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Abstract. We study the high-dimensional Hausdorff operators on the Morrey space and on
the Campanato space. We establish their sharp boundedness on these spaces. Particularly,
our results solve an open question posted by E. Liflyand (2013).
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1. INTRODUCTION

Let R™ be the n dimensional Euclidean space with n > 2. For a suitable function ®,
Lerner and Liflyand in [6] studied the Hausdorff operator Hg 4 defined initially on
the Schwartz space in the form of

n

Hoa(f)(x) = / B(y) f(Aly)z) dy,

where A(y) is an n X n matrix which is invertible for almost all y lying in the support
of ®. A special case is A(y) = diag[1/|y|,1/|yl,...,1/|y|] for which Hs, 4 is reduced
to the well-studied operator

Half)w) = [ w)fa/lol) dy,
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The operator Hg has received extensive attentions in recent years. For instance, the
reader can see [1], [3], [7], [8], [10], [11], [12], [13], [14], [16] for studies of Hs on
various function spaces such as Lebesgue spaces LP, the Hardy space H' and the
BMO space. Two recent survey papers [2] and [9] might also provide a good source
of information.

The situation clearly becomes much more involved if we study Hae, 4 with a general
non-singular matrix A. Hence, for a fixed normed function space X, finding reason-
able conditions on ¢ related to A to guarantee the boundedness of He 4 on X is
an interesting research subject. Based on this motivation, the aim of this article
is to obtain the boundedness of Hs 4 on the Morrey space EP’A([R") and on the
Campanato space EP*(R™), extending the known results on spaces LP(R™) and on
the BMO(R™) space, respectively.

For a matrix A = (aij)nxn,

n 1/2
)l = (Z |aij|2)

ij=1

is a norm of A. If A is invertible then

(L1) JA=Y " < |det 4] < [1A]I"
We recall the following result in [6].
Theorem A ([6]). If A is invertible, then

A n
704D llsiony = ( [ 100 ) lansoree

n

Thus, He, 4 is bounded on the BMO(R"™) space if ® satisfies the size condition

AW
[ et dy < o

where BMO(R™) denotes the space of functions bounded mean oscillation and it is
also the dual space of the Hardy space H!(R™).

In [9], Liflyand posed the following question (see [9], 6.2 ¢, page 135):

Prove (or disprove) the sharpness of the condition in Theorem A for the bound-
edness of Hae 4 on the space BMO(R™).

We will disprove the sharpness of the size condition in Theorem A by obtaining
a weaker sufficient condition on ®. To state our main results, we first introduce the
definitions of the Morrey space £P*(R"™) and the Campanato space EP*(R™).
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Definition 1.1. Let 1 < p < oo, —n/p < XA < co. A function f € L} (R™) is
said to belong to the Morrey space £LP*(R™) if

£l - ! ( 1 |ﬂm%¢0up<m
SRR [ ’

r>0,c0ern |Q(zo, )M 7 20,7)| JQ(zo.r)
where Q(zo,r) denotes the cube centered at xy with the side length r.

It is easy to see that £P~"/P(R™) = LP(R") and LP*(R™) = L>(R™). Also, we
may easily check that £P*(R™) reduces to {0} when X\ > 0.

Definition 1.2. Let 1 < p < oo, —n/p < A < co. A function f € L (R") is

loc

said to be in the Campanato space EPA(R™) if

1 1 1/p
[fllepr@my = sup Q(zo, )M (|Q( |f(z) = fol? dx> < 00,

r>0,x0€R™ .130,7")| Q(zo,r)

where fo = fQ(IO’T)f(x) dz/|Q(zg, 7).
When A\ = 0, we have that

HfHEPvO([R") = ”f”BMO([R")

so that £EP°(R™) is the well known BMO(R"™) space. When 0 < A < 1, EPA(R™) is
the Lipschitz space Lip, (R™) with

[f(z) = f(y)

|Jj_y|)\ = Hf|‘£?v>\([Rn).

| fllLip, (rn) = sup
TFY
For 1 < A\ < oo, EPA(R™) contains only constant functions. And if —n/p < A < 0,
EPA(R™)/C is equivalent to the Morrey space £P*(R™), where C is the space of the
constant functions.
Here and throughout this paper, we use the notation A ~ B if there exists
a positive constant C' independent of all essential values and variables such that
C~1B < A < CB. The notation A < B denotes that there is a constant C' > 0
independent of all essential values and variables such that A < CB.
Now we are in a position to state our results.

Theorem 1.1. Let 1 < p < oo and —n/p < A < 0. Then we have

Hao,afllzrr@ey = Crllfllzon@ny,

where

|A@n">““”“*}

C1 = / |‘I’(y)|||A(y)“)\<|detA(y)|

dy.
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Theorem 1.2. Let 1 < p < oo and —n/p < A< 1.
(i) If —=n/p < XA < 0, we have

[Hoafllerr@mny = Cillfllerrmny,

where C is the same as in Theorem 1.1.
(if) If A =0, we have

[Hao, afllBMo®n) = Coll fllBMO®RR)

where
a= [ 101+ s )

(i) If 0 < A < 1, we have
[Hao,afllerr@mny 2 Csllfllerrmnys

where

Cs= [ 1ewllAw dy.

Since £PY = BMO, Theorem 1.2 clearly is an extension of Theorem A, while the
second part of Theorem 1.2 improves the size condition in Theorem A, so that it
gives a negative answer to the question by Liflyand. Also, unlike the proof for the
operator Hg, where the Minkowski inequality might be directly applied, for Hae 4
we must be concerned with the geometric shape of image A(y)Q for a cube when y
runs over the support of ®. It raises main difficulties in the proof of theorems. On
the other hand, as a consequence of Theorem 1.2, by the dual argument we re-prove
the following result, which is the main theorem in [3].

Corollary 1.1. If

—1 n
C, = / | (y)||det A~ (y)] (1 * 10g%> oo

then He 4 is bounded on the Hardy space H'(R™) and

[Ho,af |l wey 2 Call L wn)-
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We remark that the result in the above corollary was obtained in [3] by using
the atomic decomposition of the Hardy space. Here, we will prove it by a different
method. We do not know if the size condition on ® in Theorem 1.1 is sharp or not.
It looks not an easy problem for a general matrix function A(y). However, if || A(y)||"
and |det A(y)| are comparable, we obtain the following sharp result.

Theorem 1.3. Let 1 < p < 0o, —n/p < A <0 and ® be a nonnegative function.
Suppose that there is a constant C' independent of y such that

[A@)|™ < Cldet Ay)|

for all y € supp(®). Then He 4 is bounded on LPA(R™) if and only if

| ewlawIP <.
Rn

Furthermore, if the matrix is diagonal, we have the following sharp results
on BMO(R™).

Theorem 1.4. Assume that ® is a nonnegative function. Suppose that A(y) =
diag[1/Ai(y), ..., 1/ A (y)] and A, (y) > 0 (or A, (y) < 0) uniformly on y € supp(®)
for some ig € {1,2,...,n}. Denote

M(y) = max{|A ()], @)}, m(y) = min{[A(y)],- - [Aa(y)]}-

If there is a constant C' > 1 independent of y such that M (y) < Cm(y) uniformly
on supp(®), then He, 4 is bounded on BMO(R™) if and only if ® € L'(R™).

2. PROOF OF THE THEOREMS

We first introduce some necessary lemmas.

Lemma 2.1 ([3]). Any bounded convex domain ® C R™ can be contained in
a rectangle R satisfying || < n!|D].

Lemma 2.2. Let 1 < n < oo and assume that the cube @ := Q(Z,np) contains
the cube Q := Q(z, o) and has the same orientation as Q. Suppose that f € EP*(R™)
with 1 < p < oo and —n/p < A< 1.
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(i) If —=n/p < A <0, then
1 1 1/p
|Q|k/n (@ /Q |f(.13) - fé|p dl‘) = ||f||gpA(Rn)
(ii) If A= 0, then
1 1 1/p
QM (@ /Q () = fal? dx) = [[flBmo(rny (1 + logn).
(iii) If 0 < A <1, then
1 1 1/p R
QM (@ /Q (@) = f@|pdx) = fllera@nyn”™

Proof. Let nQ be the cube with the same center as ) and having the side
length no.

1 1 » l/p
(2.1) —|Q|W<@ /Q £() ~ 1 dx)
v — 15|

1 (1 o) e el
f|@|k/n<|@|/cg'f(x) fnel dx) G

It is not difficult to see that

1
o = Jol e~ gl + g~ el X 5 /26 £(&) — foglda

1 1/p _
~ Qe (/Q @) = gl da) " = IAP I lsn
which means that
|an - f~|

On the other hand, for the given 1 € (1,00), there is a non-negative integer jo
satisfying 270 < 1 < 270+1, Therefore

- 1 (1 by L rq
@) g (g J, 10~ b 82) = g ([ 100 - o)

Jjo
3 I we — farsrollzro) + Mg — anm(@}
=0

1/p

Jo
1
=N fllera@ny + 7w D 1Fara = farviql + amm faieriq — fugl-
QP = Q|
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The Jensen inequality yields that

20 Glive - fel 2 i (g [ 1@~ f |p)1/p
. |Q|’\/” 2iQ 2i+1Q| 2 |Q|)\/n |2jQ| %Q 2i+1Q

=< 2| fllerrrn,
and

1 1 1 ) 1/p
(2.5) W|f2jo+1@ — ol 2 QP (m /nQ |f(z) = fairrql )

= 200F DX £l epn gy
It follows from (2.1)—(2.5) that
1 1 1/p Jo+1 '
26) e (g L @ = fal ) = Wlenen (14 + > ).
If —n/p < A <0, then

Jo+1

: 1
A
(2.7) Z A TIR
7=0
If A =0, then
jotl
(2.8) > 2 =jo+1=1+]1logn.
5=0
If 0 < A <1, then
Jo+1 A(jo+2)
, 9A(o+2) _q
(2.9) 2 = T 2
§=0
Noting that £P°(R™) = BMO(R"), we complete the proof by (2.6)—(2.9). O

2.1. Proof of Theorem 1.1. By the definition and the Minkowski inequality,
(2.10)

HH<I>,AfH£P>>‘(R") = sup

r>0,r0ER™ | ( k/n-l—l/p

[ 1ewlram) ay

Lr(Q(zo,7))

< sup

1
QJ)Q,T)
1
@ A M P d .
S o T o OIS AG) i@t d
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A change of variables gives that

1/p
@11)  [FAG) ot — Idet AL ()[7 ( / If(ar)l”dx) |

(y)Q(zo,7)

Next we will estimate (2.11) in two directions.
First, since

212 dam(AWQE )= sw AW -2 < VAW =7,

there is some To € R™ such that

A(y)Q(wo, 0) C Q(Zo,7),

which tells us that

1/p 1/p
e ([ jera) < ([ ira)
A(y)Q(zo,7) Q(Zo,7)
< 1QE Il gnsary = (IAGIY21fl osay

Thus, we infer from (2.10), (2.11) and (2.13) that

A n \1/p
210)  [Haafleen < e | 100G ) A6 a.

Secondly, for any given A(y)Q(zo,r), obviously, it is a convex domain. By
Lemma 2.1, it is contained in a rectangle Q satisfying || < n!|det A(y)||Q(xo,7)]-
Without loss of generality, we may assume that the side lengths of the rectangle
are l; < lo < ... <!, and denote [ = l; and [,, = L = 7, where 7 is as in (2.12).
According to the definition of [ and L, we have that

L™ > 19] > |A(y)Q(xo, 7)| == |det A(y)|r",

which yields that

L__I" " A"
L Lnmt T A(y)Q(xo, )| T [det A(y)|

(2.15)

Settin,
g fun if 1;/1 = [l:/1],
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where ¢ = 2,3,...,n and [] denotes the integer function. Now we divide the rect-
angle  into I' = 7273...7, cubes with the same side length. Precisely, there is
a collection of mutually disjoint cubes @1, @2, ..., Qr in the interior, which have the

r
same side length [ and satisfy Q C |J Q;. Therefore
i=1

1=

210 (f o If(x)l”dx>1/p < (Z A If(fc)lpdfc)l/p

r [ntXp 1/p .
~ (ZW/Q |f ()P dx) =Sl ooy (DU M/PE2
i=1 ¥
It follows from the definition of I" that
(2.17) "™ ~ |Q] ~ |det A(y)|r",

and from (2.15) that

|det A(y)[L\Y _ ( |det A(y)r\*
(2.18) “( 1A " ) = <|A<y)|"1>'

Then, we infer from (2.10), (2.11), (2.16), (2.17) and (2.18) that

| Ay)[]" A A
. H DA (R < (RN ) —_ A dy.
(2 19) || <I>,Af||L (Rn) 2D ||f||£ (R )/Rn | (y)| <| let 1(y)| H (y)H Yy

By combining (2.14) and (2.19), we finish the proof of the theorem. O

2.2. Proof of Theorem 1.2. Part (i) immediately follows from Theorem 1.1 and
the observation below Definition 1.2. It remains to prove (ii) and (iii). Because of
the Minkowski inequality,

(2200 [Haaflersm < / D) 1/ (A@W) e (qamy) A
1

= P(y sup
/"| ( )|7">0,:C()E[R" Q(mOa’r)P/p-i_A/n

«( / ) - f<A<y>->Q|p)l/p ay.
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where f(A(y))o = fQ(Io " f(A(y)z) dz/|Q(z0,7)|. A change of variables yields that

1/p
(2.21) ( /Q ) - f<A<y>->Q|pdx)

<([. (o L ) - saw2) dz)pdx>1/p

_ |detA_1(y)|1+1/p< ( ~ . )pd )l/p
- @ (o, 7)] /A(y)Q(xoﬂ") /A(?J)Q(xo,r) |f('U) f(U)l " v '

Next we will estimate the term on the right-hand side of (2.21).

First, the Minkowski inequality shows that

P 1/p
([ ([ - i) @)
A(Y)Q(zo,m) \JA(y)Q(xo,r)

< AW)Qo,) < /
— AW Q0,7

1/p
X (/ lf(w) = fo@om + fo@om — fam@e.n|” d“)
AW)Q(wo,r)

1/p
|f(u) = faw)@om|” du)
(¥)Q(xo,r)

1/p
(2.22) < |AW)Qz0,1)| ( / F(w) — fc;@o,mpdu)

(y)Q(zo0,m)
1/p
< 14 Qa1 / IR foz I )

AW)Q (o, )||QFo, )M H1/P
det A(y)[|Q(zo, )| (| A(y)|Ir) 77,

= fllerammy
(2.23) = ||f||5p:x(uzen)

where Q(Zo, ) is as in the proof of Theorem 1.1. Hence, we infer from (2.20), (2.21),
and (2.23) that

n \1/p
(M) Al

R24) o aflenren) X Wlersany [ 190 g

R™

Secondly, an estimation similar to that in (2.22) and the argument in the proof of
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Theorem 1.1 show that

p 1/p
2.25 - ] ;
( ) (/A(y)Q(IO:T) (/A(y)Q(zo,r) |f(v) — f(u)] u> v>

1/p
< |A<y>@<xo,r>|( / - )If(u) _ ng@O,mpdu)
1)Q(xo,r

1/p
= | (EO, <Z fQQ(x07~)| du) )

where {Q;}I_, is the family of cubes as in the proof of Theorem 1.1. On the other

hand, Lemma 2.2 and (2.15) tell us that, if A = 0, then
p p 1 L n
(2'26) o, |f(u) - f2Q(EO,F)| du = Hf”BMO([R") 1+ Og l

H @WI™ Y n
= ||f||BMO R™) <1+1O |det A(y )|> :

and, if 0 < A < 1, then

L

Ap
(2.27) /Q 1F) = Fro@omnl dw 2 F 1 Zany (T) 07 = 1 Wy L1

Thus (2.17), (2.25), and (2.26) yield that, if A =0, then

P 1/p
2.28 - ] )
( ) </A(y)Q(on’) (/A(y)Q(zo,r) |f(v) — f(u)] u> v>

Aly)|I" n(Tyn
= HfH‘gp,A(Rn)(l + log %)Met A(y)|r™ (T )1/p

2 fller ey <1 +log |l|1 t(A)(”; > (|det A(y)[r™)* 177,

And (2.17), (2.25), and (2.27) tell us that, if 0 < A < 1, then

p 1/p
2.29 - | ;
( ) </A(y)Q(Io,r) </A(l/)Q(zO,r) |f(v) — f(u)] u) v)

2 [1flleran et A(y) ™ (D1")H/7 L
2 (1 Flleracn ([det A(y) ™) V(| Ady) 7).

Therefore, we infer from (2.20), (2.21), and (2.28) that, if A = 0, then

230 [HoaSlasioe) = flasio [ 126)](1+ 1o o)
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and from (2.20), (2.21), and (2.29) that, if 0 < A < 1, then

(2.31) [Ha,afllers@m) = ||f||€m(uze")/R 2l A" dy.
Thus we complete the proof of Theorem 1.2 by (2.24), (2.30), and (2.31). O

2.3. Proof of Corollary 1.1. Using the second part of Theorem 1.2 and the
celebrated H!-BMO inequality by Fefferman and Stein (see [4]), we finish the proof
by the same argument as in the proof of Theorem 2.2 in [6]. O

2.4. Proof of Theorem 1.3. The sufficiency part is easily obtained by Theo-
rem 1.1. It remains to prove the necessity part.

Since the space £P>~™/P(R™) reduces to the Lebesgue space LP(R™) and the corre-
sponding results were obtained in [15], we will just consider the case of —n/p < A < 0.
Let fo(z) = |z|*. It follows from [5] that fo € £7*(R™) and || fo|| zr.a(rn) > 0. There-
fore

Hoafolz) = / B(y)|A(y)e] dy

n

> [ /R D(y)||A(y)||* dy = fo(a?)/ D(y)||A(y)||* dy,

R

which completes the proof of the theorem. ([

2.5. Proof of Theorem 1.4. The sufficiency part is obvious in view of Theo-
rem 1.2 (ii). It remains to prove the necessity part.

Without loss of generality, we assume that A;(y) > 0 uniformly on supp(®). Let
fo(z) =1for x € R, fo(z) = —1 for x € R?, where R} and R} denote the left and
right halves of R™, separated by the hyperplane 1 = 0 (z; is the first coordinate
of x € R™). It follows from [17] that fo € BMO(R"™) and || follsmo(®rn) > 0. A simple
calculation leads to

/ D (y) dy, x € R},
Hao,afo(z) =
—/ O(y)dy, =€ R

That is
Ho i folz) = folx) / B(y) dy,

n

which finishes the proof of the theorem. O
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