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Abstract. We establish some inequalities for general width-integrals of Blaschke-
Minkowski homomorphisms. As applications, inequalities for width-integrals of projection
bodies are derived.
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1. INTRODUCTION

Let K™ denote the set of convex bodies (compact, convex subsets with nonempty
interiors) in Euclidean space R™. The n-dimensional volume of the body M € K" is
denoted by V(M). For the standard unit ball U, write V(U) = w,. The unit sphere,
i.e. the boundary of U, is denoted by S”~! and the surface area measure on S”~! is
denoted by S(-).

A convex body M € K™ is uniquely determined by its support function h(M,-):
R™ — R, which is defined by

h(M,z) =max{z-y: ye M}, =ze€R",

where x - y denotes the standard inner product of z and y in R™.
For M, N € K™ and A, u > 0 (not both zero), the Minkowski linear combination
AM + puN of M and N is defined by

M+ uN={ x4+ py: € M,y € N},

Research is supported in part by the Natural Science Foundation of China (No. 11371224)
and the Innovation Foundation of Graduate Student of China Three Gorges University
(No. 2019SSPY146).

DOI: 10.21136/CMJ.2020.0521-18 767


http://dx.doi.org/10.21136/CMJ.2020.0521-18

which is equivalent to
(1.1) h(AM + uN,-) = Ah(M,-) + ph(N,-).

We refer to the extensive monographs (see [12], [24]) for more background on convex
geometry.

Width-integrals were first proposed by Blaschke, see [3]. In 1975, Lutwak in [20]
introduced width-integrals of index 7 and the mixed width-integral for convex bodies,
see [21]. In 2010, Lv in [23] studied the width-integral difference. Later on, Zhao and
Mihaly in [36] established some Brunn-Minkowski inequalities for width-integrals of
mixed projection bodies.

In 2016, Feng in [6] introduced the concept of general mixed width-integrals for
convex bodies, and established the inequality of isoperimetric type, the Aleksandrov-
Fenchel type inequality and the cyclic inequality. He also considered the general
width-integrals of order i and showed its related properties and inequalities. Recently,
Zhou in [37] researched the general L,-mixed width-integrals of convex bodies, and
gave its extremal values and extended Feng’s results. See [4], [9], [18], [30] for more
related results on the width-integrals of convex bodies.

For My, ..., M, € K", 7 € (—1,1), the general mixed width-integral B(") (M, ...,
M,) of My, ..., M, is defined by

(12)  BOWOL,... M) = l/ b (M, w) .. b7 (M, ) dS(u),
n Sgn—1

where

(1.3) b (M, u) = fi(T)h(M,u) + fo(7)h(M, —u)

for all u € S"~! and the functions f1(7) and f2(7) are given by

(1.4) fi(r) = 2((1%?2) fa(7) = %
Clearly,
(15) Ji(r) + falr) = 1.

The case 7 = 0 in (1.2) is just Lutwak’s mixed width-integral B(Ma,..., M,).
Convex bodies M and N are said to have similar general width if there exists a con-
stant A > 0 such that (™) (M, u) = \b(7) (N, u) for all u € S,
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Let My =...=M,—;, =M and M,,_;41 = ... = M,, = U in (1.2), and allow ¢
to be any real and notice that b(T)(U, ) = 1. Then the general width-integrals of
index i, B (M), of M € K™ is given by

(1.6) BO () = X / B (M, )" dS(u).
STL*I

Obviously, BZ.(T)(U) = wy, and when ¢ = n in (1.6), we have

(1.7) B(M) = l/ dS(u) = wy.
Snfl

n

Among other results, Feng in [6] established the following:
Theorem 1.A. If 7 € (—1,1) and M € K", then
By (M) < V(M)

with equality if and only if M is origin-symmetric.

Here M™* denotes polar body of M which is defined by (see [12], [24]): If M is
a convex body that contains the origin in the interior, then

M ={zeR": z-y<1l,ye M}

Notice that the case 7 = 0 of Theorem 1.A was given by Lutwak, see [20].

The projection bodies were introduced by Minkowski at the turn of the previous
century. For every M € K™, the projection body IIM of M is an origin-symmetric
convex body whose support function is defined by (see [12])

h(HM,u):%/ lu-v|dS(M,v)
Sn—1

for allu € S™~L. Here S(M,-) denotes the surface area measure of M. The projection
body is a very important concept in the Brunn-Minkowski theory, see references [2],
[13], [19], [22], [27], [28], [29].

Based on the properties of projection bodies, Schuster in [25] introduced the notion
of Blaschke-Minkowski homomorphisms as follows:

A map &: K" — K" is called a Blaschke-Minkowski homomorphism if it satisfies
the following conditions:

(a) @ is continuous,
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(b) for all M,N € K7,
(1.8) O(M#N) = M + ON,

(c) for all M € K™ and every ¢ € SO(n), ®(IM) = IOM.

Here, SO(n) is the group of rotations in n dimensions. ®M + ®N denotes the
Minkowski sum of ®M and N, moreover, M#N denotes the Blaschke addition of
convex bodies M and N, that is, the up to translation uniquely determined convex
body with the surface area measure S(M#N,-) = S(M,-) + S(N,-), see [12], [24].

A Blaschke-Minkowski homomorphism is a Minkowski valuation, i.e. a convex
body valued valuation. Blaschke-Minkowski homomorphisms have attracted consid-
erable interest, see for example [7], [8], [10], [15], [16], [26], [31], [32], [33], [34], [35].

In this paper, we continue the research on the general width-integrals of index 1.
First, we establish the following Brunn-Minkowski type inequalities.

Theorem 1.1. Let M,N € K", 7 € (-1,1),1,j € Randi# j. Ifi <n—1<
7 < n, then

BET)(‘I)(M#N)) 1/(j—1) BZ(T)((I)M) 1/(5—1) BZ(T)((I)N) 1/(j—1)
(19) (BJ(T)(QJ(M#N))) s (B§T)(Q>M)) i (B§T)(<I>N)> ’

ifn—1< 1< n < j, then inequality (1.9) is reversed. Equality holds in (1.9) for
i #n—1orj # n if and only if ®M and ®N have similar general width. For

i=mn—1and j=mn, (1.9) is an identity.

Let j =n in (1.9). Combining with (1.7), we have the following fact:

Corollary 1.1. If M, N € K", i is any real and 7 € (—1,1), then fori <n —1,
(1.10) BO(@(M#N)Y =D < B (@MY (=D 4 BT (@ N/ (=)

with equality if and only if ®M and ®N have similar general width; for i > n — 1
and i # n, inequality (1.10) is reversed. For i = n — 1, (1.10) is an identity.

Since the projection body is a special example of a Blaschke-Minkowski homomor-
phisms, by Corollary 1.1 we obtain the following result:
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Corollary 1.2. Let M, N € K™, i be any real and 7 € (—1,1). Then fori < n—1,
BZ(T)(H(M#N))l/(n—i) < Bi(‘f)(HM)l/(n—i) + Bi(T)(HN)l/(”_");
this inequality is reversed for i > n — 1 and n # i. Equality holds if and only if TIM
and IIN have similar general width. For i = n — 1, this inequality is an identity.
Since ITM is origin-symmetric, we have that Bé;) (IIM) = V(II* M) by the equality
conditions of Theorem 1.A. Thus, if ¢ = 2n, then Corollary 1.2 yields:
Corollary 1.3. If M, N € K", then

VAT (M#N)™Y™ > V(I M)~ Y™ 4 V(I N) =Y/

with equality if and only if IIM and IIN are homothetic.

In addition, if K = IIM and L = IIN, then (K + L)* = II*(M#N) since
IIM + 1IN = II(M+#N). Hence, Corollary 1.3 can also be obtained directly by
the following classical result of Firey in [11] (also see the case of ¢ = 0 in [14],
Theorem 1.1).

Corollary 1.4. If K and L are convex bodies that contain the origin in their
interior, then

V((K + L)*)fl/n > V(K*)fl/n + V(L*)fl/n
with equality if and only if K and L are dilates.
Next, we establish another form of the Brunn-Minkowski type inequality for gen-

eral width-integrals.

Theorem 1.2. If M € K" and N is a ball in R*, 7 € (—1,1), then for all
1=0,...,n—1,

B (@M#N)) _ B(@M) B (®N)

~ + .
(@(M#N))  BI\(@M) BT (BN)

(1.11)

Finally, as an application of Corollary 1.1 and its equality condition, we give
an analogous version of the volume differences inequality, which is related to the
Blaschke-Minkowski homomorphism for the general width-integral of index 3.
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Theorem 1.3. Let M,N,D,D’ € K", 7 € (-1,1), i € R and ®D C ®M,
®D' Cc ®N, ®M and ®N have similar general width. If i < n — 1, then

(1.12) (B{7(@(M#N)) - B (@(D#D")))"/ "~
> (BO(@M) - B (2D))Y/ ") 4 (B (@N) - B (2D"))V/ (",

if i > n—1 and i # n, inequality (1.12) is reversed. Equality holds in (1.12) if
and only if ®D and ®D’ have similar general width and (Bi(T)(CI)M),Bi(T)(CDD)) =
A(B(®N), B (®D)), where X is a constant. For i =n — 1, (1.12) is an identity.

2. PROOFS OF RESULTS

In this part, we will give the proofs of Theorems 1.1-1.3. First, in order to prove
Theorem 1.1, the following lemmas are required.

Lemma 2.1 (The Beckenbach-Dresher inequality [1], [5]). Let functions f,g > 0,
E be a bounded measurable subset in R™ and ¢ be a distribution function. If p >

1>r >0, then

(2.1) (M)l/(p_r) < (f[g f? d%’)l/(p_r) n (f[E gP dga)l/(p_’“)

Je(f +9)rde Je frde Jegmde

with equality if and only if the functions f and g are positively proportional. For
p=1andr =0, (2.1) is an identity.

Lemma 2.2 (The inverse Beckenbach-Dresher inequality [17]). Let functions
f,9 >0, E be a bounded measurable subset in R™ and ¢ be a distribution function.
If1>p>02>r, then

(2.2) (M)l/@r) > (f[g fP dgp)l/(PT’) . <f[E gP d80>1/(pr)

Je(f+9)rde Je [ de Je g do

with equality if and only if the functions f and g are positively proportional. For
p=1andr =0, (2.2) is an identity.

Proof of Theorem 1.1. Sincei < n—1< j<nandi # j,let p=mn—i,
r=n—j, then 0 <r <1< pandp # r, combining with (1.1), (1.3), (1.5), (1.6)
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and (1.8), we get for M, N € K" and 7 € (—1,1),

@3) BN = 1 [ BO@0EN).wP as)

= %/S”H(fl(T)h(@(M#N),u) + fo(T)M(B(M#N), —u))P dS(u)

L / (Sr(T)M(®M + ON,u) + fo(1)h(PM + BN, —u))? dS(u)
Sn 1

_ 1 / B (@M, u) + b7 (BN, u))? dS(u).
SH, 1
Similarly,
24)  BY (@(M#N)) = > / B (@M, 1) + b7 (BN, u))" dS(w).
SH, 1

From (2.1), (2.3) and (2.4) we have

(2.5) <B£ﬂ <<1><M#N>>>1/<W>
- \BT (@(M#N))
Jgna( b<T> M, u) + b (ON, u))P dS(u)\Y ")
(fsn (O (@M, u) + b (BN, u))fdsw))
Jon- 1b(T> OM, w)? dS(u)\Y P [ B (BN, u)P dS () \ )
( Jgn—1 BN (@M, u)" dS(u )) (fsnlb(T)(i)N,u)’“ dS(u)>
_ (Bé%(@M))“@—“ . <Bé?p<¢>N>>1/<p-*>.
B{" (®M) B (®N)

Let i=n—pand j =n—r in (2.5), then inequality (1.9) is given.

Similarly to the above method for n — 1 < ¢ < n < j the inverse of (1.9) follows
from inequalities (2.2), (2.3) and (2.4).

The equality condition of inequality (2.1) implies that equality holds in (1.9) for
i#n—1orj#nandanyue S" ! if and only if b(7)(®M,u) and b7 (PN, u) are
positively proportional, i.e. ®M and ®N have similar general width.

For i =n—1 and j = n, by (1.7) we get that (1.9) is an identity. O

Because the projection body is a special example of the Blaschke-Minkowski ho-
momorphism, by Theorem 1.1 for 7 = 0 we can obtain the following result:
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Corollary 2.1. If M,N € K™ and i,j € R, then fori <n—1<j<nandi#j,
Bi(II(M#N)) 1/(i—1) _ B;(IIM) 1/(i—1) N By(IIN) 1/(j—i).
B;(II(M#N)) ~ \B;(IIM) B; (IIN) ’

this inequality is reversed forn —1 < ¢ < n < j and i # j. Equality holds for
i #n—1and j # n if and only if IM and IIN have similar width.

Subsequently, we will give the proof of Theorem 1.2. The following lemmas are
necessary.

Lemma 2.3 ([6]). If M € K", 7 € (—1,1), j=0,1,...,n and > 0, then
() =\ 50 4
Bj (Mu)_Z( i >Bj+i(M)M’
=0

where M,, = M + pU.
Lemma 2.4 ([6]). If M € K", 7 € (—1,1) and reals 1, j, k satisfy i < j < k, then
BY (M) < B (M) B (v

with equality if and only if M is a ball in R™.
Proof of Theorem1.2. For M € K", 7€ (—1,1)andi=0,1,...,n— 2, let

(2.6) 9.(1) = B (@M + pU), >0,

From Lemma 2.3 it follows that

g,(u+¢) =BT (@M + pU + <U)
= BI(®M + uU) + e(n — i) B (@M + pU) + o(?)
=g,(1) +e(n —i)g,., (1) + o(e?).

Thus,

/

g, (M) = (’I’L - i)gwrl (/.L)

By Lemma 2.4, for i =0,1,...,n — 2 we have

()
Biii

(®@M + uU)? < BIO(@M + uU) BT (BM + uU),
ie.

2

G (1) < 9,(1) G40 (1)
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Now, we define

(2.7) Gy = 201 -

This implies

9,19, (0) — 9,(1)g., (1)

i) =
(k) PRME

_ 91 (M)Q + (’I’L —i— 1)(gi+1 (M)Q -9 (N)gi+2 (N)) <1

Gira (11)? h
Thus, for A > 0 we obtain
A A
/ Gi(p) dp < / 1du,
0 0

ie.
(2.8) Gi(\) < Gi(0) + A

From (2.6), (2.7) and (2.8), for i = 0,1,...,n — 2, we have

B{"(®@M +\U) _ B”(®M)

B (®M +\U) B (®M)

+ A

(2.9)

But for the standard unit ball U we know ®U = AU for some A > 0 (see [25],
page 224). Hence, if N is a ball in R™, then ®N is also a ball. From this, let
®N = AU, and by (1.3) and (1.6) we obtain

BIU(@N)  BIUOU)  n7! [eu BT W) S () A

- - , =2 __ =\
BY(@N) B (w)  n e bOAU ) dS(u) o A
This, together with (1.8) and (2.9), yields
B (@M#N)) _ B(@M) | B (@N)
B (@(M#N)) ~ B\ (@M) BT (®N)
This is just inequality (1.11). O

Finally, by the following Bellman’s inequality, we give the proof of Theorem 1.3.
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Lemma 2.5 (Bellman’s inequality [1]). Leta = {a1,...,a,} andb = {b1,...,b,}

be two series of positive real numbers. If af — > al’ > 0, v/ — >"0¥ > 0, then for
=5 =2
p>1, '

n 1/p n 1/p n 1/p
(=>a) + (-2w) < (wrnr - Yror)
=2 =2 =2

This inequality is reversed for p < 0 or 0 < p < 1 with equality if and only if a = cb,
where c is a constant.

Proof of Theorem 1.3. For M,N,D,D' € K™ and 7 € (-1,1),if i <n —1,
then by (1.10),
(2.10) B (@(D#D")Y ") < BT (®D)V (") 4+ BT (@ D)1/ (v

with equality if and only if ®D and ®D’ have similar general width. Since ®M
and ®N have similar general width, according to the equality condition of inequal-
ity (1.10), we have

(2.11) B @®(M#N)Y =D = BT (@)Y =0 4 BT (@ N/ (=),
Since ®D C PM, @D’ C PN and by formulee (1.6) and (1.8), we conclude

BV (@M) > B (@D), B{”(aN) > B (oD,
(

(
BO(@(M#N)) = BT (@M + ®N) > B(@D + ®D') = B (®(D#D')).
From these, since n —¢ > 1 and by (2.10), (2.11) and Lemma 2.5, we obtain

(B (@(M#N)) — B (®(D#D"))) "=
> [(Bi("')(q)M)l/(n—i) + Bi("')(q)N)l/(n—i))n—i
_ (BET)(CDD)V(”*“ + Bi(T)((I)D/)l/(nfi))nfi]l/(nfi)
> (B (@M) = B (@D)Y/ ") + (B (®N) — B” (@D')) /"7,
This yields inequality (1.12).

Along the same line for ¢ > n — 1 and ¢ # n the reversed inequality of (1.12) can
be deduced directly from (1.10) and the reversed case of Lemma 2.5.

By the equality conditions of inequalities (1.10) and Lemma 2.5, we see that
equality holds in (1.12) if and only if ®D and ®D’ have similar general width and
there exists constant A such that (Bi(T) (®M), Bi(T)(CI)D)) = /\(Bi(T)(fI)N), Bi(T)((I)D’)).
For i =n — 1, (1.12) is an identity. d

Combined with the projection bodies, let 7 = 0 in Theorem 1.3 and we obtain the

following result.
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Corollary 2.2. Let M,N,D,D' e K", i€ Rand D C M, D' C N, IIM and IIN
have similar width. If i <n — 1, then

(Bi(TI(M#N)) — B;(T[(D#D")))"/ "=
> (B;(IIM) — B;(IID))" "= 4 (B;(IIN) — B;(11D’))*/ ("=,
this inequality is reversed for i > n — 1 and i # n and equality holds if and only

if TID and 11D’ have similar width and (B;(IIM), B;(I1LD)) = \(B;(IIN), B;(IID")),
where A is a constant. For i =n — 1, this inequality is an identity.

Since the projection body is a Blaschke-Minkowski homomorphism and since ITM
is origin-symmetric, we obtain the following result of Lv’s (see [23]) as a special case
of Theorem 1.3, i.e. for ¢ = 2n and since Béz) (IIM) = V(IT*M) by Theorem 1.A.

Corollary 2.3. Let M,N,D,D’ € K™. If D C M, D’ C N and M is a homothetic
copy of N, then
(VAT (M#N)) — VAT (D#D'))) /"
< (VIT'M) — VIT*D))~ Y™ 4+ (V(IT*N) — V(ITI*D'))~*/»

with equality if and only if D and D’ are homothetic and (V(II*M),V(II*D)) =
AV (II*N),V(II*D")), where X is a constant.
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