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Abstract. We define the Hake-variational McShane integral of Banach space valued func-
tions defined on an open and bounded subset G' of m-dimensional Euclidean space R™. It
is a “natural” extension of the variational McShane integral (the strong McShane integral)
from m-dimensional closed non-degenerate intervals to open and bounded subsets of R™.
We will show a theorem that characterizes the Hake-variational McShane integral in terms
of the variational McShane integral. This theorem reduces the study of our integral to
the study of the variational McShane integral. As an application, a full descriptive char-
acterization of the Hake-variational McShane integral is presented in terms of the cubic
derivative.
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1. INTRODUCTION AND PRELIMINARIES

In paper [4], Fremlin studies, in a o-finite outer regular quasi-Radon measure
space, a method of integration of vector-valued functions, which is an essential gen-
eralization of the McShane process of integration (see [11]). The method involves
(infinite) McShane partitions which are formed by sequences of disjoint measurable
sets of finite measure. For a Banach-space valued function defined on a closed inter-
val endowed with the Lebesgue measure, the variational McShane integral has been
investigated in [17] by Wu and Xiaobo (who called the integral the strong McShane
integral). Wu and Xiaobo showed that a Banach-space valued function is variation-
ally McShane integrable if and only if it is Bochner integrable. Di Piazza and Musial
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have proved a surprising result that, in the case of an arbitrary (even finite) quasi-
Radon measure space, the class of variationally McShane integrable functions can be
significantly larger, see [2], Theorem 1.

In paper [8], the Hake-Henstock-Kurzweil and the Hake-McShane integrals are de-
fined. These are extensions of the Henstock-Kurzweil and the McShane integrals from
m-~dimensional closed non-degenerate intervals to open and bounded subsets of R™.
In this paper, we define the Hake-variational McShane integral which is an exten-
sion of the variational McShane integral from m-dimensional closed non-degenerate
intervals to open and bounded subsets of R™. Our goal is not a generalization for
the sake of generalization. Indeed, Theorem 2.1 reduces the study of our integral to
the study of the variational McShane integral. As an application, a full descriptive
characterization of the Hake-variational McShane integral is presented in terms of
the cubic derivative, see Theorem 2.2.

Throughout this paper, X denotes a real Banach space with its norm ||-||. The
Euclidean space R™ is equipped with the maximum norm. B,,(t,r) denotes an open
ball in R™ with center ¢ and radius » > 0. We denote by L(R™) the o-algebra
of Lebesgue measurable subsets of R™ and by A the Lebesgue measure on L(R™).
|A| denotes the Lebesgue measure of A € L(R™). G denotes an open and bounded
subset of R™. We put

LA)={ANL: Le L(R™)}
for any A € L(R™).

Let o = (a1,...,am) and f = (b1,...,by) with —co < a; < b; < oo for j =
1,...,m. The set [a, 5] = I

Jj=1
= ... = by — G, then I = [o, (] is called a cube. Two

/ [a;,b;] is called a closed non-degenerate interval in R™.
In particular, if b; — aq
closed non-degenerate intervals I and J in R™ are said to be non-overlapping if
I° N J° = §, where I° denotes the interior of I. The family of all closed non-
degenerate subintervals in R™ is denoted by Z and the family of all closed non-
degenerate subintervals in £ C R™ is denoted by Zg.

An interval function F': Zp — X is said to be an additive interval function if for
each two non-overlapping intervals I, J € Zg such that I U J € Zg we have

F(IuJ)=FI)+ F(J).

A pair (¢,I) of a point ¢t € E and an interval I € Zg, is called an M-tagged interval
in E, t is the tag of I. A finite collection {(¢;,I;): i =1,...,p} of M-tagged intervals
in F is called an M-partition in E if {I,: ¢ = 1,...,p} is a collection of pairwise
non-overlapping intervals in Zg. Given Z C E, a positive function 6: Z — (0, 00) is
called a gauge on Z. We say that an M-partition 7 = {(¢;,;): i=1,...,p} in E'is
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P
> Mb-partition of E if |J I; = E,
i=1
> Z-tagged if {t1,...,t,} C Z,
> O-fine if for each i = 1,...,p we have I; C By, (t;,0(t:)).

We now fix an interval W € 7 and let f: W — X be a function. The function f
is said to be McShane integrable on W if there is a vector xy € X such that for every
€ > 0 there exists a gauge 6 on W such that for every é-fine M-partition = of W we
have

> @] =y

(t,I)en

<

In this case, vector zs is said to be the McShane integral of f on W and we set
x5y = (M) fW fdA. Function f is said to be McShane integrable over a subset
A C W if the function f-14: W — X is McShane integrable on W, where 14 is
the characteristic function of the set A. The McShane integral of f over A will
be denoted by (M) [, fdX. If f: W — X is McShane integrable on W, then by
Theorem 4.1.6 in [13], function f is McShane integrable on each E € L(WV).

Function f: W — X is said to be wvariationally McShane integrable (or strongly
McShane integrable) on W if there exists an additive interval function F': Zyy — X
such that for every € > 0 there exists a gauge § on W such that for every J-fine
M-partition © of W we have

S IF 0] - F(D)| <e.

(t,I)em

Function F is said to be the primitive of f. Clearly, if f is variationally McShane inte-
grable with the primitive F’, then f is McShane integrable, and by Proposition 3.6.16
in [13] we also have

F(I):(M)/fd)\ for every I € Ty .
I

For more information about the McShane integral we refer to [17], [2], [4], [5]-]7],
[11], [10], [14] and [13].

Given an additive interval function F': Zyy — X, a subset Z C W and a gauge ¢
on Z, we define

VMmFE(Z,6) = sup{ Z |IE(D)]: wis a Z-tagged d-fine M-partition in W}
(t,I)em

Then we set
VME(Z) = inf{V\F(Z,6): 0 is a gauge on Z}.
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The set function Vp(F'(+) is said to be the McShane variational measure generated
by F. It is a Borel metric outer measure on W, see [1] or [15]. The McShane
variational measure has been used extensively for studying the primitives (indefinite
integrals) of real functions. See e.g. paper [1] by Di Piazza, [12] by Pfefler for relations
to integration and the fundamental general work [16] by Thomson.

An additive interval function F': Zg — X is said to be strongly absolutely contin-
uous (sAC) on FE C G if for each € > 0 there exists > 0 such that for each finite
collection {1, ..., I,} of pairwise non-overlapping subintervals in Zr we have

P

P
Dol <n= Y P <e.
i=1

i=1

Assume that a point ¢ € G is given. We set
Ia(t)={l €Zg: t €I, Iis acube}.

We say that F is cubic differentiable at t if there exists a vector F!(t) € X such that

F(I) ,

— = F/(¢);
Ieggn(t) | o(t);
|[I|—0

F!(t) is said to be the cubic derivative of F at t.
A sequence (I) of pairwise non-overlapping intervals in Z is said to be a division
of G if

Iy =G.

(@

k

We denote by Z¢ the family of all divisions of the set G. By Lemma 2.43 in [3], the
family Z¢ is not empty.

1

An additive interval function F': Zg — X is said to be a strong-Hake-function if
for each division (1) of G we have:
> the series > |E'(I N I)| converges in R for each I € Z,
{k: |INT,|>0}

> F(I) = S F(INI) forall I € Zg.
{k: |INIx|>0}

We say that the additive interval function F': Zg — X has the strong-M -negligible
variation over a subset Z C R™ if for each € > 0 there exists a gauge §. on Z such
that for each Z-tagged J.-fine M-partition 7 in R™ we have:

> the series > F(I N I;) is unconditionally convergent in X for each
(k: |INT|>0}
(t,I) em,
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>
(t,1)er

( > F(IﬁIk))H<5

{k:|INI},| >0}
whenever (1) is a division of G. We say that F has strong-M-negligible variation
outside of G if F has the strong-M-negligible variation over G¢ = R™ \ G.

We say that a function f: G — X is Hake-variationally McShane integrable on G
with the primitive F': Zg — X if we have:

> for each € > 0 there exists a gauge d on G such that for each §-fine M-partition 7
in G we have

> @I = F)ll <e,

(t,I)enr

> F' is the strong-Hake-function,
> F' has the strong-M-negligible variation outside of G.

In this case, we define the Hake-variational McShane integral of f over I as

(HUM)/Ifd/\:F(I) VIelg.

2. THE MAIN RESULTS

Since G is a bounded subset of R™, there exists Iy € Z such that G C Ip. Given
a function f : G — X, we define a function fy: Iy — X as

C[f0) iftea,
fo(t){o iftel\a.

Theorem 2.1. Assume that a division (C}) of G, a function f: G — X and an
additive interval function F': I — X are given. Define

fe = fle, and Fy=Fl|z, foreachk €N.

Then the following statements are equivalent:

(i) f is Hake-variationally McShane integrable on G with the primitive F,
(ii) fo is variationally McShane integrable on Iy with the primitive Fy such that
Fo(I)=F(I) for all I € Zg,
(iii) for each k € N, function fj, is variationally McShane integrable on Cj, with
the primitive F}, F' is a strong-Hake function and has the strong-M-negligible
variation outside of G.
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Proof. (i) = (iii): Assume that f is Hake-variationally-McShane integrable on G
with the primitive F. Then given € > 0 there exists a gauge  on G such that for
each J-fine M-partition 7 in G we have

(2.1) Yo IfOUI = F)l <e.

(t,I)en

We can choose 6(¢) such that By, (t,d(t)) C G for all t € G.

Since F' is a strong-Hake function and has the strong-M-negligible variation out-
side of G, it is enough to prove that each fj is variationally McShane integrable
on Cy, with the primitive Fj,. Let 7 be a §i-fine M-partition of Cy, where o5, = d|¢, .
Then 7 is a d-fine M-partition in G and therefore

Yo AU = Fe(Dll= D I @U = FO)| <e.

(t,I)em (t,I)emy

This means that fj is variationally McShane integrable on Cj, with the primitive Fj.

(iii) = (ii): Assume that (iii) holds and an arbitrary ¢ > 0 is given. Then, since
each function fj is variationally McShane integrable on Cy with the primitive F,
by Lemma 3.6.15 in [13] there exists a gauge d; on Cj such that for each Ji-fine
M-partition 7 in C) we have

(2.2) S AT - Bl < o

2k
(t,I)emy

Note that for t € G we have the following possible cases:

> There exists igp € N such that ¢ € (C;,)°;
> There exists jo € N such that t € Cj, \ (C},)°. In this case, there exists a finite set

Ny={jeN: teC;\(C;j)°} such that t € (| C;and t ¢ C}, for all k € N\ V.
JEN:

Hence, t € ( U C’j) , where ( U Cj) is the interior of | Cj.
JEN: JEN: JEN:

We can choose each d;, so that B, (t,0,(t)) C Ck if t € (Ck)°, and

B(t.0x(t) € | J € ifteCr\ (Cr)°.
JEN:

Since F has the strong-M-negligible variation outside of GG, there exists a gauge 9,
on G° such that for each G°-tagged d,-fine M-partition 7, in R™ we have

(2.3) > ( > F(IﬂCk))H<5.

(t,I)em,'" Mk: |INCy|>0}
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By hypothesis, we have also that F is a strong-Hake-function. Therefore we can
define an additive interval function Fy: Z;, — X as

Fo(I)= Y. FUINCGCy) VIET,
{k: |INCk|>0}

Clearly, Fo(I) = F(I) for all I € Zg. We will show that fy is variationally McShane
integrable on Iy with the primitive Fy. To see this, we first define a gauge dg:
Iy — (0,00) as follows. For any t € G we choose dg(t) = d;,(t) if t € (Cy,)°, and
do(t) = min{d;(¢): j € N} otherwise. If t € Iy \ G, then we choose dp(t) = d,(t).
Let 7 be an arbitrary dg-fine M-partition of Iy. Then m = 7, U 7 U 7., where

mo ={(t,I) €m: (ip eN)[t € (Ci,)°]}
and

Ty = {(tvl) em: (EjO € N)[t € Cj, \ (Cjo)o]}a

m.={(t,I)en: te€ly\G}.

Therefore

(24) Y oI = Fo(D)]

(t,I)enr

= Y WOU-FOI+ > IO -F@DlI+ Y [FDl.

(t,])emq (t,I)em, (t,I)eme

Note that if we define

={(t,I): (t,I) € ma, t € (Ck)°}
and

7T1]f = {(t,IﬁCk): (t,[) emp, t € C \ (Ck)o, |IﬁCk| > 0},

then 7% and 7 are dj-fine M-partitions in Cy. Therefore by (2.2) it follows that

@25 Y |f<t>|f|—F<I>|=Z( 3 |fk<t>|f|—Fk<I>||)

(t,I)em, k. “te(Cr)°
(t,])emqy
gy
=> 1 > I - Zz—k:
kMt I)ewk k=1
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and

(2.6) Y llroi = F@)

(t,I)emp
-z (f(t)IIﬁCjI—F(IﬁCj))>H

(t,I)emy, [INC;]>0
JEN:

-y ( 3 (fj<t>|mcj|—Fjumcj)))H
(t,1)emy" MINC;|>0

JEN:

T ( S I50Inc - F <mc)|>

(t,I)em, “|INC;|>0
JEN:

(= wmwinc-Runc) <Y 5 =-

kMt I)enk k=1

N

N

By (2.3), the equality

SooRMI= >

(t,I)eme (t,I)eme

(5

{k: |INCy|>0}

together with the fact that 7. is a G°-tagged J,-fine M-partition in R™ yields

Yo IIB@)) <.

(t,I)em.

Hence, by (2.4), (2.5) and (2.6) we obtain

Y Mol = Fo(d)] < 3¢,

(t,I)en

and since 7 is an arbitrary dg-fine M-partition of Iy, it follows that fy is variationally
McShane integrable on Iy with the primitive Fj.

(ii) = (i): Assume that fo is variationally McShane integrable on Iy with the
primitive Fy such that Fy(I) = F(I) for all I € Z;. By Lemma 3.6.15 in [13], given
€ > 0 there exists a gauge dg on I such that for each Jp-fine M-partition 7 in Iy we
have

(2.7) Y ol - Bl <e.

(t,I)em
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We can choose &y so that By, (¢, 0(t)) C G for allt € G. Hence, if we define § = dyl¢,
then for each §-fine M-partition 7 in G we have

STl - PO <e.

(t,1)en

Thus, it remains to show that F' is a strong-Hake function and has strong-M-
negligible variation outside of G. Let (Ij) be an arbitrary division of G.

We first show that F' is a strong-Hake function. Since fy is variationally McShane
integrable on Iy, || fo|| is McShane integrable on Iy . Hence, by Theorem 4.1.11 and
Theorem 7.5.4 in [13] we obtain

(2.8) () /G 1 folldx = S"(a1) / lolldh = 3" ViuFo(T).
k k k

and since
VMFO(Ik) > VMFo(IﬁIk) > VMF(IﬁIk) > HF(IﬁIk)H for each I € 7,

it follows that the series > |E(I N1I)|l converges in R. By hypothesis, for
(k: |INT|>0}
each I € I, we have also

F(I) = Fo(I) = (M) / fodX = (M) /U

k

Jodr = D M) | fodA
k

(Iﬁ]k NIy

= ZFO(m I) = Z F(INT).
k

{k: |INI|>0}

Thus, F' is a strong-Hake-function.

It remains to prove that F' has the strong-M-negligible variation outside of G.
To see this, we first define a gauge §,: G° — (0,00) as follows: 0,(t) = do(t) if
t € Z =1Iy\ G, while for ¢t ¢ Iy we choose d,(t) so that By, (t,0,(t)) NIy = 0. Assume
that m, is a G°-tagged J,-fine M-partition in R™. Hence,

w7z ={(t,INI): (t,I) € my, t € Z, |I NIy >0}
is a dp-fine M-partition in Iy. Then by (2.7), it follows that

ez > f@-FWl= > Rl

(t,J)eTZ (t,J)eETZ
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- ¥ (M)/fodAHz 3 ‘(M) fod/\H
(t,J)Enz J (t,J)Enz JNG

= ) Z(M)/ fodM|= > Y R(INI)
(t,J)enz " k I (t,J)emz  {k: |JNI,| >0}

- ¥ S FUn)|= > Y. FUNn|.
(t,J)emz {k: |JNI}|>0} (t,1)em, {k: [INI;|>0}

This means that F' has the strong- M-negligible variation outside of G, and this ends
the proof. O

The following theorem shows a full descriptive characterization of Hake-variation-
McShane integral.

Theorem 2.2. Assume that a division (C}) of G, a function f: G — X and an
additive interval function F': T — X are given. Then the following statements are
equivalent:

(i) f is Hake-variationally McShane integrable with the primitive F,
(ii) F.(t) exists and F.(t) = f(t) at almost all t € G, F is sAC on each Cy, F is a
strong-Hake function and has the strong-M-negligible variation outside of G.

Proof. (i) = (ii): Assume that f is Hake-variationally McShane integrable with
the primitive F'. Then by Theorem 2.1, for Iy € Z with G C I, the function fj is
variationally McShane integrable on Iy with the primitive Fy such that F'(I) = Fy(I)
for all I € Z¢. Hence, by Theorem 1.4 in [9], Fpy is sAC on Iy, (Fp).(t) exists and
(Fo)L(t) = fo(t) at almost all ¢t € Iy.

Since Zg C Zj,, I is sAC on G and therefore F' is sAC on each Cj.

Fix an arbitrary k € N and ¢t € (Cy)° such that (Fp).(¢t) = fo(t). It follows that

lim RU = lim @
1€t () || 1eza(t) |I|
|I|—0 [ I|—0

~—

Thus, F/(t) exists and F!(t) = f(¢). Since k and ¢ are arbitrary, the last result holds
at almost all ¢ € |J(C%)®, and since
k

G U] =o.
k

it follows that F/(t) exists and F/(t) = f(t) at almost all t € G.
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By the definition of the Hake-variationally McShane integrability, we have also
that F' is a strong-Hake function and has the strong-M-negligible variation outside
of G.

(ii) = (i): Assume that (ii) holds and define

fe=flc, and Fy=Fl|z, foreachkeN.

Then each Fy, is sSAC on Cy, (Fy).(t) exists and (Fy).(t) = fr(t) at almost all t € Cy.
Therefore by Theorem 1.4 in [9], each f; is variational McShane integrable on Cj
with the primitive Fj. Therefore by Theorem 2.1, f is Hake-variationally McShane
integrable with the primitive F', and this ends the proof. O
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