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Abstract. A directed Cayley graph C(T', X) is specified by a group I' and an identity-free
generating set X for this group. Vertices of C'(T', X) are elements of I and there is a directed
edge from the vertex u to the vertex v in C'(I', X) if and only if there is a generator z € X
such that uz = v. We study graphs C(T', X) for the direct product Zm X Zp of two cyclic
groups Zm and Zp, and the generating set X = {(0, 1), (1,0),(2,0),...,(p,0)}. We present
resolving sets which yield upper bounds on the metric dimension of these graphs for p = 2
and 3.
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1. INTRODUCTION

Let G be a directed graph with vertex set V(G). The distance d(u, v) from a vertex
u € V(G) to a vertex v € V(G) is the length of a shortest directed path from u to v.
A vertex w resolves two vertices u and v if d(u,w) # d(v,w). For an ordered set
of vertices W = {wy,ws,...,w,}, the representation of distances of v with respect
to W is the ordered z-tuple

r(v|W) = (d(v,wr),d(v,wa),...,dv,w,)).
A set W C V(G) is a resolving set of G if every two distinct vertices of G have

different representations of distances with respect to W (if every two vertices of G
are resolved by a vertex in W). The metric dimension of G is the number of vertices in
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a smallest resolving set and it is denoted by dim(G). The ith coordinate in r(v|WW) is 0
if and only if v = w;. Thus, in order to prove that W is a resolving set of G, it suffices
to show that r(u|W) # r(v|W) for every two different vertices u,v € V(G) \ W.

A directed Cayley graph C(T', X) is specified by a group I'" and an identity-free
generating set X for this group. Vertices of C(I", X) are elements of I and there is
a directed edge from the vertex u to the vertex v in C(T', X) if and only if there is
a generator x € X such that ur = v.

The concept of metric dimension was introduced by Slater in [11] and investigated
independently by Harary and Melter in [4]. Slater referred to a metric dimension
of a graph as its location number and motivated the study of this invariant by its
application to the placement of minimum number of loran/sonar detecting devices
in a network so that the position of each vertex in the network can be uniquely
represented in terms of its distances to the devices in the set.

The metric dimension has extensive applications in robotics, since this invariant
can represent the minimum number of landmarks, which uniquely determine the posi-
tion of a robot moving in a graph space, see [8]. Other applications are for example in
pharmaceutical chemistry, see [2], pattern recognition and image processing, see [9].

Finding the metric dimension of a graph is an NP-hard problem. The metric
dimension of various families of graphs has been studied for four decades. In [2] it
was proved that a connected graph G has dim(G) = 1 if and only if G is a path.
Cycles have metric dimension 2. Oellermann, Pawluck and Stokke in [10] presented
results on the metric dimension of directed Cayley graphs for the direct product
of 3 cyclic groups. Fehr, Gosselin and Oellermann in [3] studied the metric dimension
of the directed Cayley graph of dihedral groups with a minimum set of generators
and they established upper and lower bounds on the metric dimension for directed
Cayley graphs whose vertices are elements of the direct product of ¢ cyclic groups for
t > 2. They also found the exact values of the metric dimension of directed Cayley
graphs for the direct product Z,, x Z, of two cyclic groups of orders m and n, and
the generating set X = {(0,1),(1,0)}. We generalize this problem and study the
generating sets X = {(0,1),(1,0),(2,0),...,(p,0)} for p =2 and 3.

Let us note that the metric dimension of undirected Cayley graphs of cyclic groups
with small number of generators was considered in [6] and [7]. Barycentric subdivi-
sion of undirected Cayley graphs was studied in [1] and [5].

2. DIRECTED CAYLEY GRAPHS WITH 3 GENERATORS

In this section we study directed Cayley graphs C(T', X) for the group I' = Z,,, X Z,,
and the generating set X = {(0,1),(1,0),(2,0)}. Let us note that the graph C(T", X)
is isomorphic to the graph C(I', —X), where —X = {(0,-1),(—1,0),(—2,0)}.
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We present Theorems 2.1 and 2.2 for the graph C(I', —X), because it is easier
to express distances from vertices in a graph to vertices in chosen resolving sets
when considering C'(I', —X). Let V(CT,-X)) = {v;;: ¢ = 0,1,...,m — 1;j =
0,1,...,n—1}. Then the graph C(I', —X) contains directed edges v; ;v; j—1, Vi ;Vi—1,;
and v; jv;_2, where s = 0,1,...,m —1and j =0,1,...,n — 1. The distance from
vertex v; ; to vertex v,; in C(T', —X) is

(2.1) d(vi,j,vz,z):[ 5 }+j—l ifi>z, j>1,
i_z . . . .
(2.2) d(vij,vs1) = { 5 ] +n+(G -1 ifi>z2, j<l
(2.3) d(vij,vz1) = {m—’—(;_z)—‘ +73—1 ifi<z, j=>I,
(2.4) d(vi;,vs1) = [mﬂg_z)] Y+ (G-l ifi<z j<l.

Theorem 2.1. LetI' = Z,, x Z,, and X = {(0,1),(1,0),(2,0)}, where n > 2 and
m > 4. Then

dim(C(N,-X)) < | 5| +1.
Proof. Let m =2p+ ¢, where p > 2 and € =0 or 1. We show that
W = {v0,0,2,0, - - - , V2(p—1),0s Vm—1,0}
is a resolving set of the graph C(I',—X), where I' = Z,,, X Z,, and
X ={(0,1),(1,0),(2,0)}.

Note that [W| = p+ 1 = |m/2] + 1. Let us present all vertices having the same
distance to vgo € W. For r =0,1,2,...,m — 1, by (2.1),

d(Vy.k—r/21, V0,0) = [gw +k— [gw =k,
where 0 < k—[r/2] < n—1. This implies that the only vertices having the distance k&
to vo,0 are the vertices vo k, V1,k—1,V2,k—1,V3,k—2,- -+ V2(p—1),k—(p—1)> V2p—1,k—p (and
vop k—p if € = 1), where the second indices must be at least 0 and at most n —1. We
show that these vertices are resolved by W.
For vop € Wand r =2,3,...,m — 1, by (2.1) we have

d(Vr k—r/21,V2,0) = VQQW + k- EW =k-—1
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For r =0and r = 1, by (2.4) we obtain d(vo r, v2,0) = [(m — 2)/2]+k = k—14+[m/2]
and d(v1 g—1,v2,0) =[(m—1)/2]| +k—-1=k—1+[(m—1)/2].

In general, for v; o € W, where i = 2,4,...,2(p—1), and for r =4,i+1,...,m—1,
by (2.1) we have

d(Vrk—[r/215 Vi0) = V;ﬂ +k— [q =k— %

For r=0,1,...,i—1, by (2.4) we obtain

incim = [0 k[ -4+ [255] -] 4

where 0 < k — [r/2] <n—1.

This implies that if € = 0, the only vertices which can have the same representa-
tions with respect to W’ = {vo,0,v2,0,...,v20p—1),0} C W are the vertices v; j_;/2,
Vig1,k—ij2—1 for i =10,2,4,...,2(p — 1), which are the pairs

(V0,85 V1,k-1), (V2,k—1, V3 k—2)5 - -+, (V2(p—1),k—(p—1)» V2p—1,k—p)-

If ¢ = 1, the representation of the vertices va,—1),x—(p—1)s V2p—1,k—p With respect
to W' is the same as the representation of vap —, (which is (k,k—1,...,k—p+1)).
Let us note that if ¢ = 1, the pairs

('UO,k7 'Ul,k—l)7 ('U2,k—17 UB,k—2)7 ceey (’U2(p72),k7(p72)5’U2p73,k7(p71))

are resolved by W/, but we present the proof which applies for both cases, ¢ = 0 and
e=1.

We use v,—10 € W to resolve the vertices v; ;2 and vy _ij2—1 for i =
0,2,4,...,2(p—1) (if e = 1 and ¢ = 2(p — 1), we also need to resolve 3 vertices
V2(p—1),k—(p—1)1 V2p—1,k—ps V2p,k—p)-

Fori=10,2,4,...,2(p — 1), by (2.4) we obtain

”HZ%W—U}M_&:,HL

d(vi,k—i/Q; ’Umf1,o) = { 5

m+i—|—1—(m—1)“

i
d(Vig1,k—ij2—1,Vm—-1,0) = { 5 +k—-—-1=k,

2
and for V2pte—1,k—p = Um—1,k—[(m—1)/2]> by (2'1)7

m—1

d(”m—l,k—[(m—n/z] ) ’Umf1,o) =k— [TW =k—p.

All vertices of C(T',—X) are resolved by W, hence dim(C(T',—X)) < |W| =
|m/2] + 1. O
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Theorem 2.2. LetI' = Z,, x Z,, and X = {(0,1),(1,0),(2,0)}, where n > 3 and
m > 2n+ 2. Then dim(C(T",—X)) < n.

Proof. Let us show that

W = {v0,0,v0,1,v0,2, - - -, V0,n—2, U1,n—1}

is a resolving set of the graph C(T',—X). We present all vertices having the same
distance to vgo € W. For r =0,1,2,...,n — 1, by (2.1), we have

2k — 2r
d(vzk*%’h UO,O) = [ —| +r=k,
2k —2r —1
d(vak—2r—1,r,v0,0) = [f] +r=k,

where 2k — 2r — 1,2k — 2r € {0,1,...,m — 1}. This implies that the only vertices
having the distance k to vp ¢ are the vertices

V2k,0, V2k—1,0, U2k—2,1, U2k—3,1, - - - s U2k—2(n—1),n—15 V2k—2(n—1)—1,n—1,

where the first indices are at least 0 and at most m — 1. We show that these vertices
are resolved by W.
For vgqn € Wand r=1,2,...,n—1, by (2.1) we have

d(vag—2r,r,v0,1) = d(Vog—2r—1,r,001) = (k—7)+r—1=k—1
(note that 2k — 2r — 1,2k — 2r € {0,1,...,m — 1}). For r = 0, by (2.2) we obtain
d(vak,0,v0,1) = d(Vak—1,0,v0,1) = k+n — 1.
In general, for vo; € W, where ¢ =1,2,...,n —2,and for r =4,9+1,...,n — 1,

by (2.1) we have
2k —2r

—‘—f—r—i:k—i,
% — 2 — 1
2

d(vok—2rr,V0i) = {
d(vak—2r—1,r,V0,i) = { } +r—i=k—1.

For r =0,1,...,4— 1, by (2.2) we obtain

2k — 2r . .

d(UQk—QT,T‘7UO,i): ’V D) W+n+7“—z=k:+n—z,
2k —2r—1 . .
d(UQk—Qr—l,m'UO,i) = {f-l +n+r—i=k+n—i,

where 2k — 2r — 1,2k — 2r € {0,1,...,m — 1}.
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Let W’ = {v0,0,v0,1,v0,2; - - -, Vo,n—2} C W. It follows that

T(U2k70|W/) = T(ng_170|W,) = (k, k+n— 1, k+n— 2,..., k+ 2),
T(ng_2,1|W/) = T(ng_371|W/) = (k, k— 1, k+n— 2,..., k+ 2),

7 (Vok—2(n—3)n—3/W') =
r(”Qk—Q(n—B)—l,n—3|W,) = (kv k — 17 k— 27 SRR k—n+ 37 k+ 2)7

which means that the vertices var_o,, and vag_2,—1, have the same representa-
tions with respect to W’ for r = 0,1,...,n — 3. The representation of the vertices
Vok—2(n—2),n—25 V2k—2(n—2)—1,n—25 V2k—2(n—1),n—1 and Vag_2(n_1)—1,n—1 With respect
toW'is (k,k—1,k—2,...,k—n+2).

For vi 1 € Wand r=0,1,...,n— 3, by (2.2) we obtain

2k —2r — 1
d(v2k72r,rvvl,n71) = ’Vf—l +n+r— (n - ]-) =k + ]-a
2k—2r—1-1
Avar—2r-1,7: V1 01) = | |+ 4T —(n 1) =k,
where 2k — 2r — 1,2k — 2r € {1,2,...,m — 1}. This implies that the vertices
V2k,05 V2k—1,0, V2k—2,1, V2k—3,15 - - + s U2k—2(n—3),n—3s V2k—2(n—3)—1,n—3 It resolved.

It remains to resolve the vertices vor_2(n—2)n—2, V2k—2(n—2)—1,n—25 V2k—2(n—1),n—1
and Vop_2(n—1)—1,n—1- For v1,—1 € W, by (2.2) we have
d(Vok—2(n-2)n-2:V1n-1) =k —(n=2)+n+n-2)-(n-1)=k+1,
d(Vok—2(n—-2)-1,n-2,V1n-1) =k —(n—=2)=1+n+(n-2)—(n—1) =k,
and by (2.1),
d(Vok—2(n—1)n—1,V1,n—1) =k —n+1,
d(Vok—2(n—1)—1,n—1,V1,n-1) =k —(n—1) =1 = k.
Hence W is a resolving set of C'(T", —X) which means that dim(C(T', — X)) < |W|.
U

It is easy to check that Theorem 2.2 does not hold for m = 2n and 2n + 1. From
Theorems 2.1 and 2.2 we obtain the following corollary.

Corollary 2.3. Let ' = Z,,, x Z,, and X = {(0,1), (1,0), (2,0)}, where n > 3 and
m > 4. Then

min{n, {%J + 1} if m¢ {2n,2n+ 1},

dim(C(T, —X)) <
n+1 if m=2nor2n-+1.
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Proof. If n > 3 and m > 2n+2 then by Theorem 2.2 we get dim(C(I", — X)) < n
Since n < m/2 — 1, we obtain n = min{n, [m/2| + 1}.

If n > 3 and 4 < m < 2n — 1, then by Theorem 2.1 we have dim(C(T', —X)) <
|m/2] + 1. Since |m/2] +1 < [(2rn—1)/2] + 1 = n, we obtain Lm/QJ +1=
min{n, [m/2] + 1}.

If m = 2n or 2n+ 1, then by Theorem 2.1 we have dim(C'(T', - X)) < [m/2]+1=
n+ 1. (]

Since the graphs C(T", X) and C(T', —X) are isomorphic, we get an upper bound
on the metric dimension of C(T', X).

Corollary 2.4. Let ' = Z,,, x Z,, and X = {(0,1), (1,0), (2,0)}, where n > 3 and
m > 4. Then

min{n, {%J + 1} if mé¢{2n,2n+ 1},

dim(C(T, X)) <
n-+1 if m=2nor2n+ 1.

3. DIRECTED CAYLEY GRAPHS WITH 4 GENERATORS

Let us consider directed Cayley graphs C(T', X) for the group I = Z,,, x Z,, and
the generating set X = {(0,1),(1,0),(2,0),(3,0)}. We present resolving sets which
yield upper bounds on the metric dimension of C(I',—X). The graph C(T',—X)
contains directed edges v; jv;j—1, Vi jVi—1,j, VijVi—2,; and v;;v;_3;, Where i =

0,1,...,m—1and j =0,1,...,n — 1. The distance from vertex v;; to vertex v,
in C(T',—X) is
11—z . e .
(3.1) d(vij,vz1) = [ 3 -‘ +7-1 ifi>z j>1,
(3.2) d(vigved) = [ 57| 40+ G=1) iti>2, j<l,
(33) d(vi,j;vz,l): {m—i—(;—z)" —f—j—l 1fZ<Z, j)l,
(3.4) d(vm,vz?l):[m—i—(;_ )]+n+(j—l) ifi<z j<l

Theorem 3.1. Let I' = Z,,, X Z, and X = {(0,1),(1,0),(2,0),(3,0)}, where
> 3 and m 2 5. Then

dim(C(T, — X)) < {m—“J +1.

3
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Proof. Let m = 3p+¢, where p > 2 and € € {—1,0,1}. Let us show that

W = {v0,0,v3,05 - - -, U3(p—2),0) Vm—4,0, Um—2,0}

is a resolving set of the graph C(T', — X)), where I = Z,,, x Z,, and X = {(0,1), (1,0),
(2,0), (3,0)}. Note that

_ 1
E+1={ﬂj+1.

Wi=@p-1)+2=p+1=" ;

We present all vertices having the same distance to vgo € W. For r = 0,1, 2,
m — 1, by (3.1),

d(Vr.k—r/31, V0,0) = [9 +k— %W =k,

where 0 < k—[r/3] < n—1. This implies that the only vertices having the distance k
to vp,o are the vertices of the set

S_1 = {00k, V1,k—1,V2,k—1,V3k—1, V4 k—2, - - - s U3(p—1),k—(p—1)s U3p—2,k—p |

if e = —1 (where the second indices must be at least 0 and at most n —1). If e = 0,
we have one extra vertex vs,_1 x—p, S0 for € = 0 we define Sy = S_1 U {vsp_1,5—p}-
If ¢ = 1, then the vertices v3,_1,x—p and vsp ;—p also have distance k to v o, s0 S1 =
S_1 U{v3p_1,k—p;Vspk—p} is the set of vertices having the distance k to voo € W.
We show that all vertices in S, for e = —1,0, 1, are resolved by W

For vsp € W and r =3,4,...,m — 1, by (3.1) we have

d(Vy k—1r /31, V3,0) = V;sﬂ +k— [%W =k—-1.

For r =0, 1,2, by (3.3) we obtain

-3
d(vo,k,v3,0) = [mTW +k=k—-1+ [%—‘,
m—2 m— 2

dlvrgesyuso) =[5 k=1 =k =1+ [F5=]

and 1
d(vlk_l,vg,o):[mg_ —I—l—k—l_k—l—l—[ 3_ —‘

In general, for v; o € W, where i = 3,6,...,3(p—2), and for r =4,i+1,...,m—1,
by (3.1) we have

d(Vr,k—[r/315 Vi0) = V;Z—‘ + k- P—‘ =k—-
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For r=0,1,...,i—1, by (3.3) we obtain
m+r—i r 1 m+r T 1
o) =[5 e 5] = e f [2] - 5]
(U k—[r/3]5 i,0) 3 + 3 3T 3 31>k 3
where 0 < k — [r/3] <n—1.
This implies that the only vertices which can have the same representations with

respect to W' = {vo,0,v3,0, - - ., V3(p—2),0} C W are the vertices v; y_i 3, Vit1,6—i/3—1,
Vigo,k—i/3—1 for i = 0,3,6,...,3(p — 3), which are the triples (vox,v1,x—1,v2,k-1),
(V3,k—1,Va,k—2,V5,k—2); + + - 5 (U3(p—3) k—(p—3) > U3p—8,k—(p—2)> U3p—T,k—(p—2)) and the last

6 + ¢ vertices of S. (which are the vertices v3(,—2) k—(p—2)s V3p—5k—(p—1),---) have
the representation (k,k —1,...,k — (p — 2)) with respect to W’.

Let us use v;m—40,Vm-20 € W to resolve the vertices v;p_;/3, Vi1 k—i/3—1,
Vigo,k—i/3—1 for i =0,3,6,...,3(p — 3). For v, 40 € W, by (3.3) we obtain
m+i—(m—4) i
f1 +k— 3= k+2,
m+i+l—(m—4)

3
m+i+2—(m—4)
3

d(vi,kfi/Bv Um—4,o) = {

)
d(Vigt1,k—i/3—1,Vm—4,0) = [ W + k- 3 1=Fk+1,

i
k———1=k+1
[+h-g-1=he

d(vi+2,k—i/3—1avmf4,0) = {

and for vy,_29 € W,

+k—%:k+L
]+k—%—1:h

m+i—(m—2)
—
m+i+l—(m-—2)
3
m+i+2—(m-—2) i
- ]+k—§—1:k+L
so the vertices v; /3, Viy1,k—i/3—1, Vit2,k—i/3—1 are resolved. It remains to resolve
the last 6 + ¢ vertices of S..
For ¢ = —1 we need to resolve the 5 vertices vsp_6k—(p—2)s V3p—5k—(p—1)s

d(vi,kfi/Bv Um—2,o) = {

d(vi+1,k7i/37lvvm—2,0) = {

d(vi+2,k—i/3—1avm72,0) = {

U3p—4,k—(p—1)s V3p—3,k—(p—1)» U3p—2k—p- Since m = 3p — 1, we have vy,—4,0 = V3p—5,0
and v,—2,0 = U3p—3,0. Then for vs,_50 € W,

d(vV3p—6,k—(p—2)> U3p—5,0) = [mT_lW +hk-(p—-2)=k+2,

d(V3p—5k—(p—1)s V3p—50) =k —p+1,

d(V3p—a,k—(p—1)> V3p—5,0) = %W +k—(p—-1)=k—-p+2,

d(V3p—3,k—(p—1)> V3p—5,0) = [%W +k—(p—-1)=k—-p+2,
d(v3p—2.k—p, V3p—5.0) = g—‘ +k—-p=k—-p+1.
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We resolve the pairs (vs,_5 k—(p—1), V3p—2,k—p) and (Vp—4,k—(p—1)> V3p—3,k—(p—1)) DY
v3p—3,0 € W. We get
m— 2
d(v3p—5,k—(p—1), V3p-3,0) = [TW +k—(p—1)=k,
m—1
d(v3p—a,k—(p—1), V3p-3,0) = [TW +k—(p—-1)=k+1,
d(UBp—3,k—(p—1);v3p73,0) =k-p+1,

1
d(v3p—2,k—p, V3p—3,0) = [—W +k—-p=k-p+1,

3
thus all vertices of V/(C(T', —X)) are resolved if e = —1.
For € = 0 we resolve the 6 vertices v3,_¢ k—(p—2), V3p—5k—(p—1)s- - - > U3p—1,k—p DY

Um—4,0 = U3p—4a,0 and Up—2,0 = U3p_2,0. For v3p_a9 € W,

m— 2
d(V3p—6,k—(p—2)> V3p—4,0) = [TW +k—(p—-2)=k+2,
m—1
d(V3p—5,k—(p—1)> V3p—4,0) = [T—‘ +k—(p-1)=k+1,
d(Vsp—a,k—(p—1), V3p—a,0) =k —p+1,

1
d(V3p—3,k—(p—1)> V3p—4,0) = [gw +k—-(p-1)=k—-p+2,

2
d(v3p—2,k—p, V3p—4,0) = [—W +k—-p=k-p+1,

3
3
d(V3p—1,k—p, V3p—4,0) = [g—‘ +k—p=k—p+1
It remains to resolve the vertices vsp_4 k—(p—1)» Usp—2,k—ps U3p—1,k—p- FOr v3, 20 € W
we obtain
m—2
d(v3p—a,k—(p—1), V3p—2,0) = [TW +k—(p-1)=k+1,

d(vsp—2,k—p, U3p—2,0) =k — D,

1
d(v3p—1,k—p, V3p—2,0) = [g—‘ +k—-p=k-p+1,

so if € = 1, all vertices are resolved.
For ¢ = 1 we resolve the 7 vertices v3,_g k—(p—2)> V3p—5,k—(p—1)s- -+ > V3p,k—p DY
Um—4,0 = U3p—3,0 and Upm_2,0 = U3p_1,0. For vsp_39 € W,

m— 3

d(V3p—6,k—(p—2), U3p—3,0) = [TW +k-(p-2)=k+2,
m— 2

d(V3p—5,k—(p—1), U3p—3,0) = [TW +k-(p-1)=k+1,
m—1

d(V3p—a,k—(p—1), U3p—3,0) = [TW +k-(p-1)=k+1,

d(UBp—3,k—(p—1);v3p73,0) =k-p+1,
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d(v3p—2,k—p, V3p—3,0) = { W +k—-p=k-p+1,

d(v3p—1,k—p, U3p—3,0) = { —‘ +k—-p=k-p+1,

WlWw Wl Wl

d(V3p,k—p, V3p—3,0) = { —‘ +k—-p=k-p+1

It remains to resolve the vertices vs,_5x—(p—1), V3p—4a,k—(p—1) and the vertices
U3p—3,k—(p—1)» U3p—2,k—ps U3p—1,k—p;s V3p,k—p- For v3,_10 € W we obtain

d(V3p—5,k—(p—1)> V3p—1,0) = _mT_ZL_ +Ek—(p—1) =k,

d(V3p—a,k—(p—1)> V3p—1,0) = mT—S +k—(p—-1)=k+1,

d(V3p—3,k—(p—1)> V3p—1,0) = mT_2 +k—(p—-1)=k+1,
d(V3p—2,k—p, Usp—1,0) = ‘mT—l‘ +k—-p=kF,

d(v3p—1,k—p, V3p—1,0) = k — D,

1
d(v3p,k—p, U3p—1,0) = [gw +k—p=k—p+1.

All vertices are resolved by W, therefore dim(C(T', — X)) < |W| = [(m+1)/3] + 1.
O

Theorem 3.2. Let I' = Z,, X Z, and X = {(0,1),(1,0),(2,0),(3,0)}, where
n >3 and m > 3n + 2. Then dim(C (T, —X)) < n.

Proof. We show that

W = {v0,0, 0,1, V0,25 - - - s V0,n—35 V1,n—2, V2,n—1}

is a resolving set of the graph C(I', —X). Let us present all vertices having the same
distance to vg o € W. For r =0,1,2,...,n — 1, by (3.1) we have

3k — 3r
d(V3k—3r,r, V0,0) = { 3 ] +r=k,
3k—3r—1
dvssrv00) = | =—5— | +7 =k,
3k —3r—2
Awstsrz,r,v00) = | =5 | +7 =k,

where 3k —3r—2,3k—3r—1,3k—3r € {0,1,...,m — 1}. This implies that the only
vertices having the distance k to vy are the vertices vsx 0, V3k—1,0, Vsk—2,0, V3k—3,1,
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U3k—4,15U3k—5,15 - - - » U3k—3(n—1),n—15 U3k—3(n—1)—1,n—15 U3k—3(n—1)—2,n—1, Where the
first indices are at least 0 and at most m — 1. We show that these vertices are
resolved by W.

For voy € Wand r=1,2,...,n— 1, by (3.1) we have

d(v3k—3r,r, v0,1) = A(V3—3r—1,7,00,1) = A(V3k—3r—2,r,v01) = (k—7)+7r—1=k—1

(note that 3k —3r — 2,3k —3r — 1,3k — 3r € {0,1,...,m — 1}). For r =0, by (3.2)
we obtain

d(vsk,0,v0,1) = d(v3k—1,0,v0,1) = d(v3s—2,0,v0,1) =k +n — L.

In general, for vo; € W, where ¢ =1,2,...,n —3,and for r =4,9+1,...,n — 1,
by (3.1) we have

3k —3r ) )

d(v3k—3r,r,V0,i) = [ 3 W +r—i=k—i,
3k—3r—1 . )
d('U3k—37"—1,7"; 'UO,'L') = ’Vf—‘ +r—i=k— 1,
3k—3r—2 . )
d('U3k—37"—2,7"; Uo,z') = {f} +r—i=k—i.

For r =0,1,...,4— 1, by (3.2) we obtain

k—
d(v3k—3r,r, Vo,i) = [3 3 SW +n+r—i=k+n—i,
k—3r—1
d(v3k73r71,r77}0,i) = {%} +n+r—i=k+n—1,
k—3r—2
d(v3k73r72,r77}0,i) = {%} +n+r—i=k+n—1,

where 3k —3r — 2,3k —3r — 1,3k —3r € {0,1,...,m — 1}.
Let W' = {v0,0, 0,1, V0,2 - - -, V0,n—3} C W. It follows that

7(v3k,0|W') = r(vap—1,0|W') = r(v3k—2,0[W’)

=kk+n—1Lk+n—-2,...,k+3),
r(vsk—31|W') = r(vsk—a1|W’') = r(vsg—5,1|W’)
= (kk—Lk+n—2,...,k+3),

7"(”3k—3(n—4),n—4|W,) = 7"(”3k—3(n—4)—1,n—4|W/) = T(U3k—3(n—4)—2,n—4|W,)
=(kk—-1,k—-2,....k—n+4,k+3),
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which means that the vertices vsg—s,,, Usk—3r—1,r;, Usk—3r—2,» have the same repre-
sentations with respect to W’ forr = 0,1, ...,n—4. The representation of the vertices

V3k—3(n—3),n—3> VU3k—3(n—3)—1,n—35 U3k—3(n—3)—2,n—3> U3k—3(n—2),n—2> UV3k—3(n—2)—1,n—2>

V3k—3(n—2)—2,n—25 U3k—3(n—1),n—15 V3k—3(n—1)—1,n—1, U3k—3(n—1)—2,n—1

with respect to W' is (k,k —1,k—2,...,k —n+3).
For vi 2 € Wand r=0,1,...,n—4, by (3.2) we obtain

3k—3r—1
d(ngfgr,r,Ul,n,Q) = ’7%—‘ +n-+r— (TL — 2) =k + 2,
3k—3r—1-1
A(V3k—3r—1,r, V1,n—2) = [%W +n+r—(n—2)=k+2,
3k—3r—2-1
Ad(V3k—3r—2,r, V1,n—2) = [%W +n+r—(n—2)=k+1,

where 3k —3r — 2,3k —3r — 1,3k —3r € {1,2,...,m — 1}.
For vg 1 € Wand r=0,1,...,n—4, by (3.2) we obtain

3k—3r—2
d(’l)gkfgnr,vg,n,l) = ’7%—‘ +n-+r— (n — ].) =k + ].,
3k—3r—1-2
A(V3k—3r—1,r, V2,n—1) = [f—‘ +n+r—(n—-1)=Ek,
3k—3r—2-2
Ad(V3k—3r—2,r, V2,n—1) = [f—‘ +n+r—(n—-1)=Ek,

where 3k — 3r — 2,3k — 3r — 1,3k — 3r € {2,3,...,m — 1}. It follows that the
vertices Usk 0, U3k—1,0, Usk—2,0, Usk—3,1, Usk—4,15 U3k—5,15 U3k—3(n—4),n—4s U3k—3(n—4)—1,
U3k—3(n—4)—2,n—4 are resolved.

It remains to resolve vertices U3k—3(n—3),n—3> U3k—3(n—3)—1,n—3s U3k—3(n—3)—2,n—3>
V3k—3(n—2),n—2> V3k—3(n—2)—1,n—25 V3k—3(n—2)—2,n—25 U3k—3(n—1),n—1,Y3k—3(n—1)—1,n—1
and vsr_3(n—1)—2,n—1- For v1 2 € W we have

d(v3k-3(n—3),n—-3: V1,n—2) = d(V3k—3(n—3)-1,n—3, V1,n—2) = k + 2,
d(V3k—3(n—3)—2,n—3,V1,n—2) = k + 1,

A(V3k—3(n—2),n—2: V1,n—2) = A(V3}_3(n—2)—1,n—2, V1,n—2) =k —n+2,
d(Vsk—3(n—2)—2,n—2,V1,n—2) =k —n+ 1,

d(V3k—3(n—1),n—1,V1,n—2) = d(V3k—3(n—1)~1,n—1,V1,n—2) =k —n +2,
d(V3k—3(n—1)—2,n—1,V1,n—2) =k —n+ 1.
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For vy ,—1 € W we have

d(V3k—3(n—3),n—3,V2,n—1) = k + 1,
d(V3k—3(n—3)—1,n—3> V2,;n—1) = d(V3k—3(n—3)—2,n—3, V2,n—1) = kK,
d(V3k—3(n—2),n—2,V2,n—1) = k+1,
d(V3k—3(n—2)—1,n—2> V2,n—1) = d(V3k—3(n—2)—2,n—2, V2,n—1) = kK,
d(V3k—3(n—1),n—1,V2,n-1) = k —n+ 1,
d(V3g—3(n-1)-1,n-1,V2,n—1) = d(V3k—3(n—1)—2,n—1,V2,n—1) = k — 7.
Hence W is a resolving set of C(I", —X). The proof is complete. O

Let us note that Theorem 3.2 does not hold for m = 3n —1,3n and 3n+ 1. From

Theorems 3.1 and 3.2 we get the following upper bound on the metric dimension
of C(T', —X).

Corollary 3.3. Let I' = Z,, X Z, and X = {(0,1),(1,0),(2,0),(3,0)}, where
n >3 andm > 5. Then

. m+1 .
dim(C(T', — X)) < mm{”’ [—3 J+1} if m ¢ {3n—1,3n,3n+1},
n—+1 if m=3n—1,3nor3n+1.

Proof. If n > 3 and m > 3n+2 then by Theorem 3.2 we have dim C'(T", —X) < n.
Since n < (m — 2)/3, we obtain n = min{n, [(m +1)/3| + 1}.
If n >3 and 5 < m < 3n — 2, then by Theorem 3.1 we get

dim C(T, —X) < [mTHJ +1.
Since
P a2 e
we obtain

[mTHJ +1=min{n, {mTHJ +1}.

If m=3n—1,3n or 3n+ 1, then by Theorem 3.1 we have

(m+1)

dimC(F,—X)gl J—i—l:n—i—l.
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The graphs C(T", X) and C (T, —X) are isomorphic, so we obtain Corollary 3.4.

Corollary 3.4. Let I' = Z,,, x Z, and X = {(0,1),(1,0),(2,0),(3,0)}, where
n >3 and m > 5. Then

min{n, VnT—FlJ + 1} if m¢{3n—1,3n,3n+ 1},

dimC(T, X) <
n+1 if m=3n—-1,3n or 3n+ 1.

4. CONCLUSION

In this paper we obtained strong upper bounds on the metric dimension of directed
Cayley graphs C(I',X) for T' = Z,,, x Z,, and X = {(0,1),(1,0),(2,0),...,(p,0)}
where p = 2 and 3. Note that the directed Cayley graph C(Z,,Y) for ¥ =
{1,2,...,p} is isomorphic to the circulant graph C,(1,2,...,p), thus the graph
C (T, X) for the group I' = Z,,, x Z,, and X = {(0,1),(1,0),(2,0)} is isomorphic
to the Cartesian product C,,(1,2) x C,,, where C,, is the cycle of order n. Similarly,
the Cayley graph C(T', X) for T = Z,, x Z, and X = {(0,1),(1,0),(2,0),(3,0)} is
isomorphic to the graph C,,(1,2,3) x C,,.

For positive integers n, p and aj,a2,...,a, such that 1 < a1 < a2 < ... <
ap < n — 1, the directed circulant graph C,(a1,as,...,a,) consists of the vertices
V0,01, --,VUn—1 and directed edges v;viiq; for every i = 0,1,...,n —1 and j =
1,2,...,p indices are taken modulo n.

Hence, from Corollaries 2.4 and 3.4 we obtain bounds on the metric dimension for
the Cartesian product of a circulant graph and a cycle.

Corollary 4.1. Let n > 3 and m > 4. Then

m
i — 1 if 2n,2 1
dim(Con(1,2) X C) < mm{n,tQJ + } if m¢{2n,2n+ 1},
n-+1 if m=2nor2n+ 1.

Corollary 4.2. Let n > 3 and m > 5. Then

min{n, {mTHJ n 1} if m¢{3n—1,3n,3n+1},

dim(C,(1,2,3) x C,,) <
n+1 if m=3n—1,3nor3n+1.
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