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Abstract. We prove the continuity in norm of the translation operator in the Musielak-
Orlicz L) spaces. An application to the convergence in norm of approximate identities is
given, whereby we prove density results of the smooth functions in L, in both the modular
and norm topologies. These density results are then applied to obtain basic topological
properties.
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1. INTRODUCTION

Classical Lebesgue and Sobolev spaces with constant exponent arise in the mod-
elling of most materials with sufficient accuracy. For certain materials with inhomo-
geneities, for instance electrorheological fluids, this is not adequate, but rather the
exponent should be able to vary. This leads to studying those materials in Lebesgue
and Sobolev spaces with variable exponent.

Historically, variable exponent Lebesgue spaces LP()(€2), where 2 is an open sub-
set of RY, appeared in the literature for the first time in 1931 in a paper written
by Orlicz, see [17]. The study of variable exponent Lebesgue spaces was then aban-
doned by Orlicz in favour of the theory of the function spaces Lps(€2), built upon
an N-function M, which now bears his name and which generalizes naturally the
Lebesgue spaces with constant exponent. When we try to integrate both the func-
tional structures of variable exponent Lebesgue spaces and Orlicz spaces, we are led
to the so-called Musielak-Orlicz spaces. This later functional structure was exten-
sively studied since the 1970’s by the Polish school, notably by Musielak, Hudzik
and Kaminska, see for instance [7], [8], [9], [15] and the references therein.
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Here we are interested in establishing some basic approximation results in
Musielak-Orlicz spaces with respect to the modular and norm convergence, which
then allows us to obtain some topological properties that constitute the basic tools
needed in the existence theory for partial differential equations involving nonstan-
dard growths described in terms of Musielak-Orlicz functions. Such results require
to take into account the earlier ones studied deeply in the monographs (see [13], [15])
and those of the particular framework of variable Lebesgue and Sobolev spaces con-
cerning completeness, density, reflexivity and separability obtained by Kovacik and
Rékosnik, see [12].

Throughout this paper, we denote by Q an open subset of RV, N > 1. A real
function M: Q x [0,00) — [0, 00] is called a ¢-function, written M € ¢, if M(x,-) is
a nondecreasing and convex function for all z € 2 with M (z,0) =0, M (z,s) > 0 for
s> 0, M(z,s) = oo as s — oo and M(-,s) is a measurable function for every s > 0.
A p-function is called a ®-function, denoted by M € ®, if furthermore it satisfies
M(z,s)

lim M:O and lim ———* =
s—0+ S §—>00 S

Define M: Q x [0,00) — [0, 0] by

M (z,s) = sup{st — M(z,t)} Vs>0andallze.
>0
It can be checked that M € ¢. The ®-function M is called the complementary
function to M in the sense of Young. Given M € ¢, the Musielak-Orlicz space L (2)
consists of all measurable functions u: © — R such that [, M(z, |u(z)|/)) dz < oo
for some A > 0. Equipped with the so-called Luxemburg norm

ey =it {3 > 0: [ drtafuolnae < 1},
Q

where Lj/(Q2) is a Banach space (see [15], Theorem 7.7). It is a particular case of
the so-called modular function spaces, investigated by Nakano (see for instance [16]).
We define Fj/(£2) as the subset of Ljs(€2) of all measurable functions u: Q — R such
that [, M (2, |u(z)|/A) dz < oo for all A > 0.

A density result for smooth functions in Musielak-Orlicz-Sobolev spaces with re-
spect to the modular topology was claimed for the first time in [2] in Q@ = RY and
then for a bounded star-shaped Lipschitz domain € in [3]. The authors assumed
that the ®-function M satisfies, among others, the log-Ho6lder continuity condition,
that is to say there exists a constant A > 0 such that for all s > 1,
< s~ Asle—yl gy e Q with |z —y| <

(1.1)

|~
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Nonetheless, the proof involved an essential gap. The Jensen inequality was used for
the infimum of convex functions, which obviously is not necessarily convex.

Unlike the classical Orlicz spaces, the spatial dependence of the p-function M does
not allow, in general, bounded functions to belong to Musielak-Orlicz spaces even if )
has finite Lebesgue measure. Particularly, characteristic functions have no reason,
in general, to lie in Musielak spaces. In the approach we use here, we only need M
to be locally integrable that is for any constant number ¢ > 0 and for every compact
set K C Q

(1.2) /K M(z,c)dx < oo.

Inequality (1.2) was introduced in [15], Definition 7.5 for measurable subsets of
with finite measure. Observe that (1.2) is not always satisfied as shown by the
following example. Set Q = (—1/2,1/2) and set

o s we(0,1/2),
() = s2, we(—1/2,0).

Note that M is a ®-function. Consider the compact set K = [0,1/4], which is
contained in 2. Then for ¢ > 1

1/4
/M(x,c)dx:/ T de = 0.
K 0

From now on, B.(€2) will stand for the set of bounded functions compactly sup-
ported in © and C§°(12) will denote the set of infinitely differentiable functions com-
pactly supported in 2.

The condition (1.2) ensures that the set B.(£) is contained in Ey/(Q2). Incidentally,
the functions essentially bounded do not belong necessarily to Fy;(Q2) even if (1.2)
is satisfied. Here, we do not need to assume the condition (1.1).

Let us note that if M € ¢ (or M € ¢) satisfies lim essinf M(z,s)/s = oo

- - s—oo xEN
(815130 eiseiélfM(x, s)/s = o0), then M (M) satisfies (1.2) not only for compact sub-
sets K C € but for all measurable subsets of (2 having finite Lebesgue measure.
Indeed, assume that qlggo esg,cseis_rzlf M(z,s)/s = oo is fulfilled. Then for arbitrary ¢ > 0,

there exists s. > 0 (not depending on z) such that for all s > s,

M
ess inf Mz, s) >
€N S

c+ 1.

Thus, sup (sc — M(z,s)) < 0 and by the definition of M we obtain

S$>Sc

M(z,c) < sup (sc— M(x,s)) < cse.
0<s<se
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This inequality holds true for every x € Q and then we get (1.2) for subsets of finite
Lebesgue measure.

In this paper, our main goal is to establish density results for smooth functions
in Musielak spaces. To do so we first prove a result on the M-mean continuity
of bounded functions compactly supported in € which we then apply to get the
convergence in norm of approximate identities.

The paper is organized as follows. In Section 2 we give the main results. Section 3
is devoted to the proof of the main results. At the end we give two appendices that
contain some basic properties of Musielak-Orlicz spaces that we prove using our main
results.

2. MAIN RESULTS

For h € RV, let 7,u stand for the translation operator defined by
u(z+h) fzeQandzx+he,
Thu(z) =
0 otherwise in R¥.
If the function u has a compact support, 7,u is well-defined provided that h <

dist(supp u, 99Q).

Theorem 2.1. Let M be a ®-function satisfying (1.2). Then any u € B.(Q) is
M-mean continuous, that is to say for every € > 0 there exists an n = n(e) > 0 such
that for h € RN with |h| < n we have

H’Thu — UHLM(Q) < E.
Let J stand for the Friedrichs mollifier kernel defined on RY by

{ke_l/(l_mz) if ||z < 1,

J(x) =
“ =0 i o > 1.

where k > 0 is such that [,y J(z)dz = 1. For € > 0, we define J.(z) = e N J(ze ™)
and ue = J; *x u by

(2.1) wl@) = [ Le=pumdy= [ eI

B(0,1)

A direct consequence of Theorem 2.1 is the following approximation result.

Corollary 2.1. Let M be a ®-function satisfying (1.2) and let u € B.(Q2). For
any € > 0 small enough, we have u. € C§°(Q2). Furthermore,

lue — ullpp) =0 ase—07.
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Theorem 2.2. Let M be a ®-function satisfying (1.2). Then
(1) C§° () is dense in Ep(S2) with respect to the strong topology in Ep(€2).
(2) C§°(Q?) is dense in Lp(2) with respect to the modular topology in Lys(€2).

A special class of ®-functions is introduced by the following:

Definition 2.1. We say that M € ® satisfies the Ay-condition, written M € As,
if there exist a constant & > 0 and a nonnegative function h € L'() such that

(2.2) M(z,2t) < kM (z,t) + h(z)

for all ¢ > 0 and for almost every = € (2.

Remark 2.1. Let M be a ®-function satisfying (1.2). In view of Lemma A.3, if
M € Ay, then C§°(Q) is dense in Ly/(£2) with respect to the norm ||-||,, (o)

In general, if u € Ep(2) we cannot expect that 7,u belongs to Ej(Q2) as was
proved first by Kaminiska [8], Theorem 2.1 (see also [12], Example 2.9 and Theo-
rem 2.10). In Theorem 2.1, we prove that the translation operator acts on the set of
bounded functions compactly supported in €. In the case, where M (z,t) = [t|P(*),
a similar result was proved in [5], page 261 by using the continuous imbedding be-
tween variable exponent Lebesgue spaces. Unfortunately, this result is not true in
general in variable Lebesgue spaces, as shown in [8], Example 2° (see also [6], Propo-
sition 3.6.1) unless the exponent is constant.

Remark 2.2. Note that the boundedness of the function v in Theorem 2.1 is
necessary, else the result is false. Indeed, when we put ourselves in the particular case
M (x,t) = t?®) the authors in [12] gave the following example: N =1, Q = (-1, 1).
For 1 < r < s < oo they define the variable exponent

p(x) =

r ifxe[0,1),
s ifxe(-1,0)

and consider the function

fa) = {m_l/s if x €[0,1),

0 if z € (—1,0).

They show that 7, f ¢ LP()(Q) although f € LP()(Q). Observe here, in this example,
that the function f is compactly supported but not bounded on €.
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Theorem 2.2 is a unified generalization of the approximation results known in
Lebesgue spaces LP(2), 1 < p < 0o and Orlicz spaces. The approach, now classical,
is based upon reducing the study to continuous functions compactly supported in 2
and then using imbedding theorems and a sequence of mollifiers to conclude, see
for instance [1], Corollary 2.30 and Theorem 8.21. This classical approach is based
on the fact that the translation operator u(- 4+ h) is continuous in norm when h
tends to zero. This fails to hold in Musielak-Orlicz spaces as shown in Remark 2.2.
Consequently, we cannot approximate in general the identities for a given function.

In the framework of variable exponent Lebesgue spaces LP()(Q), Kovacik and
Rékosnik in [12], Theorem 2.11 proved first the density of the set C3°(€2) of infinitely
differentiable functions compactly supported in €2, provided only that the variable
exponent is p(-) € L>®°(). Their idea consists in showing successively that the
set of essentially bounded functions L>(Q) N LP()(Q) is dense in LP()(Q) and by
means of Luzin’s theorem the subset of continuous functions C(€2) N LP()(Q) is dense
in LP0)(Q), which finally leads to the density of the set C3°(Q) in LP()(Q).

In Musielak-Orlicz spaces, the situation is more complicated. First, we note that
although the assumption (1.2) is satisfied, the inclusion L>(£2) C Lyy(.,.)(£2) does not
hold true in general even if € is an open subset of R"V with finite Lebesgue measure.
Secondly, the use of an idea similar to that of Cruz-Uribe and Fiorenza (see [5]) will
require additional assumptions. Thirdly, in contrast to what is mentioned above,
the translation operator is not acting, in general, between Musielak-Orlicz spaces
(see [12], Example 2.9 and Theorem 2.10 and [6], Proposition 3.6.1). For these
reasons and to the best of our knowledge, it is not possible to obtain approximation
results using classical ideas. The approach we use consists in starting by proving the
density of smooth functions C§°(€2) in B.(£2) with respect to the norm in L () (see
Corollary 2.1), and then the density of bounded functions compactly supported in
norm in Ep/ () and in modular norm in Ly (€?) (see Lemma B.1), which allows us
to get the density of smooth functions C5°(2) in Eps(€2) and Las(€2) with respect to
the norm and modular convergences, respectively. The idea we use in this paper is
essentially based upon using the fact that for a function u € B.(£2), the translation
operator u(-+h) is continuous with respect to the norm ||-||1,, (o) as h tends to 0 (see
Theorem 2.1). This constitutes the main reason why we introduce the space B.(€2).

3. PROOF OF THE MAIN RESULTS

Proof of Theorem 2.1. For u € B.(Q), let suppu = U C Br N, where by Bgr
we denote a ball with radius R > 0. Let h € RY with |h| < min(1, dist(U, 012)). We
have supp 7,u C B := Bry1NQ. Let us define B = Br, 1N where Br; stands for
the closed ball with radius R + 1. Thanks to (1.2), for any constant number C' > 0
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and any compact subset K C  one has M(z,C) € L*(K). Therefore for arbitrary
€ > 0 there is v > 0 such that for every measurable subset ' C K

(3.1) M(z,C)dz < g, whenever || < v.
Q/

For this v there exists o € (0, 1) such that the Lebesgue measure is |H,| < 1v, where

H, ={x € B: dist(z,0B) < p}.

Bpry1

Define U, = B\ H,. Since u is measurable on U,, Luzin’s theorem ensures that
for v > 0 there exists a closed set F3,, C U, such that the restriction of v to Fy , is
continuous and |U, \ F1,,| < iy. We then have |B\ F},,| < %1/. The function u is
uniformly continuous on the compact set F; ,. It follows that for ¢ > 0, there exists
an 7 € (0, o) such that for all x, z + h € Fy , one has

€
2(f; M(x,1)dx 4+ 1)

(3.2) |h| <n=Ju(xz+h) —ulx)| <

Define two sets
Fy={xeUx+heF,} and F,=F,NF,,.

The set F, is a closed subset of Q. In addition, we have |B\ F,| < v. Indeed,
since the Lebesgue measure is invariant by translation we get |B\ F | = |B\ Fz,|.
Therefore,

3:3)  [B\E[=[(B\Fy)U(B\Fop)| < |B\ Fiy|+ B\ Fau| <v.

If x ¢ B then for |h| < n we have z+ h ¢ Br N Q. If not, we would get + € B which
contradicts the fact that x ¢ B. Hence, we obtain

(3.4) /QM(J:, |Thu(x)—u(a:)|)dx:/BM(a:, () — u()]) da

= M (z,|mhu(z) — u(x)]) dz + M (z, |mhu(z) — u(z)|) da.
BNF, B\F,

459



By (3.2) the first term on the right-hand side can be estimated as

/BQFU Mz, |mhu(z) —u(z)|) dz < ~/Br‘|F,, M(x, z(fU M(afl) o 1)) dz < %

As regards the second term on the right-hand side of (3.4), we use the fact that
u € B.(9) is bounded by a constant number ¢ > 0 and then (3.1) (since B\ F,, C
K: =H,UU,UU) to obtain

(3.5) M (z,|mhu(z) — u(z)|) de < M (z,2¢)dx <
B\Fv B\Fv

N ™

Putting together (3.4) and (3.5), we get
Ve>0, 3In>0:|hl<n= / M (z,|mhu(z) — u(z)|) dz < e.
Q

Let 6 > 0 be arbitrary but fixed. As u/d € B.(2), we get

() — u(z)]

5 )dxél,

dn > 0: |h|<n:>/M<x,
Q

which gives
1 Thu — ullL,, ) <6  whenever [h] <.

O

Proof of Corollary 2.1. Let u € B.(2). The function u. defined in (2.1) belongs
to C5°(£2) whenever e < dist(supp u, 9) (see for example [1], Theorem 2.29). Let M
stand for the complementary ®-function of M and let v € L37(€2). By Fubini theorem
and Holder inequality (A.3) we can write

[ tueto) = ateptallae < [ ([ luta = en) = @l dae) st d

< 2lollie ) / eyt — £y ) () .

lyl<1
Hence, by the definition of the Orlicz norm and the inequality (A.4) we obtain

l|ue — UHLM(Q) < 2/ HT—eyU - uHLm(Q)J(?J) dy.

| ~

We can now use Theorem 2.1. Given p > 0, there exists n > 0 such that for e < 7
we get

HT,Eyu({E) - u(x)“LJ\/I(Q) SH
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for every y with |y| < 1. Then we conclude that

Hus - UHLM(Q) < 2,“'/| J(y) dy = 2,”’7

<1
which gives the result. O

Proof of Theorem 2.2. (1) Combining Corollary 2.1 and Lemma B.1, we obtain
the density of C§°(Q2) in Ej(€2) with respect to the strong topology.

(2) Let w € Ly (). According to Lemma B.1, there exist w € B.(2) and A > 0
such that for all n > 0

/Q Mz, [u(z) — w(z)|/A) dz < 1.

Then by Corollary 2.1 there exists a function v € C§°(2) that converges strongly
to w in Ly (€2). But we know that the norm topology is stronger than the modular
one, more precisely we have

/ Mz, |w(z) — v(z)]) dz < 1.
Q

Let us make the choice A\; = max{1, A} and use the convexity of the ®-function M;

we can write
/QM(:C, lu(z) — v(z)] /20) de
1 1
< 5/QM(x, lu(z) — w(z)|/A) de + 5/QM(:C, lw(z) — v(z))) dz.

This yields the result. O

APPENDIX A. BACKGROUND
Here, we recall some known facts about Musielak-Orlicz spaces. More details

can be found in the papers by Musielak, Kamiriska and Hudzik. Observe first that
equivalently a ®-function M can be represented as (see [15], Theorem 13.2)

¢
M(x,t):/ a(z,s)ds fort >0,
0
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where a(z,-) is a right continuous and increasing function, a(z,s) > 0 for s > 0,
a(z,0) = 0, a(z,s) — oo as s — oo for every € . The complementary of
a ®-function M (see [15], Definition 13.4) can be also expressed as

¢
M(z,t) = / a*(z,s)ds fort >0,
0

where a*(z, s) = sup{v, a(z,v) < s}. Moreover, we have the Young inequality
(A1) w < M(z,u) + M(x,v) Yu,v>0, Vz €Q,

which reduces to an equality when v = a(z,u) or u = a*(z,v). It’s easy to check
that

(A2) Mmmﬁlé/MmMMMKL
Q

We also have the following Hélder inequality (see [15], Theorem 13.13)

(A.3) [ @t o < fullolligo

for all u € Lp(Q) and v € L37(Q), where |lullas = sup [, [u(z)v(z)|dz is the
Orlicz norm. vz <1

The equivalence between Orlicz and Luxemburg norms is well-known in the Orlicz
spaces setting, see [14], Theorem 3.8.5, while in the Musielak-Orlicz framework this
result was proved by Musielak in [15], Theorem 13.11 using a local integrability

condition upon measurable sets with finite measure.
Lemma A.1l. Let M be a ®-function satisfying (1.2). Then, for all u € Ly ()

(A.4) lullzar) < lullar < 2{full Ly @)-

Proof. The inequality on the right-hand side is an easy consequence of the
Young inequality. We only need to prove the left-hand side inequality. To this end,
it is sufficient to prove that

[ MG JuG@) s do < 1
Q

This can be done by using (1.2) and following exactly the lines of [14], Lemma 3.7.2.
O
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We denote by M~! the inverse of the ®-function M with respect to its second
argument defined as follows:

MY (z,t) =inf{s >0, M(x,s) > t}.
Thus, we have
(A.5) MY x, M(x,s)) = M(x, M *(z,s)) = s.

A sequence {u,} is said to converge to u in Ly (€2) in the modular sense, if there
exists A > 0 such that

[)M(m,M)dx%O as n — 00.

We say that {u,} converges to u in norm in L/ (), if |un —ul/z,, @) — 0 asn — oo.

The following lemma was proved in [10], Proposition 3.1, [15], Theorem 8.14 using
the local integrability (see [15], Definition 7.5). For the convenience of the reader,
we give here a simple proof using Vitali’s theorem.

Lemma A.2. Let M € ®. If M € A,, then the norm convergence and the
modular convergence are equivalent.

Proof. We only need to prove that the modular convergence implies the norm
convergence, the converse is an easy task. Let {u,} be a sequence of functions
belonging to Ls(€2) such that [, M (2, un(x)/A) dz — 0 as n — oo for some A > 0.
Thus, M (z,u,(z)/\) — 0 strongly in L'(2). Hence, for a subsequence still indexed
by n, we can assume that u, — wu a.e. in Q. Let p be a fixed integer, by the
As-condition we can write

M (z,2Pu, (z) /) < kKPM (2, un(z)/A) + (P~ + ...+ k + 1)h(2).

Therefore, by Vitali’s theorem we get lim fQ M(x,2Pu,)dz = 0. For an arbitrary
n— oo

A > 0 there exists m such that A < 2™. Then we can write
A m
M(a:,/\un)da:<2—m M(z,2mu,)dz — 0 asn — oo,
Q Q

which gives ||un| L, o) — 0 as n — oo. O
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Note that Ep(£2) is a closed subset of Ljs(€2). Indeed, let {un} C Enp(€2) be
such that u, — u € Ly(Q2). For any A > 0, we have [, M (x,2\|u, — u|) dz — 0.
This implies M (z, 2 |u, — u|) — 0 in L'(Q). So there is h € L'(Q) such that
M (z, 2\ |u,, — u]) < h. Hence,

Mup(z) = u(@)] < M~ (z, h(z)),
which yields
Mu(@)| < Alun(@)] + 3M ™ (2, h(z)).
By the convexity of M, we get

M(z, Au(@)]) < 5M (2, 2Xun(2)]) + 3h(2).

1
2 2

Thus
/M x, Mu(z /M x, 2\ |up (z)|) doe + = /h(x)dx< 0.
Q
So u € Ep ().

Lemma A.3. Let M € ¢, then the following assertions are equivalent
(1) Em () = Lu(Q).
(il) M € As.

Proof. (i)=(ii) For any u € Lys(€2) we have 2u € Lj(£2). Then
Ly (Q) C L7(Q), where M(z,u) = M(x, 2u).

Therefore, by [15], Theorem 8.5 (b) there exist a constant £ > 0 and a nonnegative
function h € L'(Q) such that

M(xz,u) = M(z,2u) < kM(z,u) + h(x).

(ii)=(i) For u € Lp() there exists A > 0 such that [, M (z, |u(z)|/A)dz < occ.
We shall prove that for every p > 0 we have [, M (z,|u(z)|/pn)dz < co. Indeed,
there exists an integer m such that A\/u < 2™. Thus, we can write

/QM(J:,|u(m)|/,u)da:<ﬁ QM(JC,M)&U
gﬁ(km[)M(x,@)dﬁ(w1+...+k+1)/ﬂh(x)dx) < .

O

464



APPENDIX B. SOME TOPOLOGICAL PROPERTIES

In the following lemma we prove approximation results in Ej/(2) and L (€2)
with respect to the strong and modular topologies respectively by bounded functions
compactly supported in (2.

Lemma B.1. Let M be a ®-function satisfying (1.2). Then
(1) B.(Q) is dense in Ep(2) with respect to the strong topology in Ljs(€2).
(2) B.() is dense in Ly () with respect to the modular topology in L ().

Proof. (i) If u € En(Q), then for all A > 0 one has M (z, |u|/)\) € L}(Q).
Denote by Tj, j > 0, the truncation function at levels +j defined on R by T;(s) =
max{—j, min{j, s}}. We define the sequence {u;} by

(B.1) u; = Tj(u)xK;,

where x; stands for the characteristic function of the set

1
K; = {x € Q: |z| < j,dist(z, Q°) > ;}

Hence, the function u; belongs to B.(2) and converges almost everywhere to w in 2.
Thus M (x, |uj(z) — u(x)|/A) = 0 a.e. in ©Q and

(B.2) M(z, |uj(z) — u(x)|/20) < M(w, |u(z)|/A) € L1(9).
So that by the Lebesgue dominated convergence theorem, we obtain
/ M (z|u;(x) — u(z)|/2X)dx <1 for j large enough,
Q
which yields lim [u; —ul|z,, (o) < A. Being A > 0 arbitrary, we get
j—o0o
]1520 lluj = ullry(0) = 0.
(ii) Now if u € Lp(£2) then for some A > 0 one has M (z, |u|/\) € L'(2). Let {u;}
be the sequence defined in (B.1). The inequality (B.2) holds for some A > 0 and

since u; € B.(£2) and converges a.e. to u in Q, we get M (z, |u;(x) — u(x)|/2A) = 0
a.e. in €. Thus, Lebesgue’s dominated convergence theorem yields

/S2M(x,|uj(x)—u(x)|/2)\)—>0 as j — oo.
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In the framework of classical Lebesgue or Orlicz spaces, the separability of the
closure of bounded functions compactly supported in Q is well-known, see for in-
stance [1], Theorems 2.21 and 8.21, while for bounded variable exponent spaces one
can see in [12], Corollary 2.12. Here, using the density results obtained in Theo-
rem 2.2 we prove the separability of Ej(€2). Our proof is totally different from
that given by Musielak in [15], Theorem 7.10, since the author used the density
of simple functions assuming that the ®-function M satisfies the local integrability
condition on a measure space (2, 2, ), where p is a positive complete measure, that
is to say [, M(z,s)dpu < oo for every s > 0 and D € ¥ with u(D) < oo (see [15],
Definition 7.5).

Theorem B.1. For any M € ® satisfying (1.2), the space Ep () is separable.

Remark B.1. In view of Lemma A.3, if the ®-function M € Ay then Ly () is
a separable space.

Proof of Theorem B.1. Let u € Ep(Q2). By virtue of Theorem 2.2, we can
assume that u € C.(2) (the set of continuous functions with compact support in 2).
Hence, it is sufficient to show that there exists a countable set dense in C.(£2) with
respect to the strong topology in Fj;(2). Let €, be the sequence of compact subsets
of RY defined by

Q, = {x € Q: |z| < n and dist(z, 00) > l}
n

Recall that Q = (JQ,. Let P be the set of all polynomials on RY with rational
coefficients and "=

P, = {vxq,: v € P},

where xq, is the characteristic function of Q,. If dist(suppu,d€?) > 1/n then u
belongs to C(2,) and by using the density of P,, in C({,), see [1], Corollary 1.32,
there exists a sequence u; € P, that converges uniformly to u, that is to say

€
Ve>0, 350 €N, Vj > jo, i\Z) — S ‘
e>0, 95 » V] 2 Jo mség) |uj (@) = u(z)| fQ M(z,1)dz+1

So for every € > 0 there exists jo € N such that for any j > jo one has
JR R P
Qn €

Therefore, P, is dense in C(£2,,) for the strong topology in L, (£2). Consequently,
the countable set |J P, is dense in Ej(€2) and Ep () is separable. O

n=1
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In the Orlicz spaces, the density of simple functions, denoted S, in Ej/(£2) is an
important step in the proof of the duality result (see for instance [1], Theorem 8.19).
In the Musielak-Orlicz spaces such approximation result needs to assume a local
integrability condition (see [15], Theorem 7.6) which allows to get the inclusion
S C En(Q).

Here, we use the density of the set S. of simple functions compactly supported
in 2 (see Lemma B.2 below) and prove a duality result in the following theorem.

Theorem B.2. Let M be a ®-function satisfying (1.2) and let M stand for its
complementary function. Then, the dual space (Ep ()" of Ep(Q) is isomorphic to
L37(92); denote (En(2)) ~ Lyz(9).

We point out that this duality result is well known (see [4]). The general case of
Kothe duality of Musielak-Orlicz spaces was given for the first time by Kaminska-
Kubiak in [11]. The result we obtain here can be deduced from [11]. For the conve-
nience of the reader we give the proof after proving the following four lemmas.

We denote by S the family of finite linear combinations of characteristic functions
of measurable sets B; with finite Lebesgue measure, expressed as

P
ZaiXBi(x) with a1, a9,...,0, € R and |B;| < oco.
i=1

Let S, stand for the set of the functions belonging to S with the additional property
P
that |J B; C K for some compact subset K of Q. In the next lemma we prove the
i=1
density of S, in Ep ().
Lemma 3.1. Let M be a ®-function satisfying (1.2). Then the set S, is dense
in Ep(Q) with respect to the strong topology in Ep ().

Proof. Let u € B.(2). Since u is a measurable function, by classical result
(see [1]) we know that there exists a sequence {u,} C S converging pointwise to u
in Q and satisfying |u, ()] < |u(z)| for all n € N and = € Q. Since u € B.(f2), we
can assume that u, € S.. Hence,

M (z, [un(2) = u(@)|/X) < M(z,2|u(z)|/A) € L(9).

As for all A >0
M (z, |up(z) — u(z)|/A) = 0 ae. in Q,

by the Lebesgue dominated convergence theorem we obtain
/ Mz, |up(z) —u(z)|/A)de <1 for n large enough,
Q
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which yields ||u, — ul/z,,() < A for n large enough. Being A > 0 arbitrary, we get
ltn — L, @) — 0 asn — oc.

O

Lemma B.3. Let M be a ®-function satisfying (1.2). For every nonempty sub-
set E C K, where K is a compact subset of €, there exist two constant numbers
c1,co = 0 such that

1

B.3 = M Ter o/ B
B3) IXEll L@ M~Y(c1,c0/|E))

Proof. Let xy € Q be fixed. By (1.2), the measurable function

T M(x, M1 (xo, ﬁ))@)

belongs to L'(£2). Hence, there is an 1 > 0 such that for any measurable subset 2’
of 2 one has

1 1
Q' d —.
| |<77:/ xO’2|E|)XE> a:<2

As M(-, s) is measurable on E, Luzin’s theorem implies that for n > 0 there exists
a closed set F,, C E such that the restriction of M(-,s) to F, is continuous and
|E\ F,| < n. Let k be the point, where the supremum of M (-, s) is reached in the
set F,. Then

/EM(x,M%k,ﬁ))dx
_ L7]M<x,M (k. m))dx+/E\F"M(x,M (k. m))dx

For the first term on the right-hand side of the last equality, we use (A.5) obtaining

/FWM(a:,M_l(k: 2|E|))dx /&M(k,M—l(k,ﬁ))dxg %

while for the second, since |E \ F),| < n we have

/E\FWM<x,M_ (k: m))dxg %

/QM(:C,M*(/@, ﬁ)“) de < 1.

Thus, we get
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Remark B.2. Formula (B.3) remains valid either for every nonempty bounded
subset E of Q or for every nonempty subset E of Q if € is bounded and open.

Lemma B.4. Let M and M be two complementary ®-functions. Let v € L37(Q)
be a fixed function. Define

(B.4) Ly(u) = / u(z)v(z)dx Yue Ly(Q).
Q
Then L, defines a linear continuous functional on L (). Furthermore,

vz < Lol < 2v][z )

where || Ly || = sup{| Lo (u)], [|ul[Ly @) <1}

Proof. We omit the proof, since it is similar to the one given in [1], Lemma 8.17
in the framework of Orlicz spaces.

The above result holds also when L, is restricted to Ej;(2). In general, contin-
uous linear functionals defined on Ljs(€2) can be expressed in a form different from
that defined in (B.4) (see [14], Theorem 3.13.5). Hence, we cannot have the Riesz
representation theorem as in classical Lebesgue spaces. In the next lemma we give
an “almost complete” analogue of Riesz representation theorem. A similar result in
the Orlicz framework can be found in [14], Theorem 3.13.6. O

Lemma B.5. Let M be a ®-function satisfying (1.2) and let L € [Ep(Q2)]'. Then
there exists a unique function v € L37(Q2) such that

(B.5) L(u) = /Qu(x)v(x) dz Vue Epn(Q).

Proof. We begin first by assuming that u belongs to S, i.e. u is of the form
P
> a;xB;(x), where B; are measurable sets of finite Lebesgue measure such that
i=1
P
U B: C K for some compact subset K C Q and a; € R for i = 1,2,...,p. Let u

=1
be the complex measure defined for a measurable set of finite Lebesgue measure

A C K C ) for some compact K as

p(A) = L(xa).
By (B.3) there exist two constants ¢1, ¢y > 0 such that

L]l

A <L M@ S 3T e e IAD
(A < [ILHIxAll 2y ) M~1(cy, ca/|Al)

—0 as|A| —0.
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Thus, the measure p is absolutely continuous with respect to the Lebesgue mea-
sure and it follows by Radon-Nikodym’s theorem that there exists a nonnegative
measurable function v € L(£2), unique up to sets of Lebesgue measure zero, such
that

Hence, we can write

(B.6) L(u) :z,,: gazu 2:: /
—zp:ai/ﬂv(x)XBi dx:/ﬂu(m)v(m)dx.

Now for arbitrary u € Ep(£2), by Lemma B.2 we can found a sequence of functions
uj € Sc such that u; — u a.e. in Q and strongly in E;(£2). Therefore, by Fatou’s

lemma we obtain

/Qu(x)v(x) dx

< 1i_minf/ |uj(z)v(z)| de = liminf L(Ju;|sgnv)
j—oo Jo j—oo

< L timint s 2,0 < L1l

This implies that v € L37(Q). Let Ly(u) = [,u(x)v(z)dz, the linear functional
defined by (B.4). By (B.5), L, and L c01nc1de on the set S and by Lemma B.2,
they coincide everywhere in Ep (). O

Proof of Theorem B.2. It is immediate that from Lemma B.5 we get the
isomorphism
Lyp(Q) = [Em(Q)]"

O

Theorem B.3. Let M, M € ® be a pair of complementary ®-functions satisfying
both (1.2) and the Ag-condition. Then, the Musielak-Orlicz space L () is reflexive.

Proof. Since M and M both satisfy the Aj-condition, by Lemma A.3 and
Theorem B.2 we get

Lyz(Q) ~ [Lu ()] and Ly (Q) ~ [Lyz(Q))

and then the conclusion follows. O
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