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Abstract. We introduce a method for construction of a covariant differential calculus over
a Hopf algebra A from a quantized calculus da = [D, al], a € A, where D is a candidate for
a Dirac operator for A. We recover the method of construction of a bicovariant differential
calculus given by T. Brzeziriski and S. Majid created from a central element of the dual Hopf
algebra A°. We apply this method to the Dirac operator for the quantum SL(2) given by
S.Majid. We find that the differential calculus obtained by our method is the standard
bicovariant 4D-calculus. We also apply this method to the Dirac operator for the quantum
SL(2) given by P. N. Bibikov and P. P. Kulish and show that the resulted differential calculus
is 8-dimensional.

Keywords: Hopf algebra; quantum group; covariant first order differential calculus; quan-
tized calculus; Dirac operator
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1. INTRODUCTION

In Connes’ noncommutative differential geometry, the quantized differential calcu-
lus over a *-algebra A is given by dpa = [D, a], built on a “Dirac operator” D, acting
on a Hilbert space H (see [3]). On the other hand, in the theory of quantum groups
one usually needs covariant differential calculi over a Hopf algebra A (see [7]). Since
Connes’ calculus is not covariant, it seems that these two theories do not match with
each other. Our goal in this paper is to convert any differential calculus over a Hopf
algebra to a covariant one.
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Our strategy to do this task is as follows. Let (I",d) be a left covariant first order
differential calculus (1.c.FODC) over a Hopf algebra A and let w: A — i, be the
fundamental map generating the space of left invariant 1-forms, i.e.

(1.1) w(a) := S(any)da), ac€ A,

where S is the antipode of A (see [4]). It is known that I is freely generated by the
set w(A) as a left A-module and w(A) is closed under the right adjoint action of A
on I'. Namely, we have

(1.2) Ad,(b)w(a) = w(@d), a,be A,

where Ad,.(b)(0) = S(b(1))ob(2), b € A, 0 € I'. On the other hand, if (T', d) is a FODC
(not necessarily l.c.) over the Hopf algebra A, then we can still define the map w
by (1.1). We have I' = Aw(A) = w(A)A and w obeys the relation (1.2), but since T
is not freely generated by the set w(A) as a left A-module, in general T' is not left
covariant. The simple but essential idea of this paper is to replace the not necessarily
free left action of A on w(A) by the formal free left action. Hence we convert any
FODC, T, to a L.c.FODC, which is the smallest 1.c. FODC with I" as its quotient.

In Connes’ approach, the essential idea is to define the differential by da = [D, a],
a € A. But in our approach, the essential idea is to introduce left invariant 1-forms
as operators

w(a) := S(an))[D,aw)], ac A,

and then construct a covariant FODC based on these invariant forms (see [7]). We
apply this method to an operator constructed from a central element of the dual
Hopf algebra A° and we find that our method gives a bicovariant FODC over A
which coincides with the FODC given in [2]. We also apply this method to the Dirac
operator for A = SL,(2) constructed by Majid in [6]. We show that the FODC
obtained by this Dirac operator is bicovariant and 4-dimensional, and it is indeed
the standard 4D-calculus of SLy(2). Finally, we apply our method to the Dirac
operator constructed by Bibikov and Kulish over SL,(2) (see [1]), and show that it
is 8-dimensional.
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2. PRELIMINARIES

Throughout this paper, we follow the notation of [4]. A denotes a Hopf algebra
over C with coproduct A, antipode S and counit e. We use the Sweedler’s notation
Aa) =) an) ® ay and most often we omit the summation symbol. For a € A, we
use the notation @ = a — €(a)l. We first recall some concepts from [4].

A first order differential calculus (abbreviated a FODC) over an algebra X is a
X-bimodule I" with a linear mapping d: X — I" such that (i) d satisfies the Leibniz
rule d(zy) = x - dy + dz - y for any x,y € X, (ii) T is the linear span of elements
x-dy -z with z,y,z € X. A left-covariant bimodule (abbreviated l.c. bimodule) over
Hopf algebra A is a bimodule I" over A which is a left comodule of A with coaction
Apr: T' - A®T, such that Ar(apb) = A(a)Ar(9)A(b) for a,b € Aand p € T'. In
Sweedler’s notation, the last condition can be written as ) (agb)—1) ® (agb)) =
Yo am)0—1)b1) ® a2y 0(0)b(2)- An element o of a left-covariant bimodule I' is called
left-invariant if Ap(p) = 1 ® p. The vector space of left-invariant elements of I" is
denoted by inyI'. A FODC T over A is called left-covariant if it is left-covariant as
an A-bimodule with the left coaction Ar: I' - A ® I' and, moreover, Ar(adb) =
A(a)(id ®d)A(b) for all a,b € A.

There is a well-known one-to-one correspondence between l.c. A-bimodules and
right A-modules as follows (see [4], Chapter 13, pages 474-475). Let (A, <) be a right
A-module. By defining

(2.1) bla ® a)c:= bac(y @ a<c),
(22) Ar (a & a) =an) ®ap)a

for all a,b,c € A, a € A, the vector space I' := A® A becomes a l.c. bimodule over A
(see [4]). Conversely, let T be a l.c. bimodule over A and let A be the subspace of
left invariant elements of I'. For a € A, o € A, we set

(2.3) a<a:= Ad.(a)a = S(agp))aa).

This is a right A-module structure on A. Let IV := A® A denote the l.c. A-bimodule
given by (2.1) and (2.2) with respect to this right A-action (2.3). It is known that T
and I" are isomorphic as l.c. A-bimodules (see [4]). Now let (I',d) be a 1.c.FODC
over the Hopf algebra A. We define the fundamental form of I' as the map

(2.4) w(a) := S(aqy)dag), acA,
the fundamental ideal of T' as the following right ideal of kere,
(2.5) R = {a € kere: w(a) =0},
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and the tangent space of I as the following set of linear forms on A,

(2.6) T={XeA": X(1)=X(a)=0for all a € R}.

3. COVARIANTIZATION OF A FODC

Definition 3.1. A differential right module (abbreviated DRM) over a Hopf
algebra A is a triple (A, <, w), where
(i) (A,<) is a right A-module, <: A® A — A, and
(ii) w: A — A is a surjective linear map satisfying

(3.1) w(ab) = w(a) <b+ e(a)w(d), a,be A.

Lemma 3.1. There is a correspondence between the classes of all 1.c.FODC’s
(T',d, Ar) and all DRM’s (A, <,w) over a Hopf algebra A as follows:

(i) If (T',d,Ar) is a 1.c.FODC over A, then A is defined as the space of left invariant
1-forms, < is defined by (2.3) and w is the fundamental form of T'.

(ii) Conversely, given a DRM (A,<,w) then T := A ® A equipped with (2.1), (2.2)
and

(3.2) da = an, Qw(aw), a€A.

Proof. (i) As we mentioned in the previous section, (A, <) is a right A-module.
We have

w(ab) = S((ab)q))d(ab) e = S(bw))S(an)ac dbe) + S(ba))S(an )dacbe)
= €(a)S(bu))dbe) + S(b)Jw(a)be) = e(a)w(b) +w(a) <b,
so w(ab) = w(a) <b+ €(a)w(b). Now we show that w is surjective. By the definition
of a FODC, we have I' = AdA. According to Chapter 13 of [4], first we show that for
any a € A, w(a) = P(da), where P := -(S®id 4 )Ar has been introduced in Lemma 1

of Chapter 13 of [4] (page 473-474). Here -: A® T — I is the left action of A on T
We have

P(da) = -((S ®ida)Ar(da)) = -((S ®ida)(an) @ dae))) = S(an))dae, = w(a).
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Also, if @ € A then P(a) = « (see [4]). Now since I' = AdA then for « € A C T there

exist some elements z;,y; € A such that o = > x;dy;. According to the formula (3)
i

on page 473 of [4], o = P(a) = Y e(2;)w(yi) = w (X €e(x;)y;). Thus w is surjective.

K]
(ii) In the previous section we mentioned that (I', Ar) is a l.c. A-bimodule. Now
we have

d(ab) = (ab)u) @ w((ab)) = awbu, ® w(aebe)
= amba) ® (W(aw) 9be) + €(ae )w(be))
= amba) ®w(ae) <be) + abu) @ w(bs)
= amba) ®w(ae) 1be) + alby) @ w(be))
= (aw ®@w(ap))b+ alby) @ w(be)) = (da)b + a(db).
So the linear map d satisfies the Leibniz rule. To show that I' = AdA, let o =

a ® « € T. By the surjectivity of w, there is an element b € A such that a = w(b).
Therefore p = a ® w(b) and

o=a®@w(b) =a(l®wb)) =ale(by) @wbe)) = a(S(ba))be ® w(bs)))
= (aS(bu))) (b @ wW(bes))) = (aS(bn)))(dbe))-
Thus ¢ € AdA and (T, d) is a FODC. Finally, for all a € A we have

Ar(da) = Ar(ag), ® w(ae))) = ag) @ 4 @ wlags))
= ag) ®@daw = (d@d)(aq) ®ap) = (id@d)(A(a)).

Thus (', d, Ar) is a 1.c.FODC. O

Proposition 3.1. Let (A, <,w) be the DRM associated with a .c.FODC (T', d, Ar)
by part (i) of Lemma 3.1 and also (I',d', Ar/) be the 1.c.FODC constructed from
this DRM (A,<,w) by part (ii) of Lemma 3.1. Then (T',d, Ar) and (I',d’, Ar/) are
isomorphic as .c. FODC's.

Proof. We have

part (i) of Lemma 3.1 part (ii) of Lemma 3.1

(T'.d, Ar)

(A, <,w)

(I,d', Ar) .

We define
v: =T, v(a)=(1d®P)o Ar(a),

where the map P was introduced in the proof of Lemma 3.1. It is well-known that v
is an isomorphism of l.c. bimodules ([4], page 475). We must show that for all a € A,

v(da) = d'a.
We have I/(da) - a(l) ® P(da(z)) - a(l) ® S(a(z))da(g) = a(l) ®w(a(2)) == d/a. ‘:l
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Theorem 3.1. Let (I',d) be a FODC over A. Then we obtain a DRM (A, <, w)
over A by defining A = w(A), where w: A — T is the fundamental form of T
and o <a = S(au,)aan . Hence, by part (ii) of Lemma 3.1 we obtain a l.c.FODC
(I",d',Ar/). Themap(: I" - T, a®br abfora € A, be A =w(A), is a surjective
map of FODC'’s such that ((inyI") C w(A) and (I",d’, Ar) is the smallest 1.c. FODC
among all 1.c.FODC’s for which there exists a map ¢ with the above mentioned
properties. Finally, if (I',d, Ar) is a L.c.FODC, then (T',d, Ar) and (I',d’, Ar/) are
isomorphic as 1.c.FODC'’s.

Proof. It is clear that A is a vector space. We have
w(ab) = S((ab)q))d(ab)

(
S(buy)S(an))ae dbey + S(ba))S(an)dac be)
e(a)w(b) + w(a)<b

for all a,b € A. Thus w(a) <b = w(ab — e(a)b). This identity shows that A is closed
with respect to <. Also it is well-known that < is a right action of A on I". Thus < is
a well-defined right action of A on A. Thus (A, <,w) is a DRM over A. Next we have

((alc®e)b) = ((acbu) @ (€ b)) = ((acha) @ S(be))ebe)
= ach,S(bs) )ebs = ace(by)ebn, = aceb = al(c ® e)b

for all a,b,c € A, e € A. Also
((d'a) = Clag) ®wlap))) = anwlae) = aw)S(ae))das, = €(an))dae, = da.

Thus ¢ is a map of FODC’s. Next, since I' = AdA, then for o € I' there exist some
elements z;,y; € A such that « = > z;dy;. Thus a = > xidy; = > z;((d'y;) =
i i i
C(Z xid’yi> and therefore ¢ is surjective and I/ ker(¢) ~T.
i
Now, for « = > a; ® 8; € invl”, a; € A and B; € w(A) we have A (o) =1 ® a,

7

ie. > (ai)w @ (ai)@ @B =>,1®a; @ ;. Thus by applying the mapping
i i

(mA & idr)(s ®idyg ® idr)
followed by the left action of A on I' to both sides of the latter equation, where
ma: A® A — A is the product of A, we get > S((a:)a))(ai) B = D S(1)aif;,
so > €(a;)Bi = Y a;f;, and hence ((o) = > a;0; = > €(a;)B; € w(A). Therefore
Clinvl”) Cw(A).

7
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Next, we show that I is the smallest 1.c.FODC pre-quotient of I". Suppose
that (T, Ar), Ay(a) = a1y ® a, is an arbitrary L.cFODC and ¢: T — T is
a surjective map of FODC’s such that (i, T) € w(A4). We define ¢: T — TV,
1 = (id ®¢)(id ® Py) Ay, where again Py = (S ® id)Ay, i.e. Pr(a) = S(a 1)) o)-
It follows that for all « € T

(Cov)(@) = ((a-2 @VU(S(ac)aw)) = a¥(S(acy)aw)
= (a2 S(acy)aw) = ¥(a).

Therefore, ¢ 0 ¥ = 1.
Finally, if (T',d) is left-covariant, then A = w(A) = i, ['. Therefore, by Proposi-
tion 3.1, (T, d) is isomorphic with (I",d’). O

Corollary 3.1. Let V' be a complex vector space and 7: A — L(V') be an algebra
representation of the Hopf algebra A in V', where L(V') denotes the algebra of linear
endomorphisms of V. Also, let D be a linear operator on V. Then the map d:
A — L(V), da := [D,n(a)] is a differential operator and the space I' := A(dA)A
equipped with d and A-bimodule structure given by aT := 7(a)T, Ta := T'w(a) for
alla € AandT € L(V) is a FODC over A. Then by Theorem 3.1 we obtain a DRM
A =wp(A) where wp: A — L(V),

(3.3) wp(a) = 7(S(aw))[D,w(a)], a€ A,

Here the bracket denotes the commutator of two operators.
The proof is obvious. We denote the 1.c.FODC associated with this triple by I'p.

Remark 3.1. Let (A, H,D) be a commutative spectral triple where A is the
Hopf algebra of smooth functions over a Lie group. Then, since it is known that the
quantized calculus da = [D, a] is the classical calculus, which is automatically bico-
variant (see [3]), we conclude that covariantization of this calculus by our approach
using the Dirac operator D gives the classical calculus.

According to the previous Corollary, we have the following result.

Proposition 3.2. Let a — L, for a € A denote the left regular representation of
a Hopf algebra A on itself, where L,(b) = ab, b € A, and let ¢ be a linear functional
on A. We define the operator D, on A by

(34) D@(a) = a(1)¢(a(2))a a € A.
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(i) The map (3.3), which we denote by w,, takes the form

(3-5) (We(a)(@) = 2w p(@re), axc A

We denote the associated 1.c. FODC by I',.
(ii) The fundamental ideal of T', is

(3.6) R, ={a €kere: p(ax) =0 for all z € A}.

(iii) If the dual Hopf algebra A° (see [1]) separates the elements of A and ¢ € A° is
a central element, then the tangent space of Iy, is

(3.7) Ty, = span{ X := @ (a)pa) — pla)e: a € A},

where Ay = ¢y ® @, is the coproduct of Hopf algebra A°. Moreover, I, is
finite-dimensional and bicovariant. Finally we have D, (a) := ¢(an))a).

Proof. We have
m: A— L(A), a— L.

For z € A, n(ab)(x) = Lap(z) = ab(x) = Lo(Lp(x)) = (w(a)m(b))(z). Thus 7 is a
linear representation.
(i) According to the definition of D,,,

= zmp(e(an))amTe) — €(@)Ta)e(Te)

= z0,p(ar) — €(@)2 ) = 20y p(AT ).

(ii) Let R be the fundamental ideal of I'. We show that R = R,,. First, we prove
that R C R,. For a € R, we have @ = a and w(a) = 0, thus w,(a)(z) = 0, and so
zauyp(azre) = 0. We get e(xyp(azs))) = 0, so p(ax) = 0. Therefore a € R,. If
a € Ry, then for each z € A, p(ax) = 0, therefore z,,p(azy) = 0, and w(a) =0
and so R, C R. Hence R = R,,.
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(iii) We recall that A° = {f € A’: A(f) € A’ ® A’}, where A(f)(a ® b) = f(ab)
and A’ is the space of all linear functionals on A. Now let ¢ € A° and A(p) =
V) ® Y- Let R :={a € kere: Xp(a) =0 for all b € A}. We have

R ={a€kere: o4 (a)pe (b)=0forallbe A}
= {a € kere: p(ab) =0forall be A} = R,.

Thus R’ is a right ideal of ker e and we obtain a FODC I". It is well-known that if
there are two FODC’s with the same fundamental ideal, then they are isomorphic
(see [4], Chapter 14, the proof of Proposition 5 for the existence and Proposition 1,
part (ii) for the uniqueness). Here, R’ is equal to R, so I'" is isomorphic to T'y,
and thus they have identical tangent spaces. On the other hand, I is a bicovariant
finite-dimensional FODC over A such that its tangent space is given by

T' = {Xa = pu(a)pn) —p(a)e: a € A}

(see [4], page 502, Proposition 11). Thus I, is also a bicovariant finite-dimensional
FODC over A and (3.7) is proved.

To prove the last assertion, we let h be an arbitrary linear form in A°. We have

h(p(an)aemy) = plan )h(
= h(aq))e(

) = (ph)(a) = (hp)(a)
) = h(anyplae))

Q(2)
Q(2)
for all a € A. But since A° separates the elements of A, we conclude that

plany)ae = applay), a€ A

Thus Dy (a) = ¢(an))ac- .

So, we observe that if we choose the operator D in Corollary 3.1 of the form D,
then the covariant FODC constructed by our method coincides with the covariant
FODC constructed by the method mentioned in [2]. Thus we can construct, for ex-
ample, the standard 4D-calculus over SLy(2) through our method of covariantization
by choosing ¢ to be the Casimir element. In the next section, we construct examples
of covariant FODC’s from operators which are not of this form.
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4. EXAMPLE: THE L.Cc.FODC ASSOCIATED WITH THE DIRAC-MAJID OPERATOR
OF THE QUANTUM GROUP SL,(2)

In this section, we use our method to answer the question whether there exists a
suitably defined operator on some Hilbert space such that the FODC associated to
it is the 4D-calculus on quantum SL(2). We find that the FODC associated to the
Dirac operator of Majid (see [6]) is 4-dimensional and coincides with the standard
4D-calculus on quantum SL(2).

We take A = SL,(2) and let A° be its dual Hopf algebra (see [4]). It is well-
known that this is a coquasitriangular Hopf algebra (see [4], Chapter 10, [5],
Chapter 2 and [6]). Thus it is equipped with the standard universal R-form
R: A® A — C. Consider the linear form @ = Ry1R: A ® A — C, namely
Q(a ®b) = R(by, a1y )R(aa), bay). We view it as a linear map Q: A — A° by eval-
uation, i.e. (Q(a),b) = Q(a ® b) for a,b € A. Let W be the spin %—corepresentation
of A (see [4]), which we view as a two-dimensional representation of A° with action
a: A°QW — W or equivalently a: A° — L(W) where L(W) is the algebra of linear
operators on W. If t1; = a, t1o = b, ta1 = ¢, tao = d are the standard generators of A
then a basis for W is {a,b}. If we identify W with C? via a ~ e1, b — ea, where
{e1,e2} is the canonical basis of C?, then a(z) is the matrix (a(x));; = (x,t;),
x € A°.

Next, we represent A on the vector space A® A~ A® C? as

(4.1) 0: A— LA A), 9(@(5):(‘55), 2,y € Al

The Dirac operator defined by Majid (see [6]) on the linear space A @ A is

(42) D= (a; - ZAW(S%%))))

k=1 1<4,5<2

[

In other words, for a = (g;) € A® A the entries of Da = (EgZ;) are given by

2 2
(4.3) (Da) =" di(a)) = > AL(B(S™ (txy)))a’,
j=1 Gk=1

where
() = oy (L}, Zay) = 1) (L), 00)) Y €A

and E;,L;- € A° are defined by E;(a) = Q(a, t;;) for all a € A, Lz- = E;- - 5;'-1, 5; is

the Kronecker delta, 5(a) = (a0 Q)(@), @ = a—e€(a)l, and Aé-: L(W) — C are some

424



given linear functionals called connections. In the sequel, we need the following L*
functionals on A,

(4.4) Lf'(a) = R(a,t;;), Lj'(a) = R(S(ti;). a).

It is known that

i i k —1 —3 —k
(4.5) ALY = Lol AL;)=> Li'eL;*
k k
and
(4.6) L =Y " S(Ly )L
k

We conclude that

(4.7) A(LY) = 22: Li @ S(L; LI,
k,l=1
because
A(LY) =A <Z S(Lmi)ij) => (Z S(LF) @ S(Ly") <Z L™ L;H)
=y Z(L;f)ij ® S(L;)lekz Lf @ S(L LI |
m,k,l k,l

Lemma 4.1. There is a faithful representation of Ms(A°), the algebra of 2 x 2-
matrices over A°, in the vector space A @ A given by

¢: My(A°) > L(AD A), u= (Uij)f,jzl = (Duij)2

i,j=1
Namely
o) (4 ) = (Pt T vl e
where
(4.8) Do(a) == an) (@, a0), a€A zeA.
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Proof. It is clear that ¢ is linear and we show that ¢ is multiplicative. We first
show that D is a faithful representation of .A° in the vector space A. For each x € A°,
D, is linear and also it is clear that D is linear. We show that D is multiplicative.

Dyy(a) = an {2y, am)) = an) (T, ae) (Y, a(3)> = Dz(au)(y, aw)) = (Dz 0 Dy)(a).

To show that D is faithful, let D, = 0. Thus D,(a) = 0 for all a € A, so
ay{x,as) = 0. By applying the counit map to the latter, we get (z,a) = 0 for
all a € A. Thus we conclude that x = 0.

Now for all u,v € M3(A°), we have

al i . )
J

Jsk

=3 Du Dy, = (Sl ())

gk

Thus ¢ is a representation. The faithfulness of ¢ is obtained by the faithfulness
of D. ([

Henceforth, we embed M>(A°) in L(A & A) by identifying (u;;), u;; € A°, with
the linear operator (D,,;) on A® A.

Theorem 4.1. By applying our method of covariantization to Majid’s Dirac op-
erator of the quantum group SL,(2), the associated fundamental form is

2
(4.9) war(a) = Y (LFE @) (S(Ly )L o0,
k=1

the associated fundamental ideal is

(4.10) Ry =kereNker 8 = {a € kere: Li(a) =0 for all i,j = 1,2},
and the associated tangent space is

(4.11) Ty = span{L} — ey(L})1: 4,5 =1,2}.

The 1.c.FODC associated to this operator denoted by I' s is nothing other than the
well-known 4D-calculus over quantum group SL4(2) and therefore is bicovariant.
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Proof. According to the representation (4.1) and Corollary 3.1, for a € kere,

r!, 22 € A we have

x! x! Qg xt
(@) (1) =008 Dotac) ( 7y ) =o(staonp (277,
2 2 ,
> 0j(ama?) = 30 AR(B(S™(tky)))ac e’
= 0(S(ac)) | /5 'y
'21 312,(@(2)%]) - _kzl AZ(B(S™H (tkg)))aea?
J= J,R=
2 2 ,
S(aw) 218]1(61(2)91:]) - ‘;1A,lv(,B(S_l(tkj)))S(a(1>)a(2>a:J
_ = JsR=
= 2 2 .
S(aw) Zlaf(a(z)aﬂ) - ‘kZIAi(/J)(S Htkg)))S(aa))ae @’
J= D=
2 2
Slaw) | 13}(%@”) - ,kzlAi(ﬁ(S‘l(tkj)))da)w’
_ J= J,R=
= 2 2
S(aw) Zlaf(amx]) - ,kZlAi(ﬂ(S’l(tkj)))E(a)wj
j= k=
2 2 . ,
S(aqw) 21 8]1((1(2)37]) S(aqw) 21 a(mx{n @31‘; a(3>x{2>>
_ j= _ j=
- 2 - 2 , .
Saw)) 21 8]2(a(2)xi) Saw)) 21 )Ty <L§, )Tl )
j= j=
2 2
Zl x€1)<_}7 ax?2)> Zl x?1><L31 - 531'17 ax(2>>
_ | 5= _ | =
= 2 = 2
]Zl x?1><LJaa$(2>> Zl x?1><L§ - ‘53 1, ax?2>>
= Jj=
2 _ S .
Zl x?l) <L]17 az(sy) 2 lle) <L§“, a><S(L;1)L;-H, ${2)>
= 7= = 555 . _ .
22: e <E] Q) k.l = (L a><S(L,:2)L;rl, =)
= 3k,
SALE @SN SULEa)SENE
B §<E§“7a>S(L;2)LTZ %@5%@5(%2)%” <x2)
72 27 1
_ i €T
= ( Z <Lé€a a)S(Ly )L;rl> (xQ)
k=1 =1
2 1
_ - x
= S b s i (1)
k=1

In the above, we used the facts e(a) = 0 in the first equation in line 5, (1,az) =
g(ax) = e(a)e(z) = 0 at the begining of line 7 and the faithful representation (4.8),
u — D, where u = S(L;i)L;'l, at the begining of line 8. So, we proved (4.9) for
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a € kere and the general case is the result of the identity wys(@) = war(a). To
prove (4.10), we write A(L%) as Y L%, ® LY, such that for each fixed 4, j, the set
of all Eé‘@) is linearly independent. Now we rewrite the above calculation of was(a)
until line 7 and then continue as follows:

2 . o _ ,
le€1><L}vax€2)> 2wy (Liws a){Lj@), i)
J= J

1
T
w}\f(a) ( 2) = 9 . — — .
x 3 3331)@?7 ax{;)} 2wy (L a) (L), o)
j=1

J

<Z(E%(1),a>ih2) Z@%(m@E%@)) (371)
Z(Lfm,a}L%@) Z<L§<1>va>L§<2> 2

x

Now using this computation and our assumption on the linear independence of

functionals E;Q) for each fixed 4, j, and putting 22 = 0 or 2! = 0, we find that

Ry = {a € kere: L (a) = 0 for all 4, j and for all (1)}. Thus Ry C {a € kere:

L’(ab) = 0foralld,j =1,2and for allb € A}. Conversely, if a € kere and L} (ab) =0

for all b € A, then ) L’y (a) L, = 0 for all 4, j, so we find that L’ ,(a) = 0 for all
i, j, (1). Thus

Ry ={a € kere: Li(ab) =0 for all i,j = 1,2 and for all b € A}.

On the other hand, by definition we have 3(a)? = Li(a) for a € kere. Therefore
Ry = {a € kere: B(ab) =0 for all b € A}. It is well-known that the set {a € kere:
B(a) = 0} is the fundamental ideal associated to the 4D-calculus over A (see [6]),
thus it is a right ideal of kere. So we find that {a € kere: S(ab) = 0 for all
be A} = {a € kere: B(a) =0} (since for b € A we have 5(ab) = B(ab) + ¢(b)B(a)).

Hence,
Ry ={a €kere: B(a) =0} ={a€kere: L:(a) =0 for all i,j = 1,2}.

Thus the proof of (4.10) is now complete and since the fundamental ideal of T'j,
is equal with the fundamental ideal of the 4D-calculus, we conclude that these two
1.c.FODC’s coincide. Next, let

T = span{X;’j = Z(S(L,;i)[/;rl,wif - (E;,b}l: ,j=1,2, be .A}.
k,l
By using (4.7), if we set R’ := {a € kere: X(a) = 0 for all X € T’} then we
have R’ = {a € kere: Li(ab) = 0 for all 4,j = 1,2 and for all b € A}. Thus R’

is a right ideal of kere and therefore there exists a unique 1.c.FODC over A such
that its fundamental ideal is R’ and its tangent space is 7" (see [7] or the proof
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of Proposition 5 of Chapter 14 in [4]). But since R’ = Rjs, we find that indeed
this latter FODC is I'pz, which is in turn the 4D-calculus, hence Thy = T7. On the
other hand, it is obvious that T" C span{flé - (E;, 11: 4,5 =1,2}. But since Ty is
four-dimensional we conclude that 7" is also four-dimensional and we find that 7" =
span{f/;'» - <E§-, 1)1: 4,5 = 1,2}. So, we recovered the 4D-calculus over A = SL,(2)

(I

via our method of covariantization.

5. EXAMPLE: THE L.c.FODC ASSOCIATED WITH THE
DI1rAC-KULISH-BIBIKOV OPERATOR OF SU,(2)

Let A = SU4(2) and U = Uy(suz). Here, we use the notation of [1]. Hence,
we denote the generators of U by k, e, f, k~!. There is a standard nondegenerate
dual pairing (,): U ® A — C between U and A which enables us to regard U as a
subalgebra of A°. Thus we regard each v € U as a linear functional over A and write
u(a) instead of (u,a). Let m1: U — L(C?) be the spin i-representation. That is

(5.1) m(k-)—{q;ﬂ qlo/Q], m(e)—[g (1)] m(f)—ﬁ) 8]

Also we have another representation (4.8) of U induced from the dual pairing
(5.2) w2 : U —= L(A), ma(u)(a) =anyu(agw)).
Thus, we obtain a representation 7: U — L(C2® A), m(u) = 71 (ugn)) @ m2(ue) ). We

set K == 7(k), K! :=n(k™1), E :=7(e), F := 7(f). Now let C € U denote the
Casimir element. The Dirac operator is defined by

(5.3) Dip = A"2(n(C) — pide: @m2(C)) € L(C? @ A),

where A\ = ¢—¢ ' and = (¢> — ¢ 2)/(q — ¢~ ). Next, we represent A on the vector
space C? ® A by the left regular representation in the second component, i.e.

(5.4) 0: A= L(C*°® A), fa)(z®y):=r®ay, zc€C? ycA

Theorem 5.1. For the Dirac operator D = Dgpg, the associated fundamental

form is

(5.5) wrp(a) = >\72(C<2> (a) —ev(Cpzy)eala))(m(Con) — pev(Cuy) idez) @ m2(Cs)),
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the associated fundamental ideal is

(5.6) Rixp ={ackeres: C(bac) =0 for all b,c € A},

the associated tangent space is

(5.7) Tk p = span{X; . := Cy(b)Cs (c)Ciay — C(bc)ea: b,c € A},

and the resulted 1.c.FODC is 8-dimensional.

Proof. We have

= 0(S(aw))[D,0(aw)] = 0(S(an))Db(aw) — 0(S(aqn))0(aw)D
= 0(S(aw))Db(aw)) — 0(S(an)awm)D = 0(S(an)))Di(ac) — €ala)D.

wKB(a)

Thus for a € kerey,

Nwrp(a)(z @y) = A0(S(an))D(r @ apy)

= 0(S(aw))(m1(C))(@) ® awyu Ce (@ Ye)
— 1T ® ax Y, Clagye))

=m(Ci))(@) ® y1,Crxy (ayz)) — 17 @ Y1, C(ayz))
=71(C))(@) @ Y1,C2 () Cs) (Yi2)) — 12 ® Y, Ciy (@) Crz) (Y2 )
= Cp)(@)m1(Cy) (%) @ Yo, Ca) (Yi2)) — 1C) (@) @ Y1, Cra) (Y2 )
= (Cp) (a)m1(Cy) @ m2(Cls)) — pCliy(a) id @72(C))) (2 @ )
= C)(a)((m1(Cq)) — pev(C)y)) @ m2(Cia)) (x @ ).

Now, since for a € A we have @ € kerea, wigp(a) = wigp(a) and for u € U we
have u(@) = u(a — ea(a)l) = u(a) — ea(a)ey(u), we get wip(a) = A"2(Cr(a) —
ev(Cay)eala))(m(Cuy)— peu(Cyy) id) @m2(Cs)). Thus the proof of (5.5) is complete.

Now we prove (5.6). Let Cuyay @ Chuyy @ Cny € U®3 be a presentation of
AZ(C) = Ay(Ay ®@idy)(C) such that the set {C,,: for all (2)} is linearly indepen-
dent and for each fixed index (1), the set {m1(Cyy oy ) — pev (Ciuyay ) idez : for all (1)}
is also linearly independent (we call such presentation an extraordinary presentation
and the existence of such presentation will be shown below). Note that this assump-
tion implies that for each fixed index (1), the set {C(yyqy : for all (1)} is linearly
independent: for in general the image of a set of linearly dependent vectors under
any linear operator is also linearly dependent. Now since the representation 7o is
faithful (see previous section), we conclude that the set {m2(C,)): for all (2)} is also
linearly independent. Now let @ € Rkp, i.e. a € kereg and wip(a) = 0, and let
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Py, P,: C? — C be the canonical projections. So by combining the operators P; ®id 4
with the operator wixg(a), we get

Coyey (@)Pi(m1(Cayay) — pev(Cayay) id)ma(Ce) =0, i=1,2.

Thus for each fixed index (1) we have C\y, ) (a)(71(Cuyay) — pev(Cayay)id) = 0,
and by our assumption we find that C(,, .y (a) = 0 for each (1) and (2)’. The converse
is obviously true, i.e., if a € kereq and Cy, @y (a) = 0 for each (1) and (2), then
wrp(a) = 0. Thus the fundamental ideal is

Rxp={a€keres: wrgp(a) =0} ={a €keres: Cy ny(a) =0 for all (1),(2)'}
C{ae€kereyg: C(bac) =0 for all b,c € A}.

Conversely, let a € kere,4 such that C(bac) = 0 for all b,c € A. Then
Cayay (0)Cay@y(a)Ce =0 VbeE A,

but since {C(,,: for all (2)} is linearly independent, we find that for each fixed in-
dex (1) and for all b € A we have Cyyuy (0)Cyey(a) = 0. Thus for each fixed
index (1), C) 2y (a)Cuyay = 0. But since {C\y, 4y : for all (1)'} is linearly indepen-
dent, we find that C(, .y (a) = 0. Hence,

{a €kereg: C(bac) =0 for all b,c € A} C{a€kerey: Cy ny(a) =0} = Rip.

Thus the proof of (5.6) is complete and we have also shown that under an extraor-
dinary presentation of A% (C) we have

(5.8) Rxp={a€keres: Cpuyny(a) =0 for all (1),(2)'}.

Now we prove (5.7). It is known that if T' is a finite-dimensional vector space
of linear functionals on a Hopf algebra A such that X (1) = 0 for all X € T and
the set R = {a € kerey: X(a) = 0 for all X € T} is a right ideal of kerey, then
there exists a unique 1.c.FODC T" over A such that its fundamental ideal is R and its
tangent space is T' (see [4], Chapter 14, the proof of Proposition 5 for the existence
and Proposition 1, part (ii) for the uniqueness). Now let > C;, ® C», ® C 3 be an
ordinary presentation of A% (C) € U®3 and let T = span{ X, . := C,,(b)Cis)(c)Cra) —
€v(Ciy)ea: byc e A}. We have T C span{Cy) — €y(Ciz))ea: for all (2)} and thus T
is finite-dimensional and

R:={a€kereg: X(a)=0forall X € T}
={a €kerey: C(bac) =0 for all b,c € A}.
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Thus R is a right ideal of ker e 4 and since R = Rk g, we conclude that the l.c.FODC
obtained from T is 'k g, so Tk g = 1. To find the dimension of I'x g we find a basis
for Tk p. Above we showed that T C T" := span{C,, — ey(C(z))ea: for all (2)} and
in the previous paragraph we also showed that for an extraordinary presentation
of A%(C), the right ideal R’ := {a € keres: X(a) = 0 for all a € T’} is equal
with R p. Thus by the uniqueness, we conclude that the 1.c. FODC obtained from T”
is isomorphic with ' and thus Tk p = T’. Therefore the dimension of I'x 5 is the
dimension of

(5.9) T' := span{Cy) @y — €u(Cyy @y )ea: for all (1),(2)'}

under an extraordinary presentation of Cy) .y ®C\y) )y ®Cy € U®3. To complete the
proof and to find the dimension of this calculus, we find an extraordinary presentation
of A(C) for ¢ # —1,0,1. The Casimir element is given by C = ¢~ k*+ gk =2+ \? fe.
We have

A% (C) = (A®id)A(C) = Cuyay @ Cayey ® Cp
= (R N fe) @K +E 2N fe+ fET @ Nke + ke @ A2 fE) @ k2
Tk 2Rk 2k 2+ (k2N R 4 fET @A 1) @ ke
+ 2Nk e+ ke N @ fh+ k2@ Nk @ fe.

Thus the set of all C,’s is {k?, k=2, ke, fk, fe}, which is linearly independent because
it is a subset of the standard basis of U, and we have four sets of the elements C,,,’s,

Si={q K>+ Nfe, k2 fht k e}, So={k7%},
53 = {k72a fkil}a S4 = {k72a kile}'

Let 7 := m — pey idez. We should show that each of the sets 7(S5;), i = 1,...,4, is
linearly independent. A simple calculation shows that 7(S7) is

T —q 0 q—p 0 0 0] [0 ¢ /2
0 T+X2 =g ']’ 0 qg'=p] g2 0]7[0 o0 '

Since (¢72 —q 'u)(qg—p) ™t # L+ XN —q¢gtu)(g t — )7t for ¢ # £1,0, this
set is linearly independent. Similarly the other sets 7(S;), i = 2,3,4, are linearly
independent. Hence the proof now is complete and the dimension of the associ-
ated 1.c.FODC is the dimension of the vector space span{C,ay — €v(Cy) @y )€a:
for all (1),(2)'} = span{k? — pea, fe, ke, fk,k=2 — pea, fE~1 (1 — p)ea, k~te} =
span{k?, fe, ke, fk, k=2, fk=1, 1,k e}, which is 8-dimensional. O
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Remark 5.1. Comparing Majid’s Dirac operator with Kulish-Bibikov’s Dirac
operator, we observe that the former gives better 1.c.FODC than the latter and the
natural question arises that given a quantum group, which Dirac operator gives the
most suitable covariant FODC on this quantum group?
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