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Abstract. Using the method of normalized systems of functions, we study one represen-
tation of real analytic functions by monogenic functions (i.e., solutions of Dirac equations),
which is an Almansi’s formula of infinite order. As applications of the representation,
we construct solutions of the inhomogeneous Dirac and poly-Dirac equations in Clifford
analysis.
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1. INTRODUCTION

Normalized systems of functions were introduced by Bondarenko in [3]. The
method of f-normalized system of functions with respect to a partial differential
operator was counsidered earlier by Karachik in [10] for construction and investiga-
tion of polynomial solutions to a linear PDE with constant coefficients, such as the
polyharmonic equation, the Helmholtz equation, the Possion equation and so on,
see [11], [12]. The proposed method was also used in the study of polynomial so-
lutions of boundary value problems for polyharmonic equation and the Helmholtz
equation, more specifically the Dirichlet problems, Neumann problems and so on,
see [13], [14]. In this paper, by the normalized system of functions, we consider the
classical solutions of generalized Dirac equations in Clifford analysis. This is a start-
ing point for further research, in particular on generalized Dirac equations with help

This work was supported by the NNSF of China (No. 11426082), the Natural Science
Foundation of Hebei Province (No. A2016402034), Project of Handan Municipal Science
and Technology Bureau (No. 1534201097-10), and Foundation of Hebei University of
Engineering under Grant Nos. 16121002014, 17129033049, 86210022, 00070348.

DOI: 10.21136/CMJ.2019.0573-17 997


http://dx.doi.org/10.21136/CMJ.2019.0573-17

of the normalized system of functions, for which the corresponding boundary value
problems will be published in a forthcoming paper.
The Dirac equation in Euclidean Clifford analysis defined by Delanghe et al., has
m

the form Y e;0,,f = 0, where e; are the generators of a real Clifford algebra Ry,
i=1
see [4], [7]. Euclidean Clifford analysis is a higher dimensional function theory cen-

tered around monogenic functions, i.e., null solutions of the Dirac equation. It is well
known that the fundamental solution of the Dirac equation is the function G(z) =
w,, Lz /| z||", which is a generalization of the Cauchy kernel from one-variable complex
analysis. Applying the fundamental solution, scholars constructed solutions of gen-
eralized Dirac equations in Clifford analysis, such as the inhomogeneous Dirac equa-
tions, polynomial Dirac equations, etc., see [1], [6], [9], [15], [16], [17], [19], [20]. In this
paper, we consider solutions of generalized Dirac equations in Clifford analysis by nor-
malized systems of functions, which is another method with no fundamental solution.

The purpose of the present article is to generalize the method of normalized sys-
tems of functions to the setting of Clifford analysis. A great challenge arising from ex-
tensions to the setting of Clifford analysis is the lack of commutativity. To overcome
the noncommutativity, we introduce the intertwine relations between the operators
in Clifford analysis. Based on the intertwine relations, we construct the 0-normalized
system with respect to the Dirac operator. Furthermore, with the system, we con-
sider the representation of real analytic functions by monogenic functions, which is
closely related to the Fischer decomposition for monogenic functions, see [5], [7], [8].
Applying the representation, we obtain solutions of the modified Dirac equation
(D — X)g = 0, the inhomogeneous Dirac equation Dg = f, and the inhomogeneous
poly-Dirac equation D¥g = f in Clifford analysis. To obtain the classical solutions
of these equations, we prove some infinite series converge absolutely and uniformly
in some starlike domain with center 0.

2. PRELIMINARIES

Clifford analysis is a hypercomplex function theory with functions defined in the
Euclidean space R™ and taking values in Clifford algebra (see [4], [7]).

Let {e1,ea,...,em} be the standard orthonormal basis of the Euclidean space R™.
We introduce a product subject to the rules e;e; + eje; = —20;5, 4,5 = 1,...,m,
where §; ; is the Kronecker symbol. This non-commutative product generates the
real Clifford algebra denoted by Ry .

Each of the elements in Ry ,, may be written as

a= E asea,
A
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where a4 are real numbers and eq4 = en,€a,...€q, With A = {aq,...,an} C
{1,...,m}and 1 <1 < a2 <...< a, <m. We define the norm of a as

ol = @ |aA|2)1/2.

A vector of Ry, is denoted by
r=2x1€1 +Tee3+ ... +Tmem

with z; € R. One can calculate that 22 = —|z|2.
Let Q be an open subset of R™ with piecewise smooth boundary. A Clifford-valued
function on 2 is a mapping f: Q — Ry, with

J)) = ZfA(x)eAa
A

where the functions f4(x) are real valued functions.
The set of C*-functions in ) with values in Ry, is denoted by

Ck(Q,RO,m) = {f|f Q— RO mvf ZfA eAv fA ) € Ck(Q)}7

where C* () denotes the space of the k-times continuously differentiable real-valued
functions defined in a domain ) of R™.
The Dirac operator in R™ is the first order differential operator

m
D= Z eiaxi,
i=1

acting on C! functions. A function f: Q — Ry, of class C! is said to be monogenic
in Q if it verifies Df =0 in Q.
The Euler operator in Clifford analysis is defined by

Let P be the set of all homogeneous polynomials of degree k. If we consider a mono-
mial p = 27" ... 2% € P with a; € N, we have

Ep = ke,
where k = > «.

=1
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3. REPRESENTATIONS OF REAL ANALYTIC FUNCTIONS BY MONOGENIC FUNCTIONS

In this section, we introduce the generalized Euler operator F; and the integral
operator .J;. Then, based on the operators Fs, Js and the intertwine relations be-
tween the operators z, d,, FE, we construct the 0-normalized system with respect
to the Dirac operator in Clifford analysis. Finally, with the system, we obtain the
representation of real analytic functions by monogenic functions. We first give the
following definitions:

Definition 3.1 ([2]). Suppose that €2y is a domain in R™ with 0 € Q. The
domain € is said to be a starlike domain with center 0 if x € Qqy implies tx € Qg
holds for each 0 < ¢ < 1.

Definition 3.2. A sequence of functions {F(z; )}, in g is called 0-normal-
ized with respect to D if DFy(z; f) = 0 and DFy(x; f) = Fr—1(z; f).

Definition 3.3. The operator Js: C(Qy, Ro,m) = C(Qo, Ro,m) is defined by

1
Jof(2) = / (1 - a)* 1o f(az) o,

where m is the dimension and s > 0.

Definition 3.4. For any s > 0, the generalized Euler operator on a domain )
is defined by

m
E,=sl+E=sl+Y x;0a,,
i=1
where I is the identical operator and FE is the Euler operator.

In the sequel, we will need the following lemmas (i.e., Lemmas 3.1, 3.2), which are
well known in Clifford analysis.

Lemma 3.1 ([7]). The operators x, D, and E have the following properties:
(3.1) xD + Dx = —(2E +m),
(3.2) Ex —2FE = .

Lemma 3.1 states the most important intertwine relations between the operators
in Clifford analysis. Applying Lemma 3.1, we have Lemma 3.2.

Lemma 3.2 ([7]). If f(z) € C'(Q0, Ro.m), then for any | € N,

\s D(@? f(x)) = —202?~1f(2) + a* Df (),
33 D(ELf(z)) = —2020"VE, oy 1 f(x) — 221 Df (@),

1000



By direct calculation, we have Lemma 3.3.
Lemma 3.3 ([20]). If f(z) € C'(Qo, Ro,m), then for s > 1,
(3.4) B jogs—1dsf(x) = (s = 1)Js_1 f(x).

Now we suppose that f € C*(Q, Ry ) is monogenic. Then we define the sequence
of functions {Fy(z; f) € C*(Qo, Ro.m): k=10,1,2,...} by

Fo(z; f) = f(z), k=0,
F2 (x f) — L /1(1 B a)sflam/Qilf(Oéx) da k= 92
(3.5) o 42l (s —1)! Jo ’ ’
Fos_1(z; f)
_ 2s5—1 1
"2 48*1(533— DI (s —1)! /0 (1-a) o™ f(ax)da, k=251,

where s =1,2,....

Theorem 3.1. The sequence of functions Fy(x; f) in Qo is 0-normalized with
respect to the operator D.

Proof. Note that DFy(x; f) = Df(x) = 0. We will prove that DFy(x; f) =
Fy_1(z; f) for any k € N. For k = 2s, it is easy to obtain the result by Lemma 3.2.
For k = 2s — 1, using Lemmas 3.2 and 3.3, we have

x2sfl 1
DFys—1(x; f) = D<—2 Ty P N /0 (1 - ) 'a™?2"1 f(az) da)
1 s—1 ! s—1_m/2—
—_24(9—1)(5_1)|(S_1)|D|:x2 A (]_—a) « /2 1f(ax)da]
1

T 246D (s —1)I(s - 1)! [-22*C"V By oy soa Jof(2) = 271D f ()]

2‘%2(871) E ! 1 s—1,.m/2—1 d
T (s 1)I(s—1) m/”s*/o (1-a)""a flaz)da
g1 ! 2 m/2-1
= —1) | 1= 2am/? d
GG )/0 (1= @) a™" flaz) da
g2~ ! 2 m/2—1
~ TG/, (1 e e ) da = Paafas ).
Thus, we complete the proof. (I
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Lemma 3.4 ([18)). If g(z) € C°(Qo, Ro,m), then

(3.6) (E+1+ 1)/ alg(ax)da = g(z),
0
and
(3.7) (E+1+ 1)/O a:]i!a)qalg(ax) da = /0 %a“lg(ax) da,

where g € N and [ > 0

Now we give the main theorem in this section.

Theorem 3.2. If G(x) € C*°(Qo, Ro,m) is a real analytic function, then there
exist monogenic functions f;(x), j =0,1,..., such that

(3.8) G(x) = Fo(x; fo) + ZFQiq(fB; faic1) + ZFQi(fB; fai)

1=1 i=1
> 2i—1 1 1—q)i! m/2—1
= fo(z) - Z ; T / ( (z _O?)! (ia_ ] fai—1(ox) da

22 (1-a) am/2-1
+Z 4t il (i —1)! fai(az) da,

where
(3.9)
0 e p2s=1 1 s—113s 2-2
o (1-B)° petm/ j+2s—1
fiw) = D Gla Z 2. 4s 1 /0 (s—1)(s—1) DITETG(pr) dp

+Z x /1(1 _/8)571/85+m/271Dj+25G(6x) dp
4ol (s — '

Before proving Theorem 3.2, we need the following lemmas:

Lemma 3.5. If f(x) is a real analytic function on Qq, then the series

0 ’L+1 2'L+1 ) i1 0
(3.10) Z 5 41 T /0(1—oz)zozm/ tID* f(az) da
=0
and
= Z 2(i+1) ! ) /241 2i+1
(311) Zm/ (1-0&)1067”' *D** f(OéCL’)dCY
=0

converge absolutely and uniformly in x on €.
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Proof. Suppose that the function f(z) is real analytic at T € Q. Then
(3.12) fl@) =" fyla—)
¥

and the series converges absolutely in some neighborhood Q. about Z. Therefore,
there exists 0 < £ < 1 such that (1 +¢,...,Z, +¢) € Q. C Q. For all k we have

Z |f5] < Ce*.
lv|=k

Note that |z; — Z;| < |z — z|. It follows that

NGIED D MITACRENIED i Ca=lh P SATE
k=0 |5|=k k=0 =k
<o (BAY < e -,
k=0

which is valid for | — 7| < e.
Let v = (y1,-.-,7vm) and 8 = (B1, ..., Bm). Then we have

7! ]!
G- S - 1A])!

by induction.
We now estimate the derivative D” f(x). Grounding on (3.12) for o = |z — 7| < ¢,

we have

D F@) < 3 Crsliillla =37 < €3 et
v=B VS8 (v —
<C Z |B| ko8l < © Z g—legﬁ\ k_ Dla)m@(gﬂg:\x—a,
= K=15]
where (o) = Ce/(e — 0), C > 0 and || = k.
For 7 = 0, we have
(3.13) |D2 f(z)| < miDziw(QNg:le

For oo € [0,1], we see that |D* f(ax)| < m'D2¢(0)|y=als|- Applying the above
inequality, we have

1
/ o@™/271 f (o) dex
0

|| (21’—1)!/1 J2tio1 m|a:| by
4+ A 1 — q)ig™/2ti- 7ngoax
> [0 s D elale]) da

(3.14) [Gi(2)| < %
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The first integral term is estimated as follows:

lz]
2

Do ™

<

1 1
/ o™ f(az) da| < £|f(ax) / o™ dav < ep(laz]) < @(la]).
0 0

where 0 < ¢ < 1 and |z| < e.
For |z| < € and m > 2, the second integral term is estimated as follows:

1
mi|x
/0 (1 —a)lam/?+i= 17(22 |_ |1) D% o(alx]) da

mi|x|2i71 || 'L|x|2z

< 21 (2i—1)

S @i-
For m =1 and i = 1, we have

1

f o] k—2
s [ ¢ (alz)) Claf® /1 || k—5/2
< g -1 —
|z] T da = k:2k(k ) . « da

Ola> & k(k —1) (2] \*?
T2 Z k—3 \ ¢

Thus, we obtain

Note that

i Q 2t 90(21 1) (| |) (|£L'| +Q) —QD(|£L'| — Q)

for o < e — |z|. It follows that

3.15)  [Gi(2)] < p(lz]) +

< () +

™ (o((1+ vm)la]) — (1~ vim)la])
o1 vmlal) < (L4 1) (1 + Vimle.

-l

where |z| < ¢/(1 + y/m). Here we have used the inequalities

p((1=vm)lz]) >0 and (14 vm)lz]) > o(|z]).

1004



Put 0 <& <eand Q. = {|z| < &'/(1+ /m)}. Since the terms of the dominating
series in (3.15) are uniformly bounded by their values at |z| = &'/(1 ++/m) in Q,
the Weierstrass test implies that G (z) converges uniformly on y. From the above
estimates we see that the series DYG1(x) also converges uniformly on g, which
implies that the series G1(x) admits termwise differentiation of D7. In a similar way,
we can prove Go(x) converges absolutely and uniformly in x on €. Thus, we finish
the proof. O

Similarly, we can prove Lemmas 3.6 and 3.7.

Lemma 3.6. If f(x) is a real analytic function on €, then for j = 0,1,..., the

series

oo A

> ) M TR PRy

(3.16) Z / TG aitm/2=1 nji+2 flaz)da

=1 : :
and

o0 p2i-1 1 (1 _ a)i—l ) o
+m/2-2 yj+2i—1

(317) Z 7. 41 1 / (i—l)!(i_l)!az m DIT=t f(ax)da

i=1

converge absolutely and uniformly in x on €.

Lemma 3.7. Let the functions fo;(x) and fa;_1(x) be defined by the formula (3.8)
on some star domain Qq. Then the series

e 2t 1 )
(318) G5((E) = f()(l’) + Z m /0 (]_ — a)zilam/QilfQi(Oél') da

and
310)  Gele) =S 2 -yl d
( : ) 6(37)—;2411(1_1)“2_1)'/0 ( —0&) @ sz—l(O‘x) o

converge absolutely and uniformly in x on €.

Lemmas 3.5-3.7 state that for every j, the series in (3.8) and (3.9) converge ab-
solutely and uniformly in z on some star-shaped domain 2y, and they are termwise
differentiable in Q.

Now we come to the proof of Theorem 3.2.
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Proof. First we will prove that f;(z) are monogenic functions. We apply the
operator D to both sides of the equality (3.9):
(3.20)
Dfy() = DM G(a >

5 22(s— 1) 1 1 — g)s—1gstm/2-2
+Z 4g I /2+s—1/0 ( (s[i)l)!(i—l)! DI2571G(Bx) dB

0 )stG 1

1
i Zg = 15_1 <s_1)!/0 (1= g) = g2 DIT 2 G (Br) dB

)9 2s—1

1
‘Z e 1s_x1> T, (DGl 4

)5 2s

1
+Z PO —T / (1= B) =B/ 2DTH 1 G(Br) dB.

Using Lemma 3.4, we transform the first sum in the expression (3.20) on the right-
hand side as follows:

e 5 22(s—1) 1 _ p3\s—1ps—1 )
Z 4g I m/2+s—1/0 %ﬂm/QlDﬁQSIG(ﬂx) ds
s=1 ' :

& (—1)31‘2(8_1)

~(E+m/2) / g2 DINIG(Br) dB + Y (B+mj2+s—1)
s=2

yEe
y /01 (1 (—S@l;léi”;/) 2!‘2 DG (Br) B
_ D) + i (413(52:; ) / S B)(:ig;m_l DG () df
DG i Ly / (- ffjf)j*m“ Di+2+1G(8a) dB.

S

Substituting the resulting expression into (3.20), it is easy to see that Df;(z) = 0,
which implies that f;(z), j =0,...,k—1,..., are monogenic.

Next, we prove that formula (3.8) holds. Substituting f;(x) into the right-hand
side of formula (3.8), we have

3 21 io: ) il /1(1 _ 6)i—16i+m,/2—2D2i—1G(ﬁm) d,@
—~2 4i— 1 G—DlE-D!J,
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00 qYin2 1 o ‘
* Z 41'(1'! (11')?1)! / (1= gD G ) dp

21

1
_22 416 — DI (i — 1) / (1_B)iflﬂm/QleQiflG(ﬂx)dﬂ

21

! i—1 _m/2—1
+Z2 410 — 1) (1—1)/(1_0‘> @

2s—1 1 _ B3\s—1p3s+m/2-2 )
XZQ e A e N CEULE
21

1
_ _Ni—1.m/2—1
Z 41 = 1) (Z—l)!/o(l )" a

0 2s 1 _ A\s—1lps+m/2—-1 )
~ Z 458' ) /0 (1 /6)(8 _/81)' D21+2$—1G(a6x)d6da

i x? /1(1 _B)iflﬂm/QleQiG(ﬂx) dg
Zi:l 477 (i —1J,
o0 2 1 ‘

> ﬁ [ e

0 29 1 1 _ B3\s—1ps+m/2-2 )

1

00 1
= Nl om/2-1
+;4%! (¢—1)!/0 (1-a)™a
S )25 1 (1 _6)5—165+m/271 2itos
x z; 4%, /0 o D**G(afx) dB da.

Denote by T4 (x) the fourth sum of the expression (3.21). Then
(3. 22)

1)€ 21+2s5—2
;;4”5 Ha—=DE—=D!(s=1!(s—1)!
1 1
« / (1 _ a)iflam/2+2sf2/ (1 _ 6)57165+m/272D2i+2572G(aﬂx) dBda
0 0
_ oo oo ( 1)5 2i42s5—
7;;4”“3 1 '(Z—l).(s—l)!(s—l)!

' )
X / a(l — )t / (a — af)* "L (aB)* /272 D¥ 272G (afx) d B do
0 0
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Put ¢t = af. Then the repeated integral in (3.22) turns into
1 ) « )
/ (1—a)! / (o — t)*~ 1gm/2He 2 DX 2 G 1) dt dov
0 0
= / tm/2+S*2D2”25*2G(m)/ (1—a) Y a—t)*dadt
0 t
- 1
_ (i (; i_);(s I)'l)' / (1 — ¢)its—1pm/ZHs=2 D2i25=2 G (1) .
TR A

By substituting the resulting expression into (3.22), we have

D2i+2872 G(t.]?) dt

B oo 0 ( 1)5 2i+25—2 (1 _ t)i+s—1tm/2+572
Tl(a?)—zz qits=1(; — 1)! / (s+i—1)!(s—1)!

1=1 s=1
>~ j—1 5 2272 1 (1_t)j71t571
/21 D22 () dt
224 1J—5—1)/0 G- DIG-1) (ée)
2j—2 ,1J=2 s i—1
x] / s (1._t)j /21 D22 G () dt
]:24“ 0903—5—2) (= 1)

> YA —t)y=2(1—t)y! ,
Z J? / ( t t) tm/Q_lDQJ_QG(t(E) dt
o -2 (G-

== = /0 (1(:)1]). . j!t)] t"2T DA G ta) dt

In a similar way, we also calculate the fifth, seventh and eighth sums in (3.21). Thus,

the expression (3.21) turns into

o0 _1Yig2i—1 1 o ‘
G(z) — Z 5. 41—(1(;)_ DIG—1)! /0 (1— )y~ 'pHm/22D¥=1G(Br) dB

21

’L 1
_ p\i—1 gitm/2—1 y2i
+Z4%' (i—1)! / (1= B)—"p"" D*G(Bx)dp

_ Z m27/—1 /1(1 _ 6)i—16m,/2—1D2i—1G(6x) dﬁ
i=1 2- 471 =DIE = 1)1 Jo
o 24 1 A ‘

_ Z 47,(11'_71)'1' /0 (1 _ B)szlﬂm/QleQZG(ﬂx) dﬂ

00 p2i—1 1 (1 _ 5)21‘72 _ (1 _ 5)1;1 . .
_22 4i- 1/ T TD*G(Br) 4B

1
_r _ a\i—1gm/2—112i
+;4ii!(i—1)!/0 (1=p8)~'pm/?> ' D*G(Bx)dB
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0 2z 1 1 (1_5)21‘72_(_ )ifl(l_ﬂ)ifl /o .

21 1 _ i—1 _ (__ PV _ i1 A
+Z o / = (z‘ﬁ—) il COTAZD e iz as,

which equals G(x). This means that identity (3.8) holds for the functions f;(x).
Therefore, we complete the proof. ([
4. SOLUTIONS OF GENERALIZED DIRAC EQUATIONS IN CLIFFORD ANALYSIS

4.1. Solutions of the modified Dirac equation. Now we consider the modified
Dirac equation in Clifford analysis

(4.1) (D+ \)F(x) =0,
where )\ is a real number.

Theorem 4.1. If G(x) is a real analytic function defined in g, then the solution
of the equation (4.1) can be written as

21 1
(4.2) )+ Z 4%|>\Zx_ 0 / (1— )L™ fo(ax) do

)\ 2i—1 1 ]
+Z 24T zx—) 0IG - 1)!/0 (1= )~ a2 fo(az) da,

where
(4.3)  folw f: > 421 : /O a (_S[j )Sl)!l(i Siml/)Q!QDQSlG(Bx) 4
s=1
i 455, 28?215 / (1= g B DG ) .
Proof. Assume that G(z) is a real analytic function defined in €. Then

D fo(x) = 0 by Theorem 3.2. Furthermore, we have

Do (/01(1 — Q) ™2 () da) ~0.
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From Lemma 3.2, we can see that

1 1

D [mm/ (1—a) ta™? 1 fo(ax) da} = —2iz%! / (1—a)ta™?7 fo(ax) da,
0 0

and

D [mml / (1— ) ta™?7 fo(ax) da}

0
= —2x2(“1)Em/2+i_1 / (1 — ) ta™?7 fy(ax) do.
0

Differentiating both sides of the equation (4.2), we have

DF(x) = — i Nt /1(1 — )"t 2 fo (o) da
T2 -G, 0
o0 A2i—14,2(i—1) 1 -
_ . _ i—1 _m/2—1
Z pE Y Ty 1)!Em/2+1_1/0 (1-a) '« folaz) da.
=1

The second sum in the above expression can be written as

1
—/\Em/g/ ™21 fo (o) dex
0

%0 \2i—1,,2(i—1) 11— )it
€ /( a) Oém/Qilfo(OéJ))dOé

- 7Em 17— AN
L g i — A = 1)
oo A2i—1,.2(i—1) 1 ]
- _ _ _ 1— i—2 m/2—1
)\fo(l‘) ; 4171(1‘_ 1)!(i—2)! /0 ( a) o fO(ax) do

o0 204120 gl 4
—Afo(z) — Z ﬁ /0 (1 —a) " ta™?7 1 fo(ax) do.

i=1

To sum up, we conclude that the function F'(x) is a solution of the equation (4.1).
O

4.2. Solutions of the inhomogeneous Dirac equation. Now we consider the
inhomogeneous Dirac equation in Clifford analysis

(4.4) Dg = f(x),
where f(z) € C*(Q0, Ro,m) is a real analytic function.
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Theorem 4.2. Suppose that f(x) is a real analytic function defined on €. Then
the function G(x) given by
> (_1)i+1x2i+1 1 ) ) )
(4.5) Glz)=) ~———~—— / (1 —a)a™? = 1D% f(azx) da
— 24840490 J,
)z 2(i+1)

1
i m/2+i y2i+1
+Zm/(1—0&)0& / D f(OéJ))dOé

is a solution of the equation (4.4).

Proof. We seek a real analytic solution of the inhomogeneous Dirac equa-
tion (4.4) in . Suppose that g is a star domain with center 0. Then it follows by
Theorem 3.2 that

o0 i—
xQz 1

(4.6) G(x) =f0(x)—z2'4i71(i_1)!(i_1)!/0 (1 = a)—1a™2 1 . (az) da

i=1

o 22 1 -
VT re——— _ i—1 m/2—1 ¢
+; 2l (i - 1)! /0 (1 =) a™= 7 fyi(ax) da,
where f;(z) are monogenic functions in Qg given by the relation
(4.7)

f](x) _ DjG(J?)— Z (_21')12781_ /O Ei : /f))"?(—s fsi)!ﬁm/Q_le+23_1G(/Bx) dg

— (-1 (- p)ipe m/2—1 ryj+2s
25 Y P s T DTG (b 45

X 13\s,..25—1 1 s—1pns—1
6a) ~ folo) =3 G [ e D G

= (s =D(s - 1)!
_ - (_1)8x25 ( B)S 15 m/2—1 2s T
2 /0 ORIl GOl
B oo ( 1)e+1 2s5+1 ( _B)S/BS m/2—1 2541 .
B ; 245 /0 (s)! (s)! b D=7 G(pz)dp
x st(s 1) s
+Z ( 1) - + /0 ( (f)_’i;_ /Bm/Q 1D2(9+1)G(6x) 6

(e}

( 1)s+1 2s+1
2-45-g!-s!

P”18m

/ (1—a)*a™?*71D% f(az) do
0

[
o

e (—1)S$2(8+1)

+ZO4S+1-(5+1)!-5!

s=

1
/ (1 —a)*a™?*s D%+ f(ax) da.
0
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The left-hand side of the resulting relation is a solution of the inhomogeneous Dirac
equation (4.4); therefore, its right-hand is a solution as well. Thus, we complete the
proof. ([

4.3. Solutions of inhomogeneous poly-Dirac equations. In this section, we
investigate the inhomogeneous poly-Dirac equation

(4.8) DFg = f(x)

where f(z) € C*(Qo, Ro,m) is a real analytic function.
Applying Theorem 4.2, we obtain the following theorem by induction.

Theorem 4.3. Suppose that f(z) € C*(Qo, Ro.m) is a real analytic function.
Then the function G(x) given by

> (_1)i+kx2i+k

1
— i+k—1_m/24+i—1 n2¢
G(x)_22k~4i~i!-(i+k‘—1)!/o(1_a)+ a™/FHLD? f(az) da

1)itk—12i+k+1 1 o L.
+ Z 21(c+1 ) 41 . (Z + k) .l / (]- - Oé)lH_k 104m/2+7’D21+1f(04$) da

is a solution of the equation (4.8).
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