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Abstract. Let r(G1,G2) be the Ramsey number of the two graphs G; and G3. For
ny > ng > 1 let S(n1,n2) be the double star given by V(S(n1,n2)) = {vo,v1,...,vn,,wo,
Wi,...,Wny} and E(S(n1,n2)) = {vovi,...,v0vn;, vowo, Wowi, . .., WoWn, }. We deter-
mine 7(K1,m—1, S(n1,n2)) under certain conditions. For n > 6 let T3 = S(n—>5,3), T} =
(V,E3) and T}/ = (V, E3), where V = {vg,v1,...,vn_1}, B2 = {vov1,...,v0Vn_4,V1Vn_3,
V1Up—2,V20n—1} and E3 = {vgv1,...,V0Un—4, V1Un_3, V2Up_2,030,_1}. We also obtain
explicit formulas for r(K1m—1,Tn), 7(Tm,Tn) (n = m + 3), 7(Tn,Tn), r(Tp,Tn) and
r(Pp, Tp), where Ty, € {T}!, T}", T3}, P, is the path on n vertices and T}, is the unique tree
with n vertices and maximal degree n — 2.
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1. INTRODUCTION

In this paper, all graphs are simple graphs. For a graph G = (V(G), E(Q)) let
e(G@) = |E(GQ)| be the number of edges in G, and let A(G) and §(G) denote the
maximal degree and minimal degree of GG, respectively.

For a graph G, as usual G denotes the complement of G. Let G1 and G2 be two
graphs. The Ramsey number r(G1, G2) is the smallest positive integer n such that,
for every graph G with n vertices, either G contains a copy of G; or G contains
a copy of Gs.

Let N be the set of positive integers. For n € N with n > 6 let T;, be a tree
on n vertices. As mentioned in [8], recently Zhao proved that r(T},,T,) < 2n — 2,
which was conjectured by Burr and Erdés, see [1].
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Let m,n € N. For n > 3 let K;,_1 denote the unique tree on n vertices
with A(K1,-1) = n—1, and for n > 4 let T, denote the unique tree on n ver-
tices with A(T!) =n — 2. In 1972, Harary in [6] showed that for m,n > 3,

m+n—3 if 2{mn,
(11) T(Kl,mflaKl,nfl) - .
m+n—2 if2|mn.

From [2], page 72, if G is a graph with 6(G) > n — 1, then G contains every
tree on n vertices. Using this fact, in 1995, Guo and Volkmann in [5] proved that
forn >m > 4,

m+n—3 if 2| m(n—1),

(1.2) r(Kim-1,T,) = {m+n—4 if 2 m(n—1).

In 2012 the author in [9] evaluated the Ramsey number r(T,,T)) for T,, €
{Pm, K1m-1,T,,,T,}, where P, is a path on m vertices and 7, is the tree
on n vertices with V(T}) = {wo,v1,...,vn—1} and E(T) = {vovy,...,voUn_3,
Up—3Un—2, Un—2Un_1}. In particular, he proved that for n >m > 7,

m+n—3 ifm—1|n-3,

13 TK_ _,T;; —=
(13) By ) {m+n—4 ifm—-1tn-3.

For n > 5 let T} = (V,E;) and T? = (V,E2) be the trees on n vertices with
V = {vo,v1,...,0n-1}, E1 = {vov1,...,000n—3,Vn—4Un_2,Un_30,_1} and Es =
{vov1, ..+, VoUn—3, Vn—3Vn—2,Vn—3Vn—1}. Then A(T}) = A(T?) = A(T}) = n — 3.
In [12], Sun, Wang and Wu proved that

(1.4) r(Kipm-1,T)) =r(Kim-1,T?)=m+n—4 forn>m>7and?2|mn.
For nq,ne € N with ny > na, let S(n1,n2) be the double star given by

V(S(nlanQ)) - {v()vvlv" «yUnyy Wo, W1, . .. 5wn2}5

E(S(n1,n2)) = {vov1,. .., 00Un, , VoW, WoW1, - - . , Woln, }-

We say that vg and wyg are centers of S(n1,n2). In [4], Grossman, Harary and Klawe
evaluated the Ramsey number 7(S(n1,n2),S(n1,n2)) under certain conditions. In
particular, they showed that for odd n; and ny =1, 2,

(1.5) r(S(n1,n2), S(n1,n2)) = max{2nq + 1,n1 + 2ny + 2}.
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It is clear that T/, = S(n — 3,1) and 7> = S(n — 4,2). In this paper, we prove the
following general result:

(1.6) T(Kl,m_l,S(nl,ng))
m+ny if2|mny, nu>2m—2>ng>2
(712 — 1)(n2 — 2)

and ng >m —5+no +
m—1—no

Y

m—1+ny if2¢tmny, ng >2m—2>ng

—1)2
andn1>m—5+n2+w.
m—2—ngy
Also,
(1.7) r(Kim-1,TH)=m+n—5 forn>m+2>7and2{mn.

Forn > 6let T2 = S(n—5,3), T/ = (V, E2) and T = (V, E3), where

V= {UO; Vlyenny vnfl}; E2 = {Uovlv «e 3 V0Un—4,V1Un—-3,V1Un—-2, U2vn71}a

Es = {’U()’Ul, <+, V0Un—4,V1Un—-3, V2Un—2, U3vn71}~

Then A(T?) = A(T)) = A(T)") = n — 4. In this paper, we evaluate r(K1 —1,T})
and r(T,,T,) for T,, € {T/, T, T3}. In particular, we show that

(18) T(Klymfl,TrlL/) :T(Klymfl,TrIlN)
m+n—5 if2|mn—-1), m>7 n>15
8
andn>m+14+ ——,
m — 6
m+n—6 if2tmn—1)andn>m+3 =9,

and that for m > 9 and n > m + 2 + max{0, (20 — m)/(m — 8)},

A A o m+n—5 ifm—1|n-25,
(19) T(Tm’Tn) - T(Tm’Tn ) - T(TmﬂTn) -
m+n—6 ifm—1{n—>5.

We also prove that for m > 11, n > (m —3)?+4 and m — 1 {n — 5,

(1.10) (G, Tn) =m+n—6 for G, € {T, T}, T2} and T,, € {T, T, T3}.
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In addition, we establish the following results:

2n—9 if 2| nand n > 29,
(T T = r(TLTL) = (T ) =

2n—8 if 2{n and n > 22,

r(T3,T)) = (T2, T)) = r(T3,T3) =2n — 8 for n > 22,
r(T),T)) = (T, T)) = r(T3,T)) =2n—5 for n > 10,
r(T), TH) = (T, T)) = (T3, T)) =2n— 7 forn > 16 and i = 1,2,
(P, T)) = r(P,, T!) = 7(Pn,T3) =2n -9 for n > 33.

In addition to the above notation, throughout this paper, we use the following no-
tation: [z]—the greatest integer not exceeding z, d(v)—the degree of the vertex v in
a graph, d(u,v)—the distance between the two vertices v and v in a graph, K,,—the
complete graph on n vertices, G[V;]—the subgraph of G induced by vertices in the
set V1, G — Vi—the subgraph of G obtained by deleting vertices in V7 and all edges
incident with them, I'(v)—the set of vertices adjacent to the vertex v, e(V1V{)—the
number of edges with one endpoint in V; and the other endpoint in V.

2. BASIC LEMMAS

For a forbidden graph L let ex(p; L) be the maximal number of edges in a graph
of order p not containing any copies of L. The corresponding Turan’s problem is to
evaluate ex(p; L). Let p,n € N with p > n > 2. For a given tree T,, on n vertices,
it is difficult to determine the value of ex(p; T;,). The famous Erdés-Sés conjecture
asserts that ex(p;T),) < %(n — 2)p. Write p = k(n — 1) + r, where £k € N and
r€{0,1,...,n —2}. In 1975 Faudree and Schelp in [3] showed that

2.1) ex(p; Po) :k<"g 1) N (;) _ (n—2)p—;(n—1—r).

In [10], [11], [12], the author and his coauthors determined ex(p;T,) for T, €
{T/ T* Tl T2 T3 T!" T”/}.

Lemma 2.1 ([9], Lemma 2.1). Let Gy and G2 be two graphs. Suppose that p € N,
p = max{|V(G1)|,|V(G2)|} and ex(p; G1) + ex(p; G2) < (5). Then r(G1,G2) < p.

Proof. Let G be a graph of order p. If e(G) < ex(p; G1) and e(G) < ex(p; G2),

then ex(p; G1) + ex(p; G2) = e(G) + e(G) = (}). This contradicts the assumption.
Hence, either e(G) > ex(p;G1) or e(G) > ex(p; G2). Therefore, G contains a copy
of G7 or G contains a copy of Ga. This shows that r(G1,G2) < |[V(G)| = p. So the

lemma is proved. (I
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Lemma 2.2. Let k,p € N with p > k+ 1. Then there exists a k-regular graph of
order p if and only if 2 | kp.

This is a known result. See for example [11], Corollary 2.1.

Lemma 2.3 (][9], Lemma 2.3). Let G; and G2 be two graphs with A(G1) = dy > 2
and A(G3) = dy > 2. Then:
(i) r(G1,G2) = di +dy — $(1 — (1)~ D(d2=1)),
(ii) Suppose that G is a connected graph of order m and di < da < m. Then
r(G1,G2) 2 2dy — 1 2 dy + da.
(iii) Suppose that G is a connected graph of order m and dy > m. If one of the

conditions
(1) 2| (d1 +da —m),
(2) d1 # m — ].,

(3) G2 has two vertices u and v such that d(v) = A(G2) and d(u,v) =3
holds, then r(G1,G2) > di + ds.

Lemma 2.4. Let p,n € N withp > n—1> 1. Then ex(p; K1,—1) = [3(n — 2)p).

This is a known result. See for example [11], Theorem 2.1.

Lemma 2.5 ([11], Theorem 3.1). Let p,n € N with p > n > 5, and let r €
{0,1,...,n — 2} be given by p =r (mod n — 1). Then

(n-2)(p-1)—r—1
2
(n—2)p—r(n—1-r)
2

ifn>7and2<r<n-—4,
ex(p; Ty,) =
otherwise.

Lemma 2.6 ([12], Theorems 2.1 and 3.1). Suppose that p,n e N,p>n—-12>4
andp=k(n—1)+r, wherek e N andr € {0,1,...,n—2}. Fori=1 or 2,

ex(p; Ty) = max{ {@} —(n—147), (n—Q)p—;(n—l_r)}
[%}—(n—l—i—ﬂ ifn>16and3<r<n-—=6

= orifl13<n<15and4<r<n—1,
(n—=2)p—r(n—1-r)
2

otherwise.
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Lemma 2.7 ([10], Theorems 3.1 and 5.1). Let p,n € N, p > n > 10, p =
k(n—1)+r, keNandr e {0,1,...,n—2}. Then

ﬂ@;ngm@;:g:(”—%p—gn—1_@
rin—4—7r)—3(n—1)
; I}

+ maX{O, [

Lemma 2.8 ([10], Lemmas 4.6 and 4.7). Let n € N with n > 15. Then
ex(2n — 9;T3) = n? — 10n + 24 + max{ [g} : 13}

and

- 37
ex(2n — 8;T3) = n? —9n—|—29—|—max{ [n 1 },0}.

Lemma 2.9 ([10], Theorems 4.1-4.5). Let p,n € N, p > n > 10, p=k(n—1)+r,
keNandre{0,1,...,n—2}.
(i) Ifre€{0,1,2,n—6,n — 5,n—4,n — 3,n — 2}, then

(n—2)p—r(n—1—r).

ST3) =
ex(p:T3) '
(ii) If n > 15 and r € {3,4,...,n — 9}, then
—p—r(n—1-— —4—r)—3n-1
ex(pr 1) = LZAR LT o, [ 2 23 DT

(i) If n > 15 and r = n — 8, then

ex(p; T)) =

=BT 4 ma{ [3] 13}

(iv) If n > 15 and r = n — 7, then

(n—=2)p—6(n—"17) +max{[n—37}’0}.

ex(p; T)) = 5

Lemma 2.10. Let n € N, n > 10 and T,, € {T/, T}, T2}. Assume that p =
k(n—1)+r withk € N andr € {0,1,...,n —2}. Then

(n—2)p

- r(n—l—r)}.

iTn) <
ex(p; Tn) 5

—min{n— 147,
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Proof. This is immediate from [10], Lemmas 2.8, 3.1, 4.1 and 5.1. O

Lemma 2.11 ([11], Theorems 4.1-4.3). Let p,n € N, p > n > 6 and p =
k(n—1)4+r withk €N andr € {0,1,n—5n—4,n—3,n—2}. Then

-2 -2
%—i—l ifn>6andr=n-—25,
ex(p; Tyy) =
(n=2)p—r(n—-1-7) otherwise
5 .

Lemma 2.12 ([11], Theorem 4.4). Let p,n e N, p >n > 11,r € {2,3,...,n—6}
and p=r (mod n—1). Let t € {0,1,...,r + 1} be given by n —3 =t (mod r + 2).
Then

m—2)p—1)—2r—t—3
2

(n=2)(p—1) —tr+2-1)—r—1
2

ifr>z4and2<t<r—1,
ex(p; Tyy) =
otherwise.

3. Formuras FOR 7(T,,TV), 7(T,,, T)") AND r(T,,T3)

Theorem 3.1. Let n € N. Then

n» n n»—n

2n—9 if2|n and n > 29,
T(Tr/ll, Tr/ll) — T(T” TIN) — T(T’N TI/I) —
2n—8 if2{n andn > 22.

Proof. Suppose that T,,,T° € {T"”,T""}. By Lemma 2.7,

n? n

ex(2n — 9;T;,) = (2n = 9)(n _25) —(n=29) + maX{O, [n—TZQ} }
_ [—(2” - 9;(" - 5>} for n > 29.
Hence, for n € {30,32,34,...},
ex(2n—9; Tp)+ex(2n—9; T°) = 2[%} = (2n—9)(n—5)—1 < (Qn; 9).
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Applying Lemma 2.1 yields r(7,,7%) < 2n — 9. On the other hand, appealing to
Lemma 2.3 (i),

1— (_1)(n75)(n75)

r(Tn, TY) >n—4+n—4— 5 =2n—9.
Therefore r(T,,, T0) = 2n — 9 for n € {30,32,34,...}.
Now assume that 24 n and n > 22. By Lemma 2.7,
—9)(2n — 8) — _
ex(2n—8;T,) = P2 =8) =6 =T7) _ o o, 09

2
Thus,

ex(2n — 8;T,) +ex(2n — 8 T°) = 2(n? — 9n +29) < 2n? — 17Tn + 36 = <2”2_ 8> :
Hence, 7(T,, T) < 2n—8 by Lemma 2.1. By Lemma 2.2, we may construct a regular
graph G of order 2n — 9 with degree n — 5. Clearly G is also a regular graph with
degree n — 5. Since A(T,,) = A(T?) = n — 4, both G and G do not contain any
copies of T;, and T). Therefore, (T}, T2) > 2n — 9 and so r(T,,,T°) = 2n — 8. This
completes the proof. O

Theorem 3.2. Let n € N with n > 22. Then

T(TS,TZL/) = T(TS,T,T) = T(Tr::)a TS) =2n—8.

Proof. Let T, € {T/,T" T3}. When n is odd, using Lemma 2.3 (i) we see that
r(T3,T,) >n—4+n—4=2n—8 When n is even, we may construct a regular
graph H with degree n —10 and V(H) = {v1,...,vn_6}. Let Gg be a graph given by

V(GQ) = {Uo, Viy+oryUn—4,U1,y-- ., un_g}
and
E(Go) = E(H)U{vv1,...,00Un—4,VU10n—5, - Un—Un—5, V1Un—d, « - « , Un—5Un—d, V1U1,
V1U2, V2UL, V2U2, .« « y Upn—TUn—7,Un—7Un—6, Un—6Un—T, Un—6Un—6,
UTUD, « « oy UL Uy, UDUZy « « 3 U2Up— 6, USUp—Gy -+ +  Upy—7Up—6 )
Then d(vg) = d(vn—5) = d(vp—4) =n—4 and d(v1) = ... =d(vn—6) =d(ur) = ... =

d(un—g) = n —>5. Clearly |[V(Go)| = 2n — 9 and Gy does not contain any copies
of T3. Since A(Gp) = n —5 and A(T,) = n — 4, Gy does not contain any copies
of T,,. Thus, r(T3,T,) > |V(Go)| +1=2n—8.
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From Lemma 2.7, ex(2n —8; T") = ex(2n —8;T") = n? —9n+29. By Lemma 2.8,
ex(2n — 8;T2) = n® — 9n + 29 + max{0, [ (n — 37)]}. Thus,

- 37
ex(2n — 8;T3) + ex(2n — 8;T,,) < 2n* — 18n + 58 + 2rn:aux{07 [n 1 } }

2n —8
<2n%—18n+58+n—22= ( ”2 )
Hence, applying Lemma 2.1 gives r(T3,T},) < 2n — 8 and so r(T3,T,,) = 2n — 8 as
claimed. 0

Theorem 3.3. Let n € N with n > 10. Then

T(T,rll/, Tr/z) — T'(T//I T’) — T(TS, TT/Z) = 2n — 5

n n

Proof. Let T;, € {T, T, T3}. Since A(T,,) =n — 4 and A(T})) = n — 2, using

Lemma 2.3 (ii) we see that r(T,,T)) > 2(n —2) — 1 = 2n — 5. By Lemmas 2.5, 2.7
and 2.9,

ex(2n — 5;T,,) + ex(2n — 5; 1))
(n—2)(2n—5)—3(n—4) (n—2)(2n—6) — (n—3)
- 2 * [ 2 }
4n? —23n 4377 _ 4n? —22n+ 30 2n—5
- [ 2 } < 2 - < 2 >

Hence, (T, T}) < 2n — 5 by Lemma 2.1. Therefore, r(T),,T,,) = 2n — 5 as claimed.
g

Theorem 3.4. Let n € N, n > 16 and i € {1,2}. Then

(T, T = (T, T:) = (T3, T) = 2n — 7.

n»-—n n o ' n n»—n

Proof. Let T, € {T/, T, T3}. Since A(T},) = n — 4 and A(T}) = n — 3, using

Lemma 2.3 (ii) we see that 7(T},,T) > 2(n —3) — 1 = 2n — 7. From Lemmas 2.6, 2.7
and 2.9,

ex(2n — 7;T,) 4 ex(2n — 7;T¢)
_ (n—2)2n —27)—5(n—6) " [(n_2)é2n_7)} —(@n-T)
_4n? =31n+727  4n?—30n+56  (2n—T
*[ 2 < 2 ( 2 >

Hence, 7(T,,,T¢) < 2n — 7 by Lemma 2.1. Therefore, (T}, T}}) = 2n — 7 as claimed.
(]
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Theorem 3.5. Let n € N with n > 10. Then r(T,,T;) = 2n —5 for T, €
{T// T" T3}.

n n

Proof. By Lemmas 2.7 and 2.9, ex(2n —5;T},) = 3((n—2)(2n—5) —3(n—4)) =
n? —6n + 11 < n? — 5n + 4. Thus the result follows from [9], Lemma 3.1. O

Remark 3.1. By [9], Theorem 6.3 with m = nand a = 2, 7(T,, K1,5,—1) = 2n—3
forn >6and T, € {T/, T, T3

mni) - —nor-—nl:

Theorem 3.6. Let n € N. Then r(P,,T)) =r(P,,T)') =2n —9 for n > 30 and
7(Py,T3) =2n —9 for n > 33.

Proof. Suppose that n > 30 and T,, € {T/, T/, T3}. Since A(T},) =n — 4 and

A(P,) = 2, appealing to Lemma 2.3 (ii) we obtain r(P,,T,) > 2(n—4) —1=2n—9.
By (2.1) and Lemma 2.7 for T,, € {T), T},

ex(2n — 9; P,) + ex(2n — 9;T3,)
_ (n—2)2n —29) —7(n—238) n [(Qn - 9;(71 — 5)}
_ [Zln2 —39n + 119} - 4n? — 38n + 90 _ <2n - 9>.

2 2 2

Hence, applying Lemma 2.1 gives r(P,,,T,) < 2n — 9 and so r(P,,T,) = 2n — 9.
Now assume that n > 33. From (2.1) and Lemma 2.8,

ex(2n — 9; P,) +ex(2n — 9; T3)

- ("_2)(2”_29)_7(n_8) +n? —10n+24 + [g}

2 _
— 2% — 20n + 61 + [g} <2 — 190 + 45 = < ”2 9>.

Hence, 7(P,,T2) < 2n — 9 by Lemma 2.1 and so r(P,,T3) = 2n — 9. O

4. FORMULAS FOR T(Kl,m—la S(nl,ng)), T(KLm_l,Té),
T‘(KLm,_l,TH) AND T‘(KLm,_l,Tnm)

n

Theorem 4.1. Let m,ny,ne € N withny > m—2 > ns > 2 and 2 | mny. If
ny > m—5+4ng+(ne — 1)(ne — 2)/(m — 1 — ng), then r(Ki m—1,5(n1,n2)) = m+ns.

Proof. Since A(S(n1,n2)) =mn1 + 1, from Lemma 2.3 (i) we see that

1— (_1)(m72)n1
PRy, S ) = m 1 my 41— =
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Now we show that r(Ky m—1,5(n1,n2)) < m+ni. Let G be a graph of order m +ny
such that G does not contain any copies of Kj,,—1. That is, A(G) < m — 2. We
show that G contains a copy of S(ny,ns). Clearly

(5(G):m-i-TM—l—A(G)2m+n1_1_(m_2):n1+1.

Suppose that A(G) = ni1+1+s,v9 € V(G), d(vo) = A(G), T'(vo) ={v1,. -, Uny+1+s})
Vi ={vo}UT'(vg) and V{ = V(G)—V;. Then |V/| =m—2—s. Fori=1,2,...,n1+
1+ s, we have

ViT+ 1+ |D(vi) NT(vo)| 2 d(vi) = 6(G) = na +1

and so

IT(v;) NT(vo)| =n1 — V]| =n1—(m —2) +s > s.
For s > ng we have [I'(v;)NI'(vo)| = s = ng and |T'(vg)| —ne = n1+14+s—ng = ny +1.
Hence G[V4] contains a copy of S(n1,ns2) with centers vy and v;.

Now assume that s < ng and V{ = V(G) —V; = {u1,...,um—2-s}. It is clear that
fori=1,2,...,m—2—s,

m—3—s+|T(u;) NT(ve)| = |V{| =1+ |T(u;) NT(vg)| = d(u;) = 6(G) =ng +1

and so [T'(u;) NT(vg)| = n1 — (m—4—s). It then follows that e(V1VY) > (m—2—3s) x
(n1 — (m —4 —s)). By the assumption,

(ng —2)(ng — 1) S — 54 g — 25 4 (n2—2)(n2—1—s).

nit>m-—>5+ns+
m—1—nsy m—1—nsy

Thus, (m—1—mn2)ny > (m—2—5)(m—4—3)+(s+1)(ne—s—1) and so e(V1 V{) >
(m—2—s)(n1—(m—4—s)) > (n1+1+s)(ng—s—1). Therefore, |I'(v;)NVY| = na—s
for some v; € I'(vg). From the above, |I'(v;) NT'(vg)| > s. Thus, G contains a copy
of S(n1,n2) with centers vy and v;. Therefore 7(K1 11, 5(n1,n2)) < m+mn; and so
the theorem is proved. O

Corollary 4.1. Let m,n € N, n—2 >m >4 and 2 | mn. Then r(Ky ;,—1,T2) =
m+n—4.

Proof. Since T? = S(n — 4,2), putting n; = n — 4 and ny = 2 in Theorem 4.1
yields the result. U

Corollary 4.2. Let m,n € N, m > 5, n>m+3+2/(m—4) and 2 | m(n — 1).
Then r(K1 ym—1,T3) =m +n — 5.
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Proof. Since T3 = S(n — 5,3), taking n; = n — 5 and ny = 3 in Theorem 4.1
gives the result. O

Theorem 4.2. Let m,ni,ng € N, ng > m—2 > ny and 2 f mny. If ny >
m—5+ng + (ng —1)2/(m — 2 — ny), then r(K1 m-1,S(n1,n2)) =m — 1+ n.

Proof. Since A(S(n1,n2)) =n1 + 1, from Lemma 2.3 (i) we see that

1— (_1)(m—2)n1

=m-—1 .
9 m 4+ nq

r(Kim-1,9n1,n2)) 2m—1+n+1—
Now we show that (K7 m—1,5(n1,n2)) < m — 1+ ny. Let G be a graph of order
m — 1 4+ n; such that G does not contain any copies of Ki,m—1. We need to show
that G contains a copy of S(n1,n2). Clearly A(G) < m —2 and so §(G) =m — 2 +
n1 — A(G) > ny. Since 2 { mny, there is no regular graph of order m — 1 + n;
with degree n; by Euler’s theorem. Hence A(G) > 6(G) +1 > ny + 1. Suppose
that A(G) = n1 + 1+ s, vo € V(G), d(vo) = A(G), T'(vg) = {v1,.. -, Vn1414s},
Vi = {v} UT(v9) and V{ = V(G) — V4. Then |V{| = m — 3 — s. For v; € T'(vp),
d(v;) 2 6(G) =2 ny and so [T'(v;) NT(vo)| + 1+ |VY| = d(v;) = ny. Thus,

IC(v;) NT(v)| =n1 —1—|V{|=n1—(m—2)+s>s.
Hence, G[V1] contains a copy of S(n1,n2) with centers vy and v; for s > ns.
Now assume that s < ng and V' = {u1, ..., um—_3-s}. As d(u;) = nq, we see that

IT(u;) N (vo)| = ny—(m— 4—s)andsoe(V1V1) (m—3—s)(n1—(m—4—s)). Since

—1)2 -1 —1-
(n2 — 1) 2m_EthQ_2S+(7”L2 )(n2 s)
m—2—ng m—2—nso

ny>m-—>5+ns+
we get (m—2—ng)ng > (m—3—s)(m—4—s)+ (s+1)(n2g —s —1). Hence,

e(ViV]) = (m—3—38)(ny — (m—4—5s))
>(m—=3—sny—(m—2—na)n; +(s+1)(n2 —s—1)
=1 +1+s)(ne—s—1).

Therefore, we have [I'(v;) N V{| > no — s for some v; € I'(vy). From the above,
IT'(v;) NT'(wg)| > s. Thus, G contains a copy of S(n1,n2) with centers vy and v;.
Consequently, r(K1 m—1,5(n1,n2)) < m — 14 ny and so the theorem is proved. O

Corollary 4.3. Let m,n € N, m >5,n>m+1+1/(m —4) and 2{mn. Then
(Klym,l,Tz)fm-i-n—E).

n
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Proof. Since T? = S(n — 4,2), putting n; = n — 4 and ns = 2 in Theorem 4.2
yields the result. O

Corollary 4.4. Let m,n € N, m > 6, n >m+3+4/(m —>5) and 2t m(n — 1).
Then r(K1 y—1,T3) =m +n — 6.

Proof. Since T2 = S(n — 5,3), putting n; = n — 5 and ny = 3 in Theorem 4.2
we deduce the result. O

Theorem 4.3. Let m,n € N, n >m+2 > 7 and 2 mn. Then r(Ki ,—1,T)) =
m+n— 5.

Proof. Since n > m and 2 { mn, we have n > m + 2. Let G be a graph of
order m+n —>5 such that G does not contain any copies of K1 ,,,—1. We show that G
contains a copy of T}, Clearly A(G) < m—2andso §(G) = m+n—6—A(G) > n—4.
If A(G) = n—4, then G is a regular graph of order m-+n—>5 with degree n—4 and so
(m+n—5)(n—4) = 2¢(G). Since m+n—5 and n—4 are odd, we get a contradiction.
Thus, A(G) = n — 3. Assume that vy € V(G), d(vg) = A(G) =n—3+¢, T'(vg) =
{v1,.. - vn-34¢}, Vi = {vo} UT'(vg) and V] = V(G) — Vi = {uq,ug, ..., um—3_c}.
Since §(G) > n — 4 for v; € I'(vy) we have 1 + |I'(v;) N T'(wvo)| + |V1’| >d(v;) =2n—4
and so [T(v;) NT(vg)| Zn—-5—-(m—-3—¢c)=n—m—-2+c>

We first assume that |V/|=m —-3—c>2. Fori =1,2 we have [T (u;) NT(vo)| +
[VI| =1 >d(u;) 2 6(G) 2n—4and so |I'(u;) NT'(vg)| 2n—4+1—-(m—-3—c¢) =
n—m+ c > 2. Hence G contains a copy of T)}. If |V/| =1, then c = m —4 > 1.
Since d(u1) > n—4 > 1, we have ujv; € E(G) for some v; € I'(vg). Recall that
IT(v;)NT(vg)| = ¢ = 1 for v; € T'(vp). G must contain a copy of T)!. Now assume that
|[V/| = 0. That is, c = m —3 and G = G[V4]. Since d(vo) =n—3+m—-3>n—3+2
and d(v;) =2 n—4 > 3 for v; € T'(vg), we see that G[I'(vg)] contains a copy of 2K,
and so G contains a copy of T\

By the above, G contains a copy of T,}. Therefore (K1 m-1,T)) < m+n — 5.

n
From Lemma 2.3,

1— (_1)(m—2)(n—4)
2

r(Kym—1,TH) >m—1+4+n—-3—

n

=m-+n—>5.
Hence r(K1 m-1,T)}) = m +n — 5 as claimed. O

Lemma 4.1. Let mn e N, n > 15, m > 7,n > m+1+8/(m—6) and T), €
{T!, T, T3}. Let Gy, be a connected graph of order m such that ex(m+n—>5;G,,) <

2(m—2)(m+n—>5). Then r(G,,T,) < m+n— 5. Moreover, if m — 1| n —5, then
r(Gm,Tn) =m+n—5.
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Proof. If T, # T2 or m ¢ {n—3,n—4}, appealing to Lemmas 2.7 and 2.9 we have

ex(m+n—5;T),) = (n—2)(m+n—5)— (m—4)[n—m+3)

2
+max{0, {(m—4)(n—;n) —3(n— 1)}}
_ (n—2)(m+n—-5)—(m—4)(n—m+3)
2
+max{0, {(m—?)(n —2m—3) — 18}}.

Thus, if (m — 7)(n —m — 3) > 18, then

ex(m+n—>5Gp)+ex(m+n—5T,)
(m—2)(m—|—n—5)+ n—2)m+n—-5)—(m—4)(n—m+3)

<
2 2
n (m—?)(n—Qm—3)—18
~ (m+n—=>5)(m+n-7)
B 2

- m+n—2>5
5 .

If (m—"T)(n—m —3) <18, since n > m + 1+ 8/(m — 6) we see that (m — 6)n >
m2 —5m+2, (m—4)(n —m+3) > 2(m+n —5) and so

ex(m+n—>5Gn)+ex(m+n—>5T,)
(m—24n-2)(m+n—-5)—(m—4)(n—m+3) - (m+n—5).

<
2 2

Hence, (G, T),) < m+n — 5 by Lemma 2.1.

For m = n — 3, using Lemma 2.8 we see that

ex(m +n —5;Gp) +ex(m +n —5T3) = ex(2n — 8,G,_3) + ex(2n — 8;T3)

< W+n2—9n+29+max{0, {n—Ti’)?}}
=2n? — 18n+49+maX{0a [nf?”
<on? —17n+36 = (m+;‘_5).
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For m = n — 4, appealing to Lemma 2.8,

ex(m +n —5;Gp) +ex(m +n—5T3) = ex(2n — 9;Gp_4) + ex(2n — 9;T3)

2n —9)(n — 6
<@ =900 e 0n + 24+ max{ [2].13)
_ 9,2 n n
=2n —20n—|—51—2—|—max 2713
-5
<2n2—19n+45=(m+;’ )

Thus, (G, T3) < m+mn —5 for m =n —4,n — 3 by Lemma 2.1.

Now assume that m —1 | n —5. Then m+n—6 = k(m — 1) for k € {2,3,...}.
Since A(m) =n — 5 we see that kK,, 1 does not contain (G, as a subgraph
and kK,,_; does not contain 7T}, as a subgraph. Hence r(G,,,T,,) > k(m — 1) =
m+n — 6 and so (G, Tn) = m + n — 5. The proof is now complete. O

Theorem 4.4. Let mn € N, n > 15, m > 7, n > m + 1+ 8/(m —6) and
T, € {T/, T/, T3}. If 2| m(n — 1), then r(K1 —1,T,) =m +n — 5.

Proof. By Euler’s theorem or Lemma 2.4, ex(m +n — 5; K1,;,—1) < 3(m —2) x
(m +n —5). Thus, applying Lemma 4.1 we obtain r(Ky ,m-1,T,) < m+n—75
Suppose that 2 | m(n — 1). By Lemma 2.3,

1— (_1)(m72)(n75)
T(K17m,1,Tn)2m—1+n—4— B =m+n—>.
Thus the result follows. O

Corollary 4.5. Letn € N,n > 17 and T,, € {T//, T, T3}. Thenr(Ki,—3,T,) =
2n — 1.

Proof. Taking m = n — 2 in Theorem 4.4 gives the result. O
Theorem 4.5. Let m,n € N, m > 6,n > m+ 3 and 2{m(n —1). Then

r(Kim-1,T)) =r(Kim-1,T)") =m+n—6.

Proof. Let G be a graph of order m + n — 6 such that G does not contain any

copies of Kj y,—1. That is, A(G) < m —2. Thus, §(G) =m+n—7—A(G) =2 n—5.
If A(G) = n—5, then G is a regular graph of order m+n —6 with degree n—5 and so
(m+n—6)(n—>5) = 2¢(G). Since m+n—6 and n—>5 are odd, we get a contradiction.
Thus, A(G) > n —4. Assume that vy € V(G), d(vg) = A(G) =n—4+¢, T'(vg) =
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{v1, ..y Un—atel, Vi = {00} UT(v9) and V{ = V(G) — V4 = {uy, ..., uUm—3_c}. Since
§(G) = n — 5, we see that for v; € I'(vg), |T'(v;) NT(wo)| + 1+ V| 2 d(v;) 2n—5
and so

T(v;)) NT(vo)| 2n—5—-1—(m—3—¢c)=n—m-—-3+c>
For u; € V{, we see that |T'(u;) NT'(vo)| + |VY| —1 = d(u;) > n — 5 and so
IT(u;)) NT(wg)| 2n—=5—-(m—-4—c)=n—m—-14+c=22+c

We first assume that ¢ = 0. Since |V{| = m —3 > 3 and §(G) > n — 5, we see
that [T'(w;) N{v1,..., -4} Zn—5—(m—4)=n—m—12>2 for u; € V] and so
e(ViV{) = (m— 3)(n—m—1) Since n > m+3 we see that (m—4)n > (m—4)(m+3) =
m2—m—12>m?—2m—"7and so e(V1V]) = (m—3)(n—m—1) > n—4. Therefore,
IT(v;) N V| > 2 for some ¢ € {1,2,...,n —4}. With no loss of generality, we may
suppose that wqv;, ugv;, ugv;, usvy, € E(G), where v;, v;, v, are distinct vertices
in T'(vp). Thus G contains a copy of T and a copy of T).

Next we assume that |[V/| =m —3 —c¢ >3 and ¢ > 1. Then |[I'(u;) NT(vo)| = 3
for ¢ = 1,2,3. Hence there are distinct vertices v;,vg,v; € I'(vg) such that
u1v;, ugVk, uzv; € E(G) and so G contains a copy of 7). Since d(v;) > n—>5 > 2, v; is
adjacent to some vertex w different from vy and u;. Hence, G contains a copy of T”.

Now assume that |V]/| = 2. That is, ¢ = m — 5. Since |T'(u;) NT(vg)| = 0(G) —1 =
n—6>3fori=1,2 and |T'(v;) NT(vo)| Zn—m—-3+c=n—8 > 1 for v; € I'(vy),
it is easy to see that G contains a copy of T and a copy of 7.

Suppose that |V{/| = 1. Then c =m —4 > 2, d(u1) > 6(G) 2 n—5 > 4 and
dv;) 20(G) 2n—-5>24fori=1,2,...,n— 4+ m— 4. Hence G contains a copy
of T} and a copy of 1.

Finally we assume that |V/| = 0. That is, ¢ = m—3. Since d(v;) > §(G) = n—5 >4
fori =1,2,...,n —4+m — 3, it is easy to see that G contains a copy of T}/ and
a copy of T,

Suppose that T;, € {T/,T)'}. By the above, G contains a copy of T,. Hence
r(K1m-1,Tn) < m +n —6. By Lemma 2.3, (K1 m-1,Tn) 2 m—1+n—4—
11— (—1)m=2=5)) = m+n—6. Thus 7(K1,m—1,Tn) = m+n—6 as asserted. [

Theorem 4.6. Let n € N with n > 15. Then r(Ky ,—4,T5) = 2n — 8.

Proof. By Euler’s theorem, ex(2n — 8 Ky ,—4) < %(n — 5)(2n — 8). Thus,
r(Kin-4,T3) < 2n — 8 by taking G,, = Kj,_4 in Lemma 4.1. If 2 { n, from
Lemma 2.3 we have r(Ky ,— 4, T2) >n—4+n—4=2n—_8. Thus the result is true
for odd n. Now assume that 2 | n. Let G be the graph of order 2n — 9 constructed
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in Theorem 3.2. Then Gq does not contain T as a subgraph. As §(Go) = n — 5,
we have A(Go) = 2n — 10 — (n — 5) = n — 5 and so Gy does not contain Kj ,_4 as
a subgraph. Hence 7(K1 ,—4,T3) > |V(Go)| = 2n—9 and so r(K1 ,—4,T7) = 2n —8
as claimed. ]

Theorem 4.7. Let n € N with n > 10. Then

T(Klﬁb—Q? Tr:j) = T(Kl,n—Q; Ty/ll) = T(Kl,n—Q; T,;H) =2n—5.

Proof. Let T,, € {T/, T/, T23}. Since A(K1 —2) =n—2and A(T,,) =n—4, we
have r(K1 n—2,T5) > 2(n —2) — 1 = 2n — 5 by Lemma 2.3 (ii). By Lemmas 2.4, 2.7
and 2.9,

—("_3)(2”_5)} —n? —6n+8+ [n—_l}
2 2
(n—2)(2n—5) —3(n—4)
2

ex(2n — 5; K1 p—2) =

ex(2n —5;Ty,) = =n?—6n+11.

Thus,

-1
ex(2n — 5; K1 n_s) +ex(2n — 5, T,) = n® — 6n + 8 + [”T} +n?—6n+11

on—5
<m®—1ln+15 = ( ”2 )

Now, applying Lemma 2.1 yields r(K1 n-2,T,) < 2n — 5 and so 7(Kj n—2, Tp) =
2n — 5, which proves the theorem. O

5. FormuLAS FOR 7(T),, T, v(T.,,T!") AND (T}, ,T3)

Theorem 5.1. Let m,n € N, n > 15, m > 7 and m — 1 | n — 5. Suppose
that Gy, € { P, T),, T, T, T2, T3, T TV} and T, € {T, T, T3}. Assume that
m > 10 or Gy, € {T3, T/, T}, Then r(Gp, T,) = m+n — 5.

Proof. Note that m+n—5=1 (mod m—1). By (2.1) and Lemmas 2.5, 2.6, 2.10
and 2.11, ex(m+n—5;G,,) < %(m— 2)(m+mn—75). Thus, applying Lemma 4.1 and
the fact n > m + 4 gives the result. O

Theorem 5.2. Let m,n € N, m > 9, n > m+2+max{0, (20 — m)/(m — 8)} and
m—14n—5. Then

(T, ) = (T, 1)) = (T, T;) = m +n — 6.
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Proof. Let T,, € {T/, T, T3}. Since A(T.) =m —2 < m —1 and A(T,) =

n—4>m—2, we have r(T),,T,) 2 m—2+n—4=m+n—6 by Lemma 2.3 (ii)—(iii).

Note that m > 9 and so n > 15. Since n > m + 2 + (20 — m)/(m — 8), we see that

(m—8)n>m? —Tm+4 and so (m —5)(n—m+4) > 3(m+n—6) — (m—2).
Suppose that T}, # T3 or n # m + 3. From Lemmas 2.7 and 2.9,

if (m—=5)(n—m+1)>=3(n—1), then

(n—2)(m+n—6)—(m—>5)(n—m+4)

2
+(m—5)(n—m+1)—3(n—1) (n—=>5)(m+n—6)

ex(m+mn —6;T,) <

2 o 2 ’

if (m —5)(n —m+1) < 3(n—1), then
m=2)m+n—-6)—(m—=>5)(n—m+4)

ex(m+n—6,T,) =

2
- (n—2)(m+n—6)—23(m+n—6)+m—2
(n—5)(m—|—n—6)—|—m—2.

2

Recall that m—1+n—>5. By Lemma 2.5, ex(m+n—6;T),) < 3((m—2)(m+n—6)—
(m — 2)). Thus,

ex(m+n—6;T))+ex(m+n—6;T,)
(m—2)(m—|—n—6)—(m—2)+ (n—5)(m+n—6)+m—2: (m+n—6>.

<
2 2 2

Now applying Lemma 2.1 yields (1), T,,) < m+n—6 and so (1}, T,,) = m+n—6.

Now assume that T), = 7> and n = m + 3. Then max{0, (20 — m)/(m — 8)} < 1
and som = n—3 > 15. Also, m+n—6 =2n—9 =n—14+n—-8 =2m—-3 = m—1+m—2.
From Lemma 2.9 (iii),

ex(2n — 9;T3) = n? — 100 + 24 + max{ [g} : 13}.

By Lemma 2.5, ex(2m—3;T),) = 2((m—2)(2m—3)— (m—2)) = (m—2)* = (n—5)>.
Thus,
ex(m+n—6;T") +ex(m+n—6;T73)

=(n—52%+n%—10n+ 24+max{ [2}13}

2n -9

Applying Lemma 2.1 gives (T}, T3) < m+n —6 and so r(T),, T3) = m+n — 6 for

my)—n my—n

n = m + 3. This completes the proof. (I
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Theorem 5.3. Let n € N with n > 18. Then

r(Tos, 1)) = (T3, T) = (T,

T3)=2n—9.

Proof. Suppose that T,, € {T, T/, T3). Since A(T,) = n—4>n-5 =
A(T) _53), from Lemma 2 3 (ii) we have r(T)_5,T,) =2 2(n—4) —1 = 2n —9. By
Lemma 2.5, ex(2n — 9;T),_3) = 2(n—5)(2n— 10) = n? — 10n + 25. From Lemma 2.7

for T,, € {7, T))'},

P L TR K CEL PO TR BT E)
=n?— 10n+37+max{07 [n—29}} <n®=9n+20
and so

A —

Now, applying Lemma 2.1 yields r(T),_5,T) < 2n—9 and so r(T)_4,T,,) = 2n — 9.
On the other hand, from Lemma 2.8 we have

ex(2n — 9;T3) = n? — 100 + 24 + max{ [g} , 13} <n% = 9n + 20.

Thus,
3 2 2 n -9
ex(2n —9;T) _5) +ex(2n —9;T7) <n® —10n+ 25+ n" —9n+ 20 = 5 )

Applying Lemma 2.1, r(T),_5,T72) < 2n — 9 and so r(T},_5,T3) = 2n — 9, which
completes the proof. O

Theorem 5.4. Let m,n € N withn >m > 10, and T, € {T}., T/, T3}. Then

TTm;T’ :rvaT* =
( n) ( ") m+n—4 ifm—14n—3andn> (m—3)%+2.

{m—l—n—S ifm—1|n-3,
Proof. f m—1|n—3, then ex(m+n—3;T,) = +((m—2)(m+n—3)—(m—2))
by Lemmas 2.7 and 2.9. Thus, the result follows from [9], Theorems 4.1 and 5.1.
Now assume that m —14n —3. By Lemma 2.10, ex(m +n—4;T,,,) < 3(m — 2) x
(m +n — 4). Applying [9], Theorems 4.4 and 5.4 deduces the result. The proof is
now complete. ([
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6. EVALUATION OF r(T2,T,) witH TP, € {T Tk, T2} anDp T,, € {T/, T T3}

Lemma 6.1 ([7], Theorem 8.3, pages 11-12). Let a,b,n € N. If a is coprime to b
and n > (a — 1)(b— 1), then there are two nonnegative integers x and y such that
n = ax + by.

Theorem 6.1. Let m,n € N withm > 9,n > m+14+12/(m — 8) and m—11{n—>5.
Suppose that TO € {Tx T}, T2} and T,, € {T", T, T3}. Assume that T° # T,
orm > 11. Then r(T2,T,) =m+n—T7orm+n—6. If n > (m —3)>+4 or
m+n—7= (m—1)x+ (m — 2)y for some nonnegative integers x and y, then
r(T%,T,) =m+n—6.

Proof. Note that A(T%) =m —3 <n—4 = A(T,). Using Lemma 2.3 (ii)—(iii),
(TS, T,) =>m—3+n—4=m+n—"7. Since m —1{n— 5, from Lemmas 2.6, 2.11
and 2.12 we have ex(m +n — 6;T) < 3((m —2)(m+n —6) — (m — 2)).

We first assume that T}, # T2 or n # m + 2, m + 3. By the proof of Theorem 5.2,
ex(m+n—6;T,) < 3((n —5)(m+n—6) +m — 2). Thus,

ex(m+n—6;T°) +ex(m+n —6;T},)
- (m—2)(m+n—6)—(m—2)+ (n—=>5)(m+n—06)+m—2 _ (m—f—n—G).

2 2 2

Hence, 7(T9,,T,) < m +n — 6 by Lemma 2.1 and so r(T.,T,) = m +n — 6 or
m+n—71.

We next assume that T}, = T3 and n = m+2. Then m+n—6 = 2n—8 = n—1+n—7,
m+2>m+1+12/(m —8) and so n — 2 = m > 20. By Lemma 2.9 (iv),

ex(m+n—6;T3) = ex(2n — 8 T3)

_ (n—2)(2n —28) —6(n—17) +max{ [n —437}’0}

=n2—9n+29—|—max{[

n—37

_ 2
}0}<n?4m+29+” .

Thus,

n—22
2

—H(2n—9
n=4Cn=9) o g, a9

ex(m+n—6;T°) +ex(m+n—6;T,) <
2n —8
=(n—4)(2n—9) = ( ”2 )

Hence (T2, T3) < m +n — 6 by Lemma 2.1 and so 7(T,,T3) = m +n — 6 or
m+n—71.
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Finally, we assume that T,, = T2 and n = m + 3. Then m +n —6 = 2n — 9 =
n—14n—8, m+3 > m+1+12/(m — 8) and so n—3 = m > 15. From Lemma 2.9 (iii),

—-2)2n—-9) -7 30
ex(m+n—6;T3)=eX(2n—9§T3):(n Ao 2) = +max{{g}’13}

—n2 100+ 24+ max{ [g} , 13}.
Recall that

(m—2)2m—-3)—(m—2)
2

ex(m+n—6;T°) =ex(2m — 3;T%) <

=(m-2)%=(n-5)>2
We then obtain

ex(m+n—6;T%) +ex(m+n—6;T3) = (n—5)2+n?—10n+ 24 + max{ [g} , 13}
— 912 — 20n + 49 + max{ [g} : 13}

2 _
<2n%—19n +45 = ( n2 9).

Applying Lemma 2.1 gives r(T9,T2) < m+n — 6 and so (T, T3) =m +mn — 6 or
m+n—"7forn=m+ 3.

Ifm+n—7=(m—1)x+ (m—2)y for some nonnegative integers = and y, setting
G = 2K,,_1 UyK,, 2 we find that G does not contain any copies of 7. Observe
that A(G) = n—>5 or n—6. We see that G does not contain any copies of T},. Hence
(TS, T,) > |V(G)| =m+n—Tand so r(TS,T,) =m+n—6. If n > (m—3)%+4,
then m+n—72>= (m—2)(m—3). By Lemma 6.1, n+n—-7= (m—1)z+ (m —2)y
for some nonnegative integers x and y and so r(79,7,,) = m +n — 6 as claimed.

Summarizing the above proves the theorem. O
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