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Abstract. We investigate the structures of Hopf #-algebra on the Radford algebras over C.
All the x-structures on H are explicitly given. Moreover, these Hopf *-algebra structures
are classified up to equivalence.
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1. INTRODUCTION

Woronowicz studied compact matrix pseudogroup in [14], which is a generalization
of compact matrix group. Using the language of C*-algebra, Woronowicz described
compact matrix pseudogroups as C*-algebras endowed with some comultiplications.
This induces the concept of Hopf *-algebras. In [14], [15], [16], Woronowicz exhibited
Hopf x-algebra structures on quantum groups in the framework of C*-algebras. It
was shown that GL4(2), SLy(2) and U,(si(2)) are Hopf -algebras, see [2], [5]. Van
Deale [13] studied the Harr measure on a compact quantum group. Podle$ [8] studied
coquasitriangular Hopf *-algebras. Tucker-Simmons [12] studied the #-structure of
module algebras over a Hopf x-algebra. Recently, we investigated the Hopf x-algebra
structures on H(1,q) over C and classified these *-structures up to equivalence [6].

Radford [9] constructed for every integer n > 1 a finite dimensional unimodular
Hopf algebra with antipode of order 2n and proved that for every even integer there
is a finite dimensional Hopf algebra H. For more details, the reader is directed
to [3], [9], [10].

This work was supported by the National Natural Science Foundation of China (Grant
No. 11571298, 11711530703).
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In this paper, we study the structures of Hopf *-algebra on the Radford algebra H
over the complex number field C. This paper is organized as follow. In Section 2, we
recall some basic notions about the Hopf *-algebra and the Radford algebra H. In
Section 3, we first describe all structures of Hopf x-algebra on Radford algebra. It
is shown that when n > 2, a Hopf x-algebra structure on H is uniquely determined
by a pair («, 3) of elements in C with || = || = 1, and that when n = 2, a Hopf
x-algebra structure on H is uniquely determined by a 2 X 2-matrix A over C with
AA = I,. Then we classify the Hopf *-algebra structures up to equivalence. It is
shown that any two *-structures on H are equivalent when n > 2. When n = 2, the
two #-structures determined by two matrices A and B, respectively, are equivalent
if and only if there exists an invertible 2 x 2-matrix A over C such that AA = AB.

2. PRELIMINARIES

Throughout, let 7, N, R and C denote all integers, all nonnegative integers, the
field of real numbers, and the field of complex numbers, respectively. Let ¢ € C be the
imaginary unit. For any A € C let A denote the conjugate complex number of ), and
let |A| denote the norm of A. For a Hopf algebra H we use A, € and S, respectively,
to denote the comultiplication, the counit, and the antipode of H as usual. For the
theory of quantum groups and Hopf algebras we refer to [2], [4], [7], [10], [11]. Let
G(H) denote the set of group-like elements in a Hopf algebra H, which is a group.

Let V and W be vector spaces over C. A mapping ¢: V — W is said to be
conjugate-linear (or antilinear) if

P(Av1 + Aova) = Ap(v1) + Aotp(va) Vi, v0 €V, VA1, A € C.

Let A and B be C-algebras. A conjugate-linear map 1: A — B (or A) is said to be
a conjugate-linear algebra map (or a conjugate-linear algebra endomorphism) if

P(aa') = P(a)p(a’), »(1)=1 Va,d € A,

and 1 is said to be a conjugate-linear antialgebra map (or a conjugate-linear antial-
gebra endomorphism) if

lad') = v(a)(a), ¥(1)=1 Va,d €A

Let C' and D be two coalgebras over C. A conjugate-linear map ¢: C — D
(or C) is said to be a conjugate-linear coalgebra map (or a conjugate-linear coalgebra
endomorphism) if

> (e @)=Y v(e) @p(ca), e(¥(c) =e(c) VeeC,
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and v is said to be a conjugate-linear anticoalgebra map (or a conjugate-linear an-
ticoalgebra endomorphism) if

D (e @)=Y ¥(ea) @(cr), e(W(c) =¢(c) VeeC.

Definition 2.1. Let H be a Hopf algebra over C. A x-structure on H is
a conjugate-linear map *: H — H such that the following conditions are satisfied:

(h*)* =h, (Rl)* =1"h",
Y@= () @h)*, S(S(H))=h,

where h,l € H. If H is equipped with a *-structure, then we call H a Hopf *-algebra.
Two *-structures *’ and *”” on H are said to be equivalent if there exists a Hopf
algebra automorphism 1) of H such that w(h*/) = w(h)*” for all h € H.

Let H be a Hopf *x-algebra. Then it is not difficult to check that

e(h*) =e(h) Vhe H.

Hence, the map * is an antilinear coalgebra endomorphism of H and C = Cly is
a subalgebra of H. In this case, \* = \ for any A € C C H.

Fix a positive integer n > 1 and let w € C be a root of unity of order n. The
Radford algebra H over C is generated, as a C-algebra, by g,  and y subject to the

relations:

n

g"=1, 2" =y"=0, zg=wgr, gy=wyg, TY=Wwyx.

Then H is a Hopf algebra with the coalgebra structure and the antipode given by

Ng)=g®g, elg)=1, S(g)=g¢""",
Az)=2zR9+1®@z, ()=
Aly)=yeg+1oy, =)

Note that H has a canonical basis {g'z"y*: 0 < [,7,5 < n} over C. For the details,
the reader is directed to [3], [9], [10].
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3. THE STRUCTRES OF HOPF #*-ALGEBRAS ON H

Throughout this section, let H be the Radford algebra over C described in the
last section. In this section, we study the x-structures on the Hopf algebra H. Let
Z(H) denote the center of H. Note that H is generated, as an algebra over R, by
g, x, y, and i subject to the relations given in the last section together with i2 = —1
and i € Z(H). In the following, let H°P denote the opposite algebra of H. For any
h,l € H°P, let h -l denote the product of h and [ in H°P, i.e. h -l = [h.

Lemma 3.1. Let o, 5 € C with |o| = || = 1. Then H is a Hopf *-algebra with
the x-structure given by

* *

g =g, x=oazx, y =Py

Proof. We first prove that the relations given in the lemma together with
1* = —1i give rise to a real antialgebra endomorphism of H, i.e. a real algebra map
from H to H°P. Since |w|=1, we have w* = @ = w™!. Hence in H°P we have (g*)" =
g"=1, ("= (az)" =0,2%-g* =ar-g = agr = aw 'zg = aw lg-x = w*g* - T*
and z* - y* = afz -y = aByxr = afw lzy = afw ly - x = w*y* - x*. Similarly, one
can check that (y*)® = 0 and g* - y* = w*y* - g*. We also have i* = —i € Z(H°P)
and (i*)? = (—i)? = —1. This shows that the relations given in the lemma together
with i* = —i determine a real algebra map x: H — H°P. Then it follows that * is
a conjugate-linear antialgebra endomorphism of H. Hence, the composition * o x is
a complex algebra endomorphism of H. It is not difficult to check that (h*)* = h
for all h € {g,x,y}, and so (h*)* = h for all h € H. Thus, * is an involution of H.
Note that both Ao x and (* ® ) o A are conjugate-linear antialgebra maps from H
to H® H. It is easy check that A(h*) = > (h1)* ® (he)* for any h € {g,z,y}. It
follows that A(h*) = 3" (h1)* @ (hy)* for all h € H. Similarly, we have e(h*) = £(h)
for all h € H. Finally, since S is a complex antialgebra endomorphism of H and * is
a conjugate-linear antialgebra endomorphism of H, the map H — H, h — S(S(h*)*)
is a complex algebra endomorphism of H. Now we have

9)7) = 5(

S(S(g7)7) = S( =
ar)) =25

S(
S(

and similarly S(S(y*)*) = y. It follows that S(S(h*)*) = h for all h € H. O

Let M3(C) be the matrix algebra of all 2 x 2-matrices over C. For a matrix

A= (0‘“ 0‘12) € M,(C),

Qo1 Q22
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let

A= (0‘_” @) € My(C).

Qo1 Q22

Q11 02

Lemma 3.2. Assume that n = 2 and let A = ( > € M,(C) with

Q1 Q22
AA = I, the 2 X 2 identity matrix. Then H is a Hopf x-algebra with the x-structure

given by
g"=g9, T°=oanr+oany, Y =anr+axny.

Proof. Assume that n = 2. Then w = —1. We first prove that the relations
given in the lemma together with i* = —¢ give rise to a real antialgebra endomorphism
of H,i.e. areal algebra map from H to H°P. In H°P we have (¢*)? = g2 =1, (z*)? =
(a117+0a12y)? = a2 2% +aiapry+apanyr+aly? = 0 and 2% g* = (a1 0+a12y)-
g = a1192 + 129y = —a112g — a12yg = —g - (anr+a12y) = —g* -x*. We also have
z*y* = (a1 +any)(anz+ainy) = aznanz? +an a1y +aso yr+asnainy? =
(ag1a12—9a0n1)ry and y*-2* = (an1z+a12y)(Qe1z+ae2y) = a2 +aaeazy+

Q12021YT + 12022y? = (110000 — Qa0r91 )Ty, which implies that o* - y* = —y* - 2*.

* *

Similarly, one can check that (y*)?> = 0 and g* - y* = —y* - g*. We also have
i* = —i € Z(H°P) and (i*)? = (—i)? = —1. This shows that the relations given in
the lemma together with ¢* = —i determine a real algebra map *x: H — H°P. Then
it follows that * is a conjugate-linear antialgebra endomorphism of H. Hence, the
composition *ox* is a complex algebra endomorphism of H. Clearly, (¢*)* = g. Since
AA =1, 1o + Qo = 035 for 1 < 4,5 < 2. Hence we have

(") = (12 + a12y)* = ag1z™ + agzy™
= 04_11(041137 + 0412y) + arz(ao1x + a22y)

= (Qrron1 + arza01)z + (Qrrons + dqzans)y = .

Similarly, we also have (y*)* = y. It follows that (h*)* = h for all h € H. Thus,
* is an involution of H. Note that both A o x and (¥ ® %) o A are conjugate-linear
antialgebra maps from H to H® H. It is easy check that A(h*) = > (h1)*®(h2)* for
any h € {g,z,y}. It follows that A(h*) = > (h1)* @ (he)* for all h € H. Similarly,
we have e(h*) = m for all h € H. Finally, since S is a complex antialgebra
endomorphism of H and * is a conjugate-linear antialgebra endomorphism of H, the
map H — H, h — S(S(h*)*) is a complex algebra endomorphism of H. Now we
have

S(S(g")") = S(S(9)7)) = S(g") = S(9) =9,
S(S(anz+ a12y)*) = S((—a112g — c12y9)™)

U
—~
U
~—~
8
*
S~—
*
S~—
Il

= (1192 + a129y)™) = S(aaiz"g" + anzy™g”™)
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S(ari(ane + a2y)g + az(az1x + a2y)g)
S(9)S
S5(9)

((@rronn + a2z + (@i + Gizae)y)
S(z) = g(—zg) =

and similarly S(S(y*)*) = y. It follows that S(S(h*)*) = h for all h € H.

The next proposition follows similarly to [1], Lemma 2.7.

Proposition 3.3. For any r,s € N and ! € 7,

yrxsgl Z Zw*(T 1)j ( ) <S> yrfixsfjgl ® yixjglJrsfjJrrfi.
w w1

1=0 j=0 J

Proof. Since

(rog)(lezr)=w'(lez)(z®yg), 091y =wley)(y®yg),

it follows from [2], Proposition IV.2.2 that
5 s . . .
A(m)s—(1®x+x®g)s—z<,) x87]®x]987],
r . ) .
Aly)'=(1loy+yeg) = < > Yy ey
; w

Now, since A is an algebra map, we have

AWy z*gh) = Ay)" M) A(g)
=1 ®y+y®g)”(1®x+x®g>5(g®g)l

T S
r S .
“22 (1) (8) ey g
: w w1

=0 j=0 J
T S

=SSt (1) (3) e oty
i=0 j=0 Yw N wm

Note that {y"z°g': 0 < r,s,l <n} is a canonical basis of H over C. Hence,

{yrngl ®y xSI.gll: 0 < T, rlvsvslalall < TL}
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is a basis of H ® H over C. For an element

h= Z )\r,s,lyrxsgl

ogr,s,l<n

in H,if A\, s # 0, then we say that y"z°¢' is a term of h. Moreover, r or s is called

the degree of y or z, respectively, in the term y"z°¢'. Similarly, for an element

.S 1l ry .51 .1
h= Z >\7’15J,T1,S1,lly 79 QY tzTtg?

0gr,s,l,r1,81,l1<n

in H® H, if A\ 51,51, # 0, then we say that y"z%¢! @ y"12%1g"" is a term of h.
Moreover, 7+ ry or s+ s1 is called the total degree of y or x, respectively, in the
term

r..s 1

Y2ty @y atgh.

Lemma 3.4. G(H) = {¢': 0 <1 <n}.

Proof. Obviously, g' € G(H) for all 0 < I < n. Conversely, let

h= Z )\T’S,lyrxsgl € G(H),

ogr,s,l<n

where A, s; € C. Assume that r; is the highest degree of y in the terms of h, that
is, there is a nonzero coeflicient A, 5, i, # 0 in the above expression of h such that
Ar,s, . 7 0 implies 7 < r;. From Proposition 3.3 one knows that the total degree of y

in each term of the expression of A(y"z*g') is 7. Then from

A(h) = Z A1 Ny 2 gh)

78,0
one gets that the highest total degree of y in the terms of A(h) is r;. However,

yrl J)Slgll ® yrl J)Slgll
is a term of h ® h with the nonzero coefficient A%, 5, ;, # 0. It follows from A(h) =
h @ h that 0 < 2r; < 7y, which implies r; = 0. Thus, if r > 0, then A.,; = 0.
Similarly, one can show that \.s; = 0 for any s > 0. Therefore h € span{g': 0 <
| < n}. Since G(H) is linearly independent over C and {g': 0 < I < n} C G(H),
we have h = ¢! for some 0 < [ < n. Hence G(H) C {g¢': 0 < I < n}, and so
GH)={¢": 0<l<n}. O

Lemma 3.5. Leth€ H. If A(h) =h®g+1&h, then h = Mjz+A2y+A3(1—g)
for some A1, \o, A3 € C.
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Proof. Leth= Y A sy 2%g" with A, s; € C such that

ogr,s,l<n
Ah)=h®g+1®h.

Then £(h) = 0. For any 0 < r,s < n let
n—1
hr,s = Z )\r,s,lyrxsgl'
1=0
Then by Proposition 3.3 and the proof of Lemma 3.4, one knows that

A(hT,S) = hr,s®g+1®hr7s VT,S.

Hence, one may assume that

n—1
h=y"z* Z)\Zgl #£0

=0

for some \; € C, where r and s are fixed integers with 0 < r,s < n. Now, by
Proposition 3.3 we have

n—1 r s
(3.1)  A(h) = Aw (DI <r> (s> y et gl @ ytal gt it
) j v w w1t

and

n—1
(3.2) Ah)=h®g+10h=>Y Ny 2°g'@g+10y ")
=0

By the paragraph before Lemma 3.4, H ® H has a canonical basis over C

{y"z*gt @y a*rgh: 0 < e, 8,081,100 < nb.
Now by comparing the coefficients of the basis element ¢' ® y"z°¢' in the two ex-
pressions of A(h) given above, one gets that A, =0 if [ > 1, and that A\; = 0 if
(r,s) # (0,0). Hence, h = A\gy"a® when r+ s # 0, and h = Ao+ A\1g when r = s = 0.
If h = Ao+ A1g, then A\g+ A1 =0 by e(h) =0, and so h = A\o(1 — g). Now assume
h = Aoy"x® with r + s # 0. Then (3.1) and (3.2) becomes

(3.3) A(h) = Z Z Aow ™~ (r—1J (:) (3> Y igST @ il gt a T
w w1

i=0 j=0 J
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and
(3.4) Ah)=hRg+10h=XY2°0g9+1®y"2°%),

respectively. If both » > 0 and s > 0, then by comparing the coefficients of the basis
element y" ® x°¢" in the two expressions of A(h) given above, one gets that \g = 0,
and hence h = 0, a contradiction. Hence either r > 0 and s =0, or r =0 and s > 0.
If r >0 and s = 0, then h = Apy", and (3.3) and (3.4) becomes

r r ‘ ‘ ‘

(3.5) AR =32 () S @y
1=0 w

and

(3.6) AR)=h®@g+10h=XN{Yy @g+10Yy"),

respectively. If » > 1, then by comparing the coefficients of the basis element
y" ' ®@yg" ! in the two expressions of A(h) given above, one gets that \g = 0,
and hence h = 0, a contradiction. Hence » = 1 and so h = Agy. Similarly, one can
check that if 7 = 0 and s > 0, then h = Agz. This completes the proof. O

Lemma 3.6. Let h € H with A(h) =h® g¥ +1® h for some 1 < w < n. Then
h= X1 —g") for some X € C.

Proof. It is similar to the proof of Lemma 3.5. We only need to consider the
case

n—1
h =y 2° Z)\lgl #0
1=0
for some \; € C, where r and s are fixed integers with 0 < r,s < n. Then we have
n—1

(3.7) Ahy=h@g"+1@h=> Nyz'd@g"+1@y z°g)
=1

and

n—1 r s

(3.8)  A(h) = Z N~ (T <T> (5> i gl @ gt gt et
w w1

)
1=0 i=0 j=0 J

If r # 0 and s # 0, then by comparing the coefficients of the basis element
y"g' ® 2°¢'T" in the two expressions of A(h) given above, one gets that \; = 0 for
all 0 < < n, and hence h = 0, a contradiction. So r = 0 or s = 0. Assume that
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r # 0. Then s = 0. In this case, by comparing the coefficients of the basis element
g' @ y"g! in the two expressions of A(h) given above, one gets that \; = 0 if [ > 0.
Hence h = Agy" and (3.7) and (3.8) become

(3.9) AR =hog"+10h=XH g¢°+110y")

and
r 7" . . .
o s =3n) v ove
i=0 w

respectively. Then by comparing the coefficients of the basis element y” ® ¢" in the
both expressions of A(h) given in (3.9) and (3.10) one gets that » = w > 1 since h =
Xoy” # 0. Now by comparing the coefficients of the basis element "~ ®yg" ! in both
expressions of A(h) given in (3.9) and (3.10), one finds that A\g = 0, a contradiction.
This shows that » = 0. Similarly, one can show that s = 0. Hence h = >_ \;g' # 0.
Then it is easy to see that h = A(1 — g%) for some \ € C. ! O

Theorem 3.7. (1) If n > 2, then Lemma 3.1 gives all Hopf x-algebra structures
on H.
(2) If n = 2, then Lemma 3.2 gives all Hopf x-algebra structures on H.

Proof. Assume that H has a Hopf x-algebra structure *. Then

Ag)=(x®x)A(g)=g"®g" and e(g") =¢(g) = 1.

Hence ¢* € G(H). By Lemma 3.4, g* = g% for some 0 < w < n. Since * is an
involution and 1* =1, ¢* # 1. Hence w # 0, and so 0 < w < n. We also have

Az )=(x@x)A@)=2"¢" +1"@ax* =" g¢" + 1 @ z".

If w # 1, then it follows from Lemma 3.6 that z* = A(1 — g%) for some A € C.
Since * is an involution and a conjugate-linear antialgebra endomorphism of H, we
have z = (z*)* = (A\(1—g%))* = A(1 —¢®"). This is impossible. Hence w = 1, and so
g* =gand A(z*) = 2*®g+1®x*. Then by Lemma 3.5, z* = aj12+a12y+ai3(l1—g)
for some 11, 12,13 € C. Similarly, one can show that y* = ao1x+a2sy+ass(1—g)
for some ag1, 92,03 € C. Then by xg = wgzx, one gets that (zg)* = (wgx)*.
However, (z9)* = g*z* = g(an1® + 12y + c13(1 — g)) = @119 + 129y + a13(g — g°)
and (wgr)* = wr*g* = w Hanr + any + a13(1 — g))g = w lanizg + wlarayg +

wlans(g—g?) = a1197 +w2aiagy +w taiz(g — g2). It follows that a2 = w™2aq9
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lays. Hence aja(l —w?) = 0 and a3 = 0 by w # 1. Similarly, from

and a13 = w™
(gy)* = (wyg)* one gets that a1 (1 —w?) = 0 and g3 = 0.
(1) Assume that n > 2. Then w? # 1, and hence a2 = az1 = 0 by a12(1—w?) =0

and ag1(1 — w?) = 0. Thus, 2* = a1;7 and y* = agy. Then we have x = (z%)* =

*

(a112)* = a12* = aq1aq1x, which implies that |ag1| = 1. Similarly, one can show
that |agz| = 1. This shows Part (1).

(2) Assume that n = 2. Then 2* = a1z + a2y and y* = ag1x + agey. Hence we
have = (2*)* = (a112 + aq2y)* = aniz* + anzy™ = a1 (an1z + a12y) + @2 (@1 +
Qo2y) = (Qriou1 +a12021)7 + (@11012 + izaz)y and y = (y*)* = (a212 + aeoy)* =
1™ + tzzy* = agr(anix + a12y) + @z + agy) = (@zronr + azzas )T +
(112 + Qgzare)y. It follows that

<a_11 04_12) (0411 Oé12)_<1 0>
Q21 Q22 Qo1 Qg2 0 1)°
This shows Part (2). O

Theorem 3.8. Ifn > 3, then up to equivalence, there is a unique Hopf x-algebra
structure on H given by

g-=g9 z"=2z Y =y

Proof. Assume that n > 3. Then by Lemma 3.1, the relations given in the
theorem determine a Hopf *-algebra structure on H, denoted by *’. Now let * be
any Hopf x-algebra structure on H. Then by Lemma 3.1 and Theorem 3.7 (1) there
exist elements «, 8 € C with |a| = || = 1 such that

9" =9, = =ar, y =Py
Pick up two elements A, A2 € C with A = o and A3 = 8. Then |\{| = [X\a| =1 by
la| =8| = 1, and hence A\] ' = X; and A; ' = N, It is easy to see that there is a Hopf
algebra automorphism ¢ of H such that ¢(g) = g, p(z) = Mz and p(y) = Aay.
Then (g*) = ¢(9) = 9 = g* = (9)", p(a*) = p(z) = iz = A\ aw = Xiz* =
(M2)* = () and o(y) = o(y) = Aoy = A; "By = Aoy = (Aay)* = p(y)*. Hence

o(h*') = @(h)* for all h € H, and so * is equivalent to %', O
Throughout the following, assume that n = 2. In this case, w = —1.
Let A = <a11 a12> and B = <611 512) be two matrices in M»(C) with
Q1 Q22 P21 P22

AA = BB = I, and let x4 and *p be the corresponding Hopf *-algebra structures
on H determined by A and B as in Lemma 3.2, respectively. Then we have the
following proposition.
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Proposition 3.9. x4 and xp are equivalent x-structures on H if and only if there
exists an invertible matrix A in My (C) such that AA = AB, i.e. A1 AA = B.

Proof. Suppose that x4 and *p are equivalent. Then there exists a Hopf alge-
bra automorphism ¢ of H such that ¢(h*4) = ¢(h)*? for all h € H. By Lemma 3.4
and n = 2, one can see that ¢(g) = g. Then by Lemma 3.5, a straightforward

A1 A
H 12) in M3(C) such that
A2t Aa2

o(x) = A1z + A2y and p(y) = Aa1x + Aaay. Since ¢ is an isomorphism, one can

computation shows that there exists a matrix A = (

check that A is an invertible matrix in M>(C). Now we have

p(x™) = p(anr + azy) = ane(r) + a2o(y)
= a1 (A1 + A2y) + a2(Aorz + Aa2y)
= (11 A11 + @12201)T + (@11 12 + @12A22)y

and L o
e(x)* = (M1 + A12y)"® = A12™8 + Ai2y™®

= M1(Buiz + Bi2y) + Ai2(Ba1x + Bazy)
= (M1B11 + M2B21)x + (Mi1B12 + M2Ba2)y.

Hence, it follows from p(z*4) = @(x)*® that a1 A1+ a12do1 = 1811 + A12f21 and
a11M12 + 1292 = A11B12 + Ai2f22. Similarly, from ¢(y*4) = ¢(y)*?, one gets that
2111 + @221 = X211 + A22Ba1 and azi Az + @a2des = 21512 + Aa2fB22. Thus,
we have AN = AB.

A A
Conversely, suppose that there exists an invertible matrix A = ( 1 12) in

A2t A2z
M>5(C) such that AA = AB. Then it is straightforward to check that there is a Hopf

algebra automorphism ¢ of H uniquely determined by ¢(g) = g, o(z) = A112+ A2y
and p(y) = A212 + Aa2y. Obviously, p(g*4) = v(g9)*® = g. From the computation
above, one gets that p(z*4) = p(x)*8 and p(y*4) = p(y)*B. It follows that p(h*4) =
p(h)*8 for any h € H. This shows that x4 and *p are equivalent. O
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