eé:ob (X o Z

phd phd

((X))QFZ bi(X)  ¢(X)

p(d i)h p(dhij)\Jfl) p1+Lj)\j ’

jé&eN

536



y; = dh — jX is the ordinate of the point A = (j,y,) € N,(f) with abscissa j, and
so if j & eN, then |y;] = dh — [jA| — 1 < dh — jX < 1,(b;(X)). By applying the
projection 7, we conclude that

@' (B)
ph ) + Z p(dh I_jkj 1) p1+L])\J

=0 Jjé€eN
L bie(B) (¢ (B)\—
:; pl ( o ) +0=fs(v)
It follows that
Z Z
F) =[5 Bo] = |5 Fobl]  [Fobl s Bl - F 1 )

Thus, m - d = [Fy[y] : Fyl[Fy : Fpl - deg(fs(Y)) - deg(e(X)) and m - d divides f(p).
Ase-d-m = deg(f(X)) =e(p)- f(p), d-m divides f(p), and e divides e(p), we
conclude that e(p) = e and f(p) =d-m.

For generators, first notice that under the hypothesis of the lemma, there
is a one-one correspondence between maximal ideals of Zx lying above p and
©1(X),...,or(X). So, if i # j, then vy, (pi(e)) = 1 and vy, (¢;(a)) = 0. Thus, if
e; =1, then p; = (p, i(@)). If e; > 2, then as ged(e;, h;) = 1, let (z;, y;) be nonnega-
tive integers with x;h; —y;e; = 1 such that 0 < z; < ¢; and set G;(X) = H ;i (X))

Then for every j # i, vp,(pi(a)) = 0 we have vy, (Gi(a)) = (<p] ( ) = i,
%, (Ci(@)(@"(@)/p)) > 0, and s0 Gu(a)(pf'(@)/p") € Zx. Together with
(

Vp, (@7 () /p¥") = 1 and vy, (@;i(cr)) = 0 we conclude that G;(a)(¢]" (o) /p¥") + i)
is a p-generator of p;. O

Remark 3.3. By applying the theorem of Ore [3], Theorem 1.8, page 179 and [5],
Theorem 1 if for every ¢ := 1,...,r, N; has a single side, then pZx = H a;, where a;

are coprime ideals of Z k. In order to have a; a power of a maximal 1dea1 pl of 7k lying
above p, a condition is missing, namely the irreducibility in Z,[X] of the factor F;(X)
associated to the single side N;. This is also mentioned in the paper [3], page 174,
between lines 22-24.

It is very important to consider the possibility of a converse of Proposition 3.2.

Lemma 3.4. If F(X) is irreducible in Z,[X], then F(X) is a power of an irre-
ducible factor ¢(X) and N, (F) has a single side.
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Proof. If we can split F(X) = F;(X) - Fo(X) such that F1(X) and Fa(X)
are coprime modulo p, then by Hensel’s lemma, F(X) = fi1(X) - f2(X) in Z,[X]
such that for every i = 1,2, fi(X) = F;(X) (mod p). But as F(X) is irreducible
in Z,[X ], we conclude that F(X) is a power of an irreducible factor @(X). Let

Z a;(X )% be the p-expansion of F(X), a aroot of F(X), g(X) = X'+

b1 X! 3 —|— .+ bo the minimal polynomial of ¢(a) over @, and G(X) = g(¢(X)).
As F(X) is 1rreducib1e in Z,[X], by Hensel’s correspondence (see [7]), there is only
one prime p of Zx lying above p. Let w = vp(p(a)). The fact that the p-adic
valuations are invariant under Galois actions over the Henselian field Q,, by using the
formulas linking roots and coeflicients of the polynomial g(X), we have v, (bo) = - w
and vy (b;) > (I—i)-wioreveryi=1,...,1—1. Thus, vp(by) = IX and vp(b;) = (I—3)A
for every i = 1,...,0 — 1, where A = w/e(p) and e(p) is the ramification index of p.
So, Nx(g) = S has a single side of slope —\ and N,(G) = S. Since G(a) = 0
and F(X) is the minimal polynomial of a over Q,, F(X) divides G(X), and by
theorem of the product (see [6]), N, (F) has a single side of slope —A. O

Remark 3.5.

(1) By Theorem of the polygon (see [6], Theorem 1.15, page 372), in order to have
exactly r prime ideals of 7 lying above p the condition that N;‘i (F) = Ny, (F;)
has a single side for every i = 1,...,r, is a necessary condition for a converse of
Proposition 3.2.

(2) For everyi=1,...,7,let \; = vp(a}(X))/l;. If I; is the smallest positive integer
such that [; - \; € Z, then v,(a}(X)) and I; are two coprime integers. Thus,
d; = 1 and Fy,(X) is irreducible. It follows that Proposition 3.2 improves
Corollary 1.2 given in [8].

(3) The following example shows that a full converse of Proposition 3.2 is impossi-
ble. Let p=2, p = X and F = X* + aX? +bX + ¢ € Z[X] be an irreducible
polynomial over Q such that va(a) = 2, va(b) = va(c) = 2 and let K = Q(«).
Then modulo 2, F = X*, Ni(F) = Shasa smgle side of slope —3, and Ry (F) =
(Y +1)2. For 3 = X2+2, we have that F = 3+ (a —4)ps + (bX +c+4—2a)
is the po-expansion of F. Let wo = 2[1a, ¢, 3]. As wa(X) = 2X =1, wa(2) = 2,
wa((a—4)p2) > 6 and wa(bX + ¢+ 4 — 2a) = 5, the second order Newton poly-
gon Ny(F) has a single side of degree 1 (see Figure 2 (b)). Thus, there is a unique
prime ideal of 7k lying above 2 even if Fs(Y') is not irreducible over [.

Lemma 3.6. Suppose that there are exactly r prime ideals of 7k lying above p.
Then N, has a single side and Fy,(Y) is a power of an irreducible polynomial
of F,[Y] for every i = 1,...,r. Moreover, m;|f(p;)|d; - m; and e;|e(p;)|l; for every
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t=1,...,r, where N; has a single side of degree d; = l;/e; and slope —\; = —h;/e;,
h; and e; are positive coprime integers, and a | b means that a divides b. In par-
ticular, if Fy,(Y') is not a power of an irreducible polynomial of F, [Y] for some
i=1,...,r, then there are more than r prime ideals of 7 i lying above p.

Proof. As F(X) = [] ¢¥(X) (mod p), let F(X) = [] Fi(X) in Z,[X], where
i=1 i=1

Fi(X) = ¢l(X) (mod p) for every i = 1,...,7. Then every F;(X) yields at least
one prime ideal p; lying above p. If we assume that there are exactly r prime ide-
als of Zk lying above p, then by Hensel’s correspondence (see [7]), every F;(X)
is irreducible in Z,[X]. Fix ¢ = 1,...,r and let K = Q,[o;] be the local field
defined by the polynomial F;(X) and p; the prime ideal of Zyx. Let F;(X) =
ioaé(X)wf(X) be the @;-expansion of F;(X), H; = vp(ad(X)) and \; = H;/l;.
=

As Fi(X) = <pi‘ (X) (mod p), L; = Il;. Moreover, in the proof of Proposition 3.2,
that vy, (pi(as)) = e(pi)Ai = e(p;)hi/e;, where e; and h; are positive coprime in-
tegers, and that e; divides e(p;) too. Let v; = (¢i(;))%/p" and g(X) = X! +
b1 X"t + ... + bp its minimal polynomial over Q,. Since vy, (vy;) = 0, ~; is inte-
gral over Z,, g(X) € Z,[X], vp(b;) > 0 for every j = 1,...,1 — 1, and v,(by) = 0.

Let G(X) = p'tig((i(X)))% /p™). Then G(X) = éOAé-(X)ap{(X), where for ev-

ery j = 0,...,1, AL j(X) = p"ib; and A5(X) = 0if j & e;N. As G(ay) = 0
and F;(X) is the mlmmal polynomial of «;, F;(X) divides G(X). Since vp(by) = 0,
N, (G) = S has a single side of slope —lh;/le; = —\;. By theorem of the prod-

uct (see [6]), Ny, (F;) = N; has a single side of slope —\;. By theorem of the
residual polynomial (see [6]), Fi,(Y) is a power of an irreducible factor in F,[Y]
(since F;(X) is irreducible in 7Z,[X]). As we showed in the proof of Proposition 3.2,
if we consider the homomorphism of rings ¢: Fy,[Y] = Zk/p, a(Y) — a(y:), its ker-
nel is the maximal ideal of F,,[Y] generated by the minimal polynomial ¢;(Y") of v;
over Fo, and fs(v;) = 0. As by assumption fs(Y’) is a power of an irreducible factor,
fs(Y) = (V)" and d; = r; - k;, where k; = deg(%);). Thus, m; - k; = [Fy, @ Fp]
divides f(p;) and e; -7 - ki -m; = €; - di - m; = l; - my = deg(F;(X)) = e(pi) - f(ps)-
Since e; divides e(p;), we have f(p;) = k;-m; - p; and e(p;) = e; - 74, where 7; - u; = r;.

O

Remark 3.7. The condition “N; has a single side of degree d; = 1 for every
i =1,...,r” is not a necessary condition for having exactly r primes of Zx lying
above p such that e(p;,) = l; and f(p;) = m; for everyi =1,...,r.

Indeed, it suffices to have for some i, deg(v;) = 1 and r; = 7; as shown in the
previous proof. For example let F(X) = X*+aX?+bX +c € Z[X] be an irreducible
polynomial such that ve(a) > 2, ve(b) = 2 and va(c) = 2. Then for p = 2 we
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have F(X) = X* (mod 2), Nx(F) = S has a single side, and Fs(Y) = (Y + 1)%
Then neither Proposition 3.2 nor Lemma 3.6 can provide the number of prime ideals
of 7k lying above 2. We next use Newton polygon techniques of higher order. For
o =X2+2, F(X) =¢3+ (a—4)p2+bX + c+4 —2a. Let wy = 2[v, ¢, 1] be
the augmented valuation of v with respect to ¢ and A = % Then wo(p3) = 4,
wa((a —4)p2) > 6 and w2(bX + ¢+ 4 — 2a) = 5 (because va(c + 4 — 2a) > 3,
wa(c+4 —2a) 2 6 and wo(bX) = 5). It follows that the @o-Newton polygon of the
second order of F'(X) has a single side of degree 1, i.e., its residual polynomial is of
degree 1, and so there is only one prime ideal p of 7k lying above 2 with ramification
index e(p) = e1.e2 = 4 and residue degree f(p) = 1. Especially, 27 = (2, 3 (a?+2))*
(because vy (¢3(a)) = vp(ba+ c+4 —2a) = 10, vy (p2()) = 5 and vy(2pa(a)) = 1).

Theorem 3.8. There are exactly r prime ideals of 7 lying above p if and only
if for every j > 1 and for every i = 1,...,r, Nij has a single side and FNf (Y)
is a power of an irreducible factor, where Ng is the principal Newton polygon of
order j attached to (¢} (X), A}, 0?(X),\2,..., ¢! (X), ) and Fy;(Y) is the residual
polynomial of order j as defined in [6], Section 2. '

Proof. By Lemma 3.6, it suffices to show the converse. By Hensel’s Lemma,
let F(X)=Fi(X)-...- F.(X) be in Z,[X] such that F; is a monic polynomial and
Fi(X) = ¢;*(X) (mod p) for every i =1,...,7. So, in order to prove that there are
exactly r prime ideals of Z k lying above p, it suffices to show that F;(X) is irreducible
in Z,[X]foreveryi=1,...,r. Fixi=1,...,r. If we can split F;(X) = H;(X)G;(X)
in 7Z,[X] as a product of two nonconstant polynomials, then by [6], Theorem 2.26,
page 390, we can split F’ N (Y') as a product of at least two nonconstant polynomials.
The fact that indé-H(F) = 0 implies that N7 has a single side of degree d’ = 1;
length 1 or height 1 (see [6], Remark 4.13, page 405). Thus FNﬁl(Y) is of degree
d? =1 and Fy(X) is irreducible in Z,[X]. 0

Recall that thanks to the index formula (see [6], Theorem 4.18) after a finite
number of iterations, we get indé 4+1(F) = 0. So the verification process is completed
after a finite number of iterations.

Remark 3.9. Let F' € Z[X] be a monic irreducible polynomial which is congru-
ent to a power of a monic irreducible polynomial ¢ in F,[X] with ¢ € Z[X] being
monic. Then according to the notations and definitions of [6], Section 2, there is
only a unique prime ideal of Zk lying above p if and only if the jth-order Newton
polygon N7 of F has a single side for every j > 1.

Indeed, if for some j > 1, Fy;;(Y') has two coprime irreducible factors, namely g;
and h;, in the finite field F,;[Y], then by [6], Lemma 2.17 (2), the length l(NJT" (F)) is
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the greatest power of g; which divides R;(F'), and so N;(F) # Nf(F) Thus, N;(F)
has at least two distinct sides Sp; and S1; with respective slopes —X) and M with
Ay <0 and A} > 0.

4. EXAMPLES

Example 4.1. Let F(X) = X7 +3X° +24X* +3X3 + 18X?% + 24X +24. It is
clear that F'(X) is 3-Eisenstein and so is irreducible over Q. Let K = Q(«), where o
is a complex root of F(X). We want to see the factorization of 2 in Zg. First
F(X)=X3(X?+ X +1)? (mod 2). Let ¢; = X and p2 = X? + X + 1. Then

F(X) = ...+ 3¢} + 18p7 + 24¢1 + 24
= (X —3)¢5 + (6X +23)¢2 — (46X + 2)¢a + (28X + 6).

We can check that for every ¢ = 1,2, N,,,(F) = S; has only one side with respective
slopes —A\; = —1and —X; = —1. Now, for i = 1, Fg, (Y) = Y34+ Y241 is irreducible
over Fo = F,,. For ¢ = 2, since (28X + 6) = 1, Sy is of degree dy = 1, and thus
Fs,(Y) = (j — 1)Y + 1, which is irreducible over F,,, where j € Fs is a root of
X2% + X + 1. Hence, 275 = p1p3, where p; = (2,a), p2 = (2,0 +a+ 1), f(p1) =3
and f(pz2) = 2.

Example 4.2. Let F(X) = X% +48X7 4+ 6X% +24X°5+ 12X* + 3X3 +18X2% +
48X +24. It is clear that F'(X) is 3-Eisenstein and hence, is irreducible over Q. Let
K = Q(«a), where « is a complex root of F(X). We have F(X) = X3(X — 1)? x
(X% + X +1)% (mod 2). Set 91 = X, o2 = X —1 and p3 = X? + X + 1. Then

F(X)= ...+ 3¢} +18p7 + 481 + 24 = ... + 14733 + 642¢, + 184
= ...+ (141X 4 204) 2 — (174X + 36) 3 + (66X — 8).

Thus, for : = 1,3, N;,‘i (F) = S; has a single side of slope —\; = —1 and —A3 = —%.
For i = 1, Fs,(Y) = Y3 + Y? + 1, which is irreducible over F,, = Fo. For i = 3,
Ss is of degree d3 = 1, and thus Fs,(Y") is irreducible over F,,. But for i = 2, since
v2(642) = 1 and v»(184) = 3, N (F) = S1 + Sz has two sides and so @o provides
two prime ideals of Zx lying above 2. Hence, there are 4 prime ideals of Zx lying
above 2.

Example 4.3. Let F(X) = X% + aX? + bX + ¢ € Z[X] be an irreducible
polynomial, o a complex root of F(X) and K the quartic number field generated
by a. For p = 2, 1a(c) = 2, 15(b) > 2 and e(a) > 2, F(X) = X* (mod 2),
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Nx(F) = S has a single side and F5(Y) = (Y + 1)2. Notice that neither Propo-
sition 3.2 nor Lemma 3.6 can provide the number of maximal ideals of Zklying
above 2. So, we next have to use Newton polygon techniques of high order. Let
t = (X, 3, 02(X), A2, ¥2(Y)), where po(X) = X% + 2, Ay and 1p, will be defined

1
2

wa(z) =1, and wa(p2(X)) = e = 2, where wa = 2[va, @, %]

(1) For va(b) = 2, F(X) = ¢3(X) + (a — 4)pa(X) + bX + ¢ + 4 — 2a is the
2(X)-expansion of F(X). As wa(¢3) =4, wa((a —4)p2) =2+ 21v9(a—4) > 6
and wy(bX +c+4—2a) =5, N?(F) = S has a single side of degree 1, —\y = —1
and 12(Y) =Y + 1. Thus, 2Zx = p*, where wa(3p2()) = 1.

(2) For va(a) > 3, va(b) = 4 and we(c+ 4 — 2a) = 4, wa((a — 4)p2) = 6 and
wa(bX +c+4—2a) = 8. Thus, N?(F) = S has a single side of slope, —\y = —1,
degree 2, and 92(Y) = Fs(Y) = Y2 + Y + 1, which is irreducible. Thus,
27 = p?, where wy(a) = 1.

(3) For va(a) > 3, va(b) > 4 and ve(c+4 — 2a) > 5, wa((a — 4)p2) = 6 and
w2 (bX + c+4—2a) > 9. Thus, Niz (F) = S1+ S5 has two distinct sides. Thus,
there are two different maximal ideals of Zx lying above 2. More precisely,
27k = pip3.

in every case. As —z is the slope of the side S, wa(a) = 2v,(a) for every a € Z,
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