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Abstract. We give a characterization of the Holder-Zygmund spaces C? (G) (0 < 0 < o0)
on a stratified Lie group G in terms of Littlewood-Paley type decompositions, in analogy
to the well-known characterization of the Euclidean case. Such decompositions are defined
via the spectral measure of a sub-Laplacian on G, in place of the Fourier transform in the
classical setting. Our approach mainly relies on almost orthogonality estimates and can be
used to study other function spaces such as Besov and Triebel-Lizorkin spaces on stratified
Lie groups.
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1. INTRODUCTION

The classical Holder-Zygmund spaces C°(RY) (0 < o < o00) on the Euclidean
space R? play an important role in harmonic analysis and partial differential equa-
tions. Let us first recall the definition of these spaces. For 0 < o < 1, C7(R?) is
defined to be the space of all bounded continuous functions f: R? — C such that

[f(z+y) = f(2)]

[ fll oo (me)y + sup  sup — : 0<o<l,
1l c€Rd yeRd\ {0} lyl
Co(Rn) =
z+y)+ fle—y)—2f(z
||f||L°°([Rd)+ sup  sup |f( y) + f( y) f( )|, o=1,

z€R yeRa\ {0} |yl
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is finite. For 0 = k + o/ where k = 1,2,... and 0 < ¢’ < 1, C7(R?) is defined to be
the space of all C* functions f: R? — C such that

”f”C"([Rd) = Z HDafHC(r’(Rd) < 00.

lal<k

It is well-known that the spaces C?(R?) (0 < o < o) can be characterized in terms
of the Littlewood-Paley decomposition. To recall such a characterization, choose
Yo, € S(RY) such that

supp Fibo C {£ € R%: [£] <2} and |Fyo(€)| > ¢ on {|¢| <5/3},
and
Supp}"wc{ﬁe[}%d: 1/2< €] <2} and [Fy(€)] =c on {3/5< ¢ <5/3},

where ¢ is a positive constant, and F is the Fourier transform operator. For j =
1,2,..., we set

Vi(z) = 29%)(2x), x € R

Then the Littlewood-Paley characterization of C7(R?) (0 < ¢ < 00) can be stated
as follows. For every f € C?(R%), one has the estimate

sup 277\ f x ;|| oo (may < C|lfllco (ray,
jeNu{0}

where C' is a positive constant independent of f. Conversely, every distribution

f € S'(RY) that satisfies sup 277 f * Y|l oo (ray < 00 can be identified with an
JENU{0}
element of C?(R?), and for such f one has the estimate

[ fllceraey S C" sup  277| f x| oo (ray,
jeNuU{0}

where C’ is also a positive constant independent of f. See, e.g., [9] and [15].

In the 1970s, Folland in [3] generalized the classical Holder-Zygmund spaces to
the setting of stratified Lie groups. To recall the definition of these spaces, we need
first to recall some basic notions concerning stratified Lie groups. A Lie group G
is called a stratified Lie group if it is connected and simply connected, and its Lie
algebra g can be decomposed as a direct sum g = V1 @...®V,,, with [V1, V] = Vi1
for 1 <k <m—1and [V1,V,,] =0. Such a group G is necessarily nilpotent, and
thus the exponentlal map exp: g — G is a diffeomorphism which takes the Lebesgue
measure on g to a bi-invariant Haar measure dz on GG. The group identity of G will
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be referred to as the origin and denoted by 0. A typical example of stratified Lie
groups is the Heisenberg group H".

The algebra g is equipped with a natural family of dilations {d; };~o which are the
algebra automorphisms defined by

8 (Z Zj) =Y 2 (ZeV)).
j=1 j=1

Under the identification of G with g (via the exponential map), §; may also be viewed
as amap from G to G. We generally write tz instead of §;(z), for € G. The number

Q= i j(dim Vj) is called the homogeneous dimension of G.
=1

A }jlornogeneous norm on G is a continuous function x — |z| from G to [0,00)
which vanishes only at 0 and satisfies that |z~!| = |z| and |§:(x)| = t|z| for all
x € G and t > 0. It is shown in [5] that there exists at least one homogeneous
norm on G and any two homogeneous norms on G are equivalent. Henceforth we fix
a homogeneous norm on G. It satisfies a triangle inequality: there exists a constant
~ > 1 such that

(L.1) lzy| < (=] + [y])

for all z,y € G.
The elements of g will be considered as left-invariant vector fields on G. We fix
once and for all a basis {X1,...,X,,} for V1 C g. Then the operator

ni
s--3x
j=1
is called the sub-Laplacian on G. Let

I(nl): U {1,...,n1}k

keNU{0}

be the set of multi-indices I with values in {1,...,n1}, of arbitrary length. For
I={(i1,...,ix) € {1,...,n1}* C Z(n1), we set |I| = k and

X=X, ... X;,,

with the convention X; =id if I € {1,...,n;}° = 0.
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Now let us recall from [3] the definition of the Holder-Zygmund spaces C?(G)
(0 < 0 < o0) on the stratified Lie group G. See also [4]. For 0 < ¢ < 1, C?(G) is
defined to be the space of all bounded continuous functions f: G — C such that

[ (zy) = f(2)]

1fllLoe(c) + sup  sup = , 0<o<1,
T 2€G yeG\{0} |yl
Co (@) = 1
zy) + f(x —2f(x
||f||Loo(G)+sup sup |f(zy) + fley™") f( )|, o=1,
2€G yeG\{0} |y]

is finite. For o0 = k 4 ¢’ where k = 1,2,... and 0 < ¢’ < 1, C?(G) is defined to be
the space of all C* functions f: G — C such that

(1.2) I fllcoa) = Z | X1 flleor () < o0
I€Z(n1),|I|<k

Note that in [3] the spaces C?(G) defined above are called Lipschitz spaces, and are
denoted by I'o(G) there.

The purpose of this paper is to give a Littlewood-Paley characterization for
the spaces C?(G) which is analogous to that of the classical Holder-Zygmund
spaces C?(R9). The Littlewood-Paley operators in our setting will be defined via the
spectral measure of the sub-Laplacian .Z. Note that when restricted to C§°(G), .Z is
essentially self-adjoint. Its closure has the domain D = {u € L*(Q): Zu e L*(G)},
where Zu is a derivative in the sense of distributions. This closure is the unique
self-adjoint extension of . |cgc(0). We denote this extension also by the symbol .Z.
It admits a spectral resolution

o0
&= / NdE),
0

where dF) is the spectral measure. Any bounded, Borel measurable function K
on [0, 00) defines a bounded operator

R(2) = /0 T ROV B

on L*(G). As shown in [2], page 76, the spectral measure of {0} vanishes, so the
point A = 0 may be neglected in the spectral resolution, and we should regard K
as a function on (0, 00) rather than on [0, 00). Since the operator K (%) is bounded
on L?(G) and commutes with left translations, it follows from the Schwartz kernel
theorem that there exists a convolution distribution kernel K € §’'(G) such that

R(&)f=f+K YfeS@),

134



where S(G) and §'(G) are respectively the Schwartz space on G and the distribution
space on GG, whose definitions will be recalled in Section 2 below.

Let R* := (0,00). Denote by S(R*) the space of all smooth functions ® on R+
be such that for every nonnegative integer k, k) (A) decays rapidly as A — 400 and
converges to some finite number as A — 0T, where ®® is the kth order derivative
of ®. An important fact, which was originally given in [11], says that if des (RT)
then the convolution kernel ® associated to () is in S(G). Due to this fact, if
® € S(RT) then one naturally enlarges the domain of ®(.%) from L%(G) to 8'(G):

L) f=fx® VfeSG).
The main result of the present paper is the following:

Theorem 1.1. Let \ffo,\i' € S(RT) be such that supp\io € [0,4], supp\i' C
[1/4,4], and

(1.3) WP+ [T ¥ =1 YreR™

For j =1,2,..., we set
(1.4) T;(\) == U(27%)), reR*,
Then for every f € C°(G) we have the estimate

(1.5) sup 297 0(L) fllne(a) < Cllfllee (e
jeNuU{0}

where C' is a positive constant independent of f. Conversely, every distribution

f € 8'(G) that satisfies sup 2j"||\f/ (Z)fllL=(q) < oo can be identified with an
jeNu{0}
element of C° (@), and for such f we have the estimate

(1.6) I fllcoe) < C sup 27| WH(L) fll pos(cr):
jeNuU{0}

where C' is also a positive constant independent of f.

Folland in [4] established a characterization of C?(G) in terms of Poisson integrals,
which may be thought of as an earlier version of the Littlewood-Paley characteriza-
tion of C?(G). Different from [4], the Littlewood-Paley operators used in the present
paper are built via the spectral measure associated to the sub-Laplacian, and the
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convolution kernels associated to our Littlewood-Paley operators are Schwartz func-
tions on G. It should be mentioned that Saka [14] first introduced Besov spaces
Aa,p,q) (¢ € R, 1 < p € 00, 1 € ¢ < o0) on stratified groups, by using the
heat semigroup. Giulini in [8] defines Besov spaces By, (o € R, 1 < p < o0,
1 < g < o) using a Littlewood-Paley type decomposition on stratified groups, and
proves that By = coincide with A(a, p,q) introduced by Saka. The main result of [8]
is a characterization of By, by their approximation theoretic properties. But the
result of [8] seems not to yield the equivalence between BZ . and C?(G) directly.

00,00
«
p,q

fied groups. Among other things, they established wavelet characterizations of B;i -

Recently, Fiihr and Mayeli in [6] studied homogeneous Besov spaces B2 on strati-

e%

%,00 and the homogeneous Holder-Zygmund spaces

However, the relation between B
is not investigated in [6]. It is also worth pointing out that Furioli et al. [7] re-
cently introduced Besov spaces on Lie groups of polynomial growth, by means of the

Littlewood-Paley decomposition related to the sub-Laplacian. So it is an interest-

«

S,00 10 such a more general setting coincide with

ing problem whether the spaces B
(appropriately defined) Holder-Zygmund spaces.

The rest of the paper is organized as follows. In Section 2, we recall some known
results on stratified Lie groups. In Section 3, we give an almost orthogonality es-
timate and use it to derive a Calderén type reproducing formula. In Section 4, we
give the proof of our main result, Theorem 1.1.

Convention: Throughout the paper, C denotes a positive constant which is inde-
pendent of the main variable quantities involved but whose value may vary from one
occurrence to the next. For two variable quantities a and b, if a < Cb, then we write
a<borb2a Ifbotha <bandb < aarevalid, then we write a ~ b. The set of
all strictly positive integers is denoted by N, and the set of all strictly positive real
numbers will be denoted by RT. For any o > 0, |o] denotes the largest integer less
than or equal to o. If o, 8 € R, we use a A § to denote the number min{«, 5}.

2. SOME KNOWN RESULTS ON STRATIFIED LIE GROUPS

Recall that we have fixed a basis {X1,...,X,,} for Vi C g. We now let
{Xn,41s---,Xn,} be a basis for Vo, {X,41,...,Xn;} be a basis for V3, and so
on, so that we obtain a basis {Xi,...,X,} for g adapted to the stratification.
A complex-valued function P on G is called a polynomial on G if P o exp is a poly-
nomial on the vector space g = R™. Let &1,...,&, be the basis for the linear forms
on g dual to the basis X1,..., X, for g, and set n; =& oexp™!, j =1,...,n. Then
M, ...,y are generators of the algebra of polynomials on G. Thus, every polynomial
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on G can be written uniquely as

l In
(2.1) P = Z ay 1 s a1, €C,
iyl ENUTO}

where all but finitely many of the coefficients a;, . ;, vanish. A polynomial of the

type (2.1) is said to be of homogeneous degree M, where M € N U {0}, if the
inequality

2”: diply <M
k=1

holds for all those multi-indices (l4,...,l,) for which a;, . ;, # 0, where each dy, is
a positive integer given by

For M € NU {0}, we let Py denote the space of polynomials on G of homogeneous
degree M. A function f: G — C is said to have vanishing moments of order M,
where M € N, if

/ f@)P(x)de =0 V P e Py_1,
G

with the absolute convergence of the integral.
The convolution of two functions f, g on G is defined by

fog(a) = /G F@)gly~'z) dy = /G f(ay)g(y) d,

provided that the integrals converge absolutely. For j = 1,...,n1, we let Y; denote
the right-invariant vector field which coincides with X; at the origin. For I =
{il,...,ik} S {1,...,n1}k - I(nl), we set I = {ik,...,il}, Xr = Xi1 . ¢
Yr =Y, ... Y, . The operators X; and Y7 interact the convolution in the following

i, and

way:
(2.3)  Xi(fxg)=f*(Xrg9), Yi(f*xg)=O1f)xg, (Xif)xg=[f*(Yi9).

If f is a function on G, we define the reflection of f by f(z) = f(z~!), x € G. Then
we have

(2.4) Xif = (~)"¥i .

We now recall the definition of Taylor polynomials of a function on G. Let
M eNU{0}, f € CM(G) and z € G. The (left) Taylor polynomial of f at = of
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homogeneous degree M is defined to be the unique polynomial Pl(,f ]34() € Py such
that X7 f(0) = X;P’};(0) for all multi-indices I € Z(n;) with |I| < M. Note that
Pgo) (-) = f(x). The following stratified Taylor inequality will be frequently used.

Proposition 2.1 ([5], Corollary 1.44). For every M € N, there is a constant Cy
(depending on M) such that for all f € CM(G) and z,y € G,

[f(zy) = PO ) < Culy™  sup [(X1f)(z2)],
I€Z(n),|I|l=M
|2| <™ |y

where b is a positive constant independent of M, f, x and y. In particular,

[f(zy) — f(2)] < Cly| sup [(Xpf)(xz)].
1<k<n,
|z|<bly|

We denote by S(G) the space of all functions f on G such that foexp™! € S(g) =
S(R™). As pointed out in [5], page 35, S(G) is a Fréchet space and several different
choices of families of norms induce the same topology on S(G). In this paper, for

our purpose it will be convenient to use the following family: for any ® € S(G) and
M € NU {0}, we define

[@llsy = sup (| Xr®(x)| + [YVr®(@))(1 + [z
IEI(nl)éIKM
ES

It follows immediately from (2.4) that |®||s,, = ||®||s,,. The dual space S'(G)
of §(G) is called the distribution space on G. For f € §'(G) and ® € S(G), we shall
denote the evaluation of f on ® by (f, ®).

For any function f on G and t > 0, the L'-normalized dilation of f is defined by

D, f(x) =t9f(tz), zeG.

The 2-homogeneity of .Z implies the following fact: if des (RT) and if ® denotes
the convolution kernel associated to 6(.3 ), then the convolution kernel associated
to ®(t-2.%) coincides with D;®.

For any = € G and r > 0, we define the ball centered at x of radius r by B(z,r) =
{y € G: |z~ 'y| < r}. Denote by |E| the Haar measure of any measurable E C G.
Since d(rz) = 7% dx, we have |B(x,7)| = cor® for all z € G and r > 0, where ¢ is
a positive constant. Consequently, G satisfies the volume doubling condition, namely,
there is a constant C such that |B(z,2r)| < C|B(z,r)| for all x € G and r > 0.
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The heat kernel h; on G is, by definition, the convolution kernel associated to the

. —t%L
heat semigroup e , L.e.,

e_t‘ff(a:) =fxh(z), ze€G, t>0.

By [16], Theorem IV.4.2, h; and its derivatives satisfy the following Gaussian upper
bound estimate: for any multi-index I € Z(n;), there exist constants C, ¢ such that

|z

2.5 Xrhe(z)] < Ot~ THQ)/2 o _2r re G, t>0.
(25) Xihe(o) b~ zeq
c

This estimate together with Proposition 2.1 yields that h; also satisfies the following
Holder continuity estimate: there exist constants C’, ¢ such that for all ¢ > 0 and
all z, 2’ € G with |z~ '2’| < (2by)~!v/t, where b is the constant from Proposition 2.1
and ~ is the constant from (1.1), we have

—1,. 2
(2.6) he(z) — he(2)] < C’(%)t‘gﬂ eXp(—%).

We have seen that G satisfies the volume doubling condition, and the heat kernel h;
associated to the sub-Laplacian . satisfies the Gaussian upper bound estimate and
the Holder continuity estimate. Hence the general theory developed by Kerkya-
charian and Petrushev in [12] can be applied to our setting. In particular, the
following smooth functional calculus induced by the heat kernel is valid. (See also
the remarks in [10], page 292.)

Proposition 2.2 ([12], Theorem 3.4). For any N € N with N > Q) +1 there exists
a constant Cy (depending on N ) such that for all dc S(RT), t >0 and z € G, we
have
K2y (@)] < Cll@llwnyt @1+ ¢ a) 7,

where KqA)(t2$)(-) denotes the convolution kernel associated to ®(t*>.%), and H(T)H(N)
is defined by
1@[vy = sup  (L+N)MHHBE ().
AERH 0SSN

Finally, we recall a result from [3]: if « € C, @ # 0, and 0 < r < R < o0, then
there exists a constant C such that

(2.7) / ||~ 9T dx = Ca Y (RY — r%).
r<|z|<R

From this we immediately see that (1+ |-|)~ € L!(G) if and only if N > Q.
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3. AN ALMOST ORTHOGONALITY ESTIMATE AND A CALDERON TYPE
REPRODUCING FORMULA

The following almost orthogonality estimate will be frequently used.

Lemma 3.1. Suppose &,V € S(G) and both of them have vanishing moments of
order M, where M € N. Then for any 0 < € < 1 there is a constant C' > 0 such that
for all j,k € Z,

9—(ink)M
(2-GAK) 1 [g])@+M’

(3.1) 1@y 5 Up(@)] < CYBlls,, [W]5,, 21 HIO )

where ®;(z) := Dy; ®(z), Yi(x) := Do¥(z), and j A k := min{j, k}.

Proof. We first consider the case j < k. Let Pl(,%)fl(-) € Par—1 be the (left)
Taylor polynomial of ®; at 2 of homogeneous degree M — 1. By the vanishing
moment condition on ¥y, we has

|®, % Uy ()] = ‘/G[éj(xy—l) — P ()W (y) dy
<

</ 2,y = Pl dy
[yl <29 +lal)/(295M) "

+ / | 1, (g )| [ We(y)] dy
ly|= (2= 4+|z])/(2vbM)

D, _
wf P ()l dy
[y|= (277 +|x[)/ (27b™)

EIl+IQ+Ig.

By Proposition 2.1 and (2.7), we have

115/ | L)y sup (X1 ®))(x2)| dy
lyl< (277 +|z])/(27b™) I€|I(|n1)],v\11|\TM

z|<bM |y
Z—kM

<119 )50 19151, /

lyl<(2- i+l @iy (275 + [yt

y 278y
sup — y
I€Z(n1),|Il=M (2 7+ |xz|)Q+M+M
2| <6™My]
2—kM2—jM |y|M

~ (1@l ¥ s

: ———dy
(279 + |2)QTMAM [\ o-itiap)y/@ypry (278 + [y[)@+M
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2—kM2—jM2k6 |y|M d
— _ —- 4y
(277 + )My < 2-a 41l /2yomy (278 + [y
2—kM2—jM2k6 1
@ + o) @

S I®llsn [1]l50s

< I®llsn (1]l 50s

lyl<@-i+|zl)/(2yb) [Y197¢

2—j(M—6)2—j62—kM2k5 2—j€2—kM2ks

~ @l s (1Y |:5s (2-7 4 |o])@+M+M—e < H¢HSJ\/1||\IIHSJ\/IW
2-iM

_ (k=) (M=) <=
— [Bll5u 1 ¥l15,,2 CEENEICEE

Here, in the third line we used that if |y| < (277 + |z|)/(2vb™) and |z| < b™|y| then
279 4 |zz| ~ 279 + |z|, which follows from (1.1). Similarly, we have

2—jM 2—kM

I S {[®@lsw [[¥s / : dy
H H Ml H M (1> (23 |z])/(2ybM) (2*J+|£L'y71|)Q+M (27k+|y|)Q+M

92— kM 2—jM
S ®flsa ¥l 277 + |z|) Q+M (27 + |xy71|)Q+M dy
27kM 27]’M

S H(I)HSM”\I/HSM = H(I)H3M|‘\If||sM27(kfj)M

(279 + |z)@+M (279 + |z[)@+tM
9—iM

(k=P (M—e) 2T
<[ @l Y502 (277 1 [2])@+M

To estimate I3, we first note that by [1], Proposition 20.3.11, the Taylor polynomial
pL®) (+) is of the form
z,M—1

l
P =+ Y > Y e Wi ),

where each d;, is a positive integer defined by (2.2), i.e., d;, := p if X;, € V,,. Hence

9—kM M-1 27jM|y|l
I3 < ||® g - d
s S 1B)ls,, 10 s, /y><2j+|x|>/<w> A X @ e Y
27 IM |yl
< 1@ )50 1715 / dy
M M(2-d +|x| (277 + [a])@tM Z lyl> (24 z)) /290 (277 4 [y)@HMH
9—kM M-1 2—je|y|l
L P —— / _ dy
Vs T2 2 s 50s s T AT
Q—kMZkEZ—js 2—k5
S Psu ¥l 277 + |£L'|)Q+M o (27F 4 |y|)Q+e dy
2-IM

< ~(h=(M—e) 2T
S 18llsy 1 ¥lls, 2 TR
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Therefore, for j < k we have

szM

. —(k=)(M—-e) ___ =
(32) 18 ()] S 1Dy W2 CEEamE

Next we consider the case j > k. Since ®; % Wy,(z) = V) ®;(z~1) and since f has
vanishing moments of the same order as f, it follows from (3.2) that

~ o~ i _ 2—iM
(3.3) [®) % Wp(x)| = [Wp + 5 (27| S (W], @] 5,27V H M afffijﬂyiﬁﬁv
where we also used the fact that ||<T>H3M = ||®||s,, and ||\T/||5M = ||¥||s,,- Combin-
ing (3.2) and (3.3) gives the desired estimate (3.1). O

Remark 3.2. If we only assume ¢ has vanishing moment of order M, then for
7 > k we have

2—kM

. —G-RWM-e)___ =
(3'4) |(I)J * \I/k(x)l IS ||(I>||SZW||\IIHSJ\/12 ! : (ka + |x|)Q+M'

Similarly, if we only assume ¥ has vanishing moment of order M, then for j < k we

have

. 2—IM
) < (k=) (M—-e) = =~
(35) 1Dy U] S 0lls,, 1P )s2 CEEATCE

If € S(RT) and k is a nonnegative integer, we let ®*)(0) := )\liI(I)l+ ®*)(X). Then
—
we have the following lemma.

Lemma 3.3. Suppose M € N, d € S(RT) and

(3.6) d®(0)=0 fork=0,1,...,M—1.

Then the convolution kernel ® associated to 5(,? ) has vanishing moments of or-
der 2M . In particular, if ® € S(R™") vanishes identically near the origin, then ® has

vanishing moments of arbitrary order.

Proof. First we note that, for any polynomial P € Pops_1, we have FMp =,
2M—1
Indeed, every P € Papr—1 can be decomposed as a sum P =ag + », a;P;, where
j=1
ag,a1,az,... € Cand P; € P; \ Pj_1, j=1,...,2M — 1. Since every P; is smooth

on G and homogeneous of degree j, ZM P; is smooth on G and homogeneous of
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degree j —2M < 0. So M P; must be identically zero on G, and hence M P =0
on G.

Define ©()) := A™M®(\), A € RT. Then (3.6) implies that © € S(R). Let ®
and © denote the convolution kernels associated to ®(%) and O(.%), respectively.
Then we have ® = #M@. For all P € Pyjs_1, by integration by parts, we have

/@(x)P(x)dx:/(XMG)(x)P(x)dx:/ ®(2)(LMP)(z)dz = 0.
G G G

This shows that ¥ has vanishing moments of order 2M. O

We now give a Calderén type reproducing formula on G.

Lemma 3.4. Suppose ®g, ® € S(RT), ® vanishes identically near the origin, and
o0
(3.7) Z 272)) =1 VXeR".
Then for all f € §'(G) we have

(3.8) f= Z 27% #)f with convergence in S'(G).

Proof. Let ®, and ® denote the convolution kernels associated to :I;Q(.f)
and EI;(X), respectively. For j = 1,2,..., we define ®; := Dy;®. Then, as we
noted before, ®; coincides with the convolution kernel associated to EI;(Q_QJ' Z) for
j=1,2,...

To prove (3.8), by duality it suffices to show that for all g € S(G), the partial sum

Si(g) == o(L)g + Z (272 .%)g converges in S(G) to g as k — 0o. To see the

latter, note that by (2 3) we have that for all g € S(G), M e NU {0}, k € NU {0}
and [ € N
(3.9)

k+1 k+l1
”Sk-i-l(g) - Sk(g)HSM = Z @(27%3)‘9 Z ”g * (I)j”SM
j=k+1 Sm j=k+1

k+l1
- sup (| X1(g % @;)(@)] + [Yi(g * @5) (@) J(1 + |29
j=k+1 I€Z(n1),|II<M
zeG
k+l1

= sup [27171]g (X1®);(x)| + |(Yrg) * D (x)[](1 + |z )@+HMFIL
j=k+1 IEI(nlg,C\;I\gM
x
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where (X;®); := Dqi(X1®P). Let M be a positive integer such that M > M + 1,
and let 0 < ¢ < 1. Since ® vanishes identically near the origin, it follows from
Lemma 3.3 that ® has vanishing moments of arbitrary order. In particular, ® has

vanishing moments of order M. Hence, by (3.5) in Remark 3.2, we have that for
j=1,2,...

(3.10)  |g# (X®);(0)] < Cllgllsa X1 @5, 27T (1 4 )=+ M
and
(B.11)  [(Y1g)* ®;(x)| < ClIYrgllsy, [®]ls, 27 M (1 + o) =@+,
Put

Cowar i=max{lgls, ( sw 1K@l ), (s |Viglsy )I®lls, }-
I€Z(n1),|II<M I€Z(n1),|II<M

Since g,® € S(G), we have Cy o ar < 00. Inserting (3.10) and (3.11) in (3.9), and
taking into account that M — M — e > 0, we get

k+1 o)
1Sk+1(9) = Sk(9)llsa < CCoanr Y, 2775 < CCyanm Y, 27950 ask — oo,
j=k+1 j=k+1

This shows that {Sk(g)}72, is a Cauchy sequence in S(G). By virtue of the com-
pleteness of S(G), there exists h € S(G) such that Sk(g) — hin S(G) as k — co. On
the other hand, it follows from (3.7) and the spectral theory that Si(g) — ¢ in L?(G)
as k — oco. Therefore, since g, h € C*°(G), we must have h(z) = g(z) for all z € G.
Hence Si(g) — ¢ in S(G) as k — co. The proof of the lemma is completed. O

4. PrROOF OF THEOREM 1.1

We need somme lemmas. First, we have the following estimate for derivatives of
the Bessel potentials associated to Z.

Lemma 4.1. Supposea € R, a > Q/2, k € NU{0} and k < 2a—@Q. Let J, denote
the convolution kernel of the operator (id + .2)~*. Then for any I € Z(n1) with
|I| < k and any N > 0, there exists a constant C,, 1N (depending on o, I and N)
such that for all x € G,

| X1Ja(2)] < Carn(1+ |27V,

144



Proof. Note that J, can be expressed as

(4.1) Jo(z) = ! ] /oo t* e thy(z)dt, z€G.
0

)

Using (2.5) it is easy to see that the integral fooo t*~le~t X hy(x) dt converges uni-
formly in € G. So we may differentiate (4.1) under the integral to get

XrJo(z) = 1)/ t* e Xrhy(x)dt, =€ G.
0

e

Hence by (2.5) we have

1 oo
| X 1o ()] < m/0 t* e ™| X1hy ()| dt

S Cor /oo po—1o—ty—(114Q)/2 122/ (ct) gy
0

v 2/clz| 0o
= Coz,I (/ —|—/ )talett(|f|+Q)/2€z2/(ct) dt.
0 V2/clz|

For 0 < t < \/2/c|z| we have the estimate e~ 171°/(¢1) < e~121/V2e while for \/2/c|z| <
t < 0o we have the estimates et = e~ t/2e7t/2 < o= t/2e=121/V2¢ and e~ l=1*/(ct) < 1.

Therefore we have

| X1Ja(2)]
\/2/c|lx
SCaje_lxl/@</ fe

pa—1=(11+Q)/2g—t gy +/
0

jam 1= (114Q)/2g /2 dt)
V2/clz|

< Core 17V2e <O v+ [2) 7Y,
as desired. U

Lemma 4.2. Suppose a« € R. Then S(G) C D((id + .£)%). Furthermore,
(id + £)* maps S(G) into S(G) continuously.

Proof. We first show S(G) C D((id + £)*). Note that this is trivial if o < 0,
since for all & < 0 we have D((id + .£)%) = L?(X). Assume now « > 0. Let
j=lal+1,and set ®(A\) = (1+A)*(1+X)71, X € RF. Then (1+A)® = ®(N\)(1+N).
Hence by [13], Theorem 13.24 (b), we have

(4.2) D(®(L) o (id +.279)) C D((id + £2)%).
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On the other hand, since ® € L>°(R*), we have D(®(¥)) = L*(G), and hence

D(®(L) o (id+ 2£7)) = {f € L*(X)|f € D(id + £7), (id + £L7) f € D(®(L))}
= D(id + £7).

Combining this with (4.2) we see that D(id+.%7) C D((id +-£)*), which along with
the obvious fact that S(G) C D(id + £7) implies S(G) C D((id + £)“).

We next show that (id +.2)* maps S(G) into S(G) continuously. Let o € R and
® € S(G). We must show that for any multi-index I € Z(n1) and any N > @Q, the
estimate

(4.3) | X1(d +2)*®(2)] < C(L+[a])~Y

holds with a constant C' depending on «, I, N and some Schwartz norms of ®. To
this end, we choose [ to be the smallest integer such that [ > max{a + (Q + |I])/2,
(N — Q)/2}, and then write

(4.4) X;(id+.2)® = X;(id + 2)" (=9 (id + &)\
= [ G+ Y00 (X1 I0) ) b

Since I — > Q/2 and |I] < 2(I — ) — Q, it follows from Lemma 4.1 that

(X1Ji-a)(y™ ' 2)| < Corn (L + |y~ 2)) =V,
On the other hand, since | > (N — Q)/2, we have

|(id +2)' 0 (y)] < [|19]l s (1 + [y) =9 <[ D, (1 + [y .
Substituting these into (4.4), and using (1.1) and (2.7), we get
| X;(id + Z)*® ()|

< Cot v ®sa /G (L4 )1+ Jy el dy

= Cor | ®]ss ( [+ )(1 DN+ )N dy
lyl<|x|/2y ly|=|x|/2v

< Cotn[1®lls / L+ )N (1 + )N dy

|y <2l
X2y

+Co®llsy [ (@ lal) Ny el Y dy
ly[>]z/2y
< Co,r. v [[@llsy, (1 + [2)) 7.
Hence (4.3) is established and the proof is completed. O
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Definition 4.3. For o € R and f € S'(G), we define (id + £)*f to be an
element of S'(G) such that

(i + 2)°1,@) = (f, (d + 2)°®), @ € S(G).
Lemma 4.4. Let (I\IO and ¥ be as in Theorem 1.1. For j =1,2,..., we set
(4.5) U;(\) = W¥(27%)), AeRt,

Let {(:)j}‘;‘;o be a system of functions in S(R*). Let a € R and let L € N be such
that L > Q + 1+ |a|/2. Then for all f € §'(G) we have

(4.6)  sup 2°00;(L) fll=e) S C1O;320) sup 27T (L) fll = (c)
JjeENU{0}

JjeENU{0}
where
N d*e, d*10;(2%)]
4.7) C({©,;1°,) = 14+ \)F )|+ Aoy /=2 4
(4.7) C({9;}520) Aseuug( ) DF ( )’ Aséluﬁ( ) IV (
0<k<L 0<k<L
JeN

Proof. By (1.3), (4.5) and Lemma 3.4, for all f € §'(G) we have

Z Z)f with convergence in §'(G).
1=0

Hence for all j € NU {0} and = € G we have
=0, N(L) Wi (L)f (@),
1=0
It follows that

(4.8) 2°10;(2)f (x)]

oo

<} 206-bagia / Ko, ()00 DI W(2) S (9)] dy
=0

< sup 29U (L 220 l)a/ Ko, (2)tz) (W @) dy
leNU{0} 1=0
yeG
< sup 2la|\I/l Y)Y 2UVer
leNu{0} Z "
yeG
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where K5 )5,(« )() denotes the convolution kernel associated to (:)j (L),(ZL),
and for j,l € NU {0} we have set

Iy ::/G|Kéj(g)\f;l(z)(y_lx)|dy:/G|Kéj(z)@l(g)(y)|dy-

Let N €N be such that N > Q + 1 and 2L — 2N — || > 0. Such N exists since we
have assumed that L > Q + 1 + |a|/2. Now we claim that for all 5,/ € NU {0} we
have

(4.9) L1 S C({8;}52)2 1=,

Assume the claim for the moment. Then substituting (4.9) into (4.8), we see that
for all j e NU{0} and x € G

29%10,(.2) f(x)] S C({O;}2y) sup 2Ty (L 22 l=Ul(2L-2N—la])
leNuU { }
yeG

C{6;12,) sup 2°0(L)f(y)]-

1eNu{0}
yEG

Taking the supremum over j € NU {0} and « € G yields the desired estimate (4.6).
It remains to prove the claim. To do this, we consider the following four cases:
Case (i) j € N, 1 € N; Case (ii) j € N, Il = 0; Case (iii) j = 0,1 € N; Case (iv)

j =0, 1=0. We shall only give the details here for Case (i) since the other cases

can be done similarly. Let 5,1 € N. Put Q()) := ©,(22A)¥(A), A € RT. Then by

Proposition 2.2 we have

|K@j($)‘f/z(f)( vl = |K® (L) (2~ 215)( )| = |KQ(2 2:2)( )|
< On Qw291 + 2" )N

From this and (2.7) it follows that

~ a*Q
Tt S 1@l vy = sup (14 )M 20|

AERT oy
0<k<N
3 a1 dR[0; (2%
< 1 N+Q+1 Ckl H J A ‘
Aseu[r\B» ( +A) 2 d)\ul ( ) d>\k2 ( )
0<k<N k1+ka=Fk
o dRm T d*2[0;(2%)] ,
_ N+Q+1 2(1—5)k J 2(1—3)
sup (14 ) 2. PR H ke 2 A)‘
AER k1+ko=v
0<k<N
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dm v 2(1—4) y|L 2(1—) y|—Ly—1
S | (22AE + 2200578

x 30 g2k

k1 +ko=k
S C({0;)5)2 2=,

where for the last inequality we used the fact that supp U C [1/4,4]. Hence the claim
is true and the proof is completed. (Il

Lemma 4.5. Let \Tlo and U be as in Theorem 1.1. Forj=1,2,..., we set
U;(0) =02 %)), AeRT
Then for any «, 8 € R there exists a constant C' such that for all f € §'(G),

(4.10)  sup 2j(’6_2a)||@j(-$)(id+-$)af||Loo(G) ~  sup 2jﬁ||{i’j($)f”L°°(G)-
jeNuU{0} jeNu{o}

Proof. Forj=0,1,2,..., we define

~

0;(\) :=2"YW,(\)(1+ 1), AeRT,
Obviously, each C:)j belongs to S(RT). Note that for j = 1,2,... we have
0,;(2%.) = 27HW()(1 4 2%.)°,

Hence, the assumption supp U C [1/4, 4] implies that the number C({(:)j }320) defined
by (4.7) is finite. Therefore it follows from Lemma 4.4 that for all f € S§'(G),

sup 200720 (L)(id +.2)° fllp~(c) = sup  27°]0;(L) fllL=(c)
JENU{0} jeNu{0}
<C6,1,) sup 2P| 0(L) fll = (c)-
FjeNU{0}

This estimate also implies

sup 2j’6||‘i’j($)f||L°°(G)
jeNu{o}

= sup 9202001 § () (id + .2) 7 (id + 2)° f || L=(o)
jeNuU{0}

< CHB;12y) sup 205729 T (L) (id +.2)° fll 1= (c)-
FjeENU{0}

Therefore (4.10) is true, and the proof is completed. O
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Lemma 4.6. Let \Tlo and U be as in Theorem 1.1. For j =1,2,..., we set

~

(4.11) U;(\) = W¥(27%)), AeRt,

Then for any I € Z(ny1) and o € R there exists a constant C such that for all

fes(aG),

(4.12) sup 27D (L) (X1 f)l|ie) < C sup 2% T5(L) fll=(c).
jeNu{o} JENU{0}

Proof. By (1.3), (4.11) and Lemma 3.4 we have
S5
1=0

with convergence in §'(G). Hence for any I € Z(n1) we have

o0

Xif =Y Xr0(L)0(2)f.

=0

Consequently, for all j € NU {0} and z € G,

(4.13) V(L) (X1 f) (@) =Y V(L)X V(L)Wi(L) f().

=0

Let Uy, and ¥ denote the convolution kernel associated to @0(3 ) and ¥ (%),
respectively. For j = 1,2,..., we set ¥; := Dy; ¥. Then for j € NU {0}, ¥, co-
incides with the convolution kernel associated to \T/J(.,iﬂ ). Hence by (2.3) we can
rewrite (4.13) as

U (L)X (f % Wy % 0)) ()

V(L) (X1 f) ()

~
Il
o

M

~
I
o

M

(f W) * (Y795)(x)

~
I
o

=0
Where (YI"\I/)j = ng (Yf\I/)
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Let ¢ € (0,1) and let M € N be such that M — e — |a| > 0. Since both ¥ and Y;¥
have vanishing moments of arbitrary order, it follows from Lemma 3.1 that for any
M € N and any ¢ € (0,1) there exists a constant C' (depending on ¥, M, I and ¢)
such that for all j, [l € N,

9—(GnHM

5. —1i-ll(M—e)
W+ (Y7®);(2)] < C2 (2-GAD 4 [2])@+M

This along with (2.7) implies that | ¥, * (Y;®);||11(q) < 279 ~U(=2). Therefore,

sup 271D |0, (2) (X, )]

JeNU{O}
zeG
= sup ZJO‘Zf*\I/l*\I'Z*(Y\I/)()
JENU{O} -0
zeG
< sup 2jaz:Hf Vil Lo (e 10 * (Y7¥)] 2 (a)
]ENU{O} -0
zeG
< sup 2|f x Uil pee(c) sup Z 20— l)a||\Ill * (Yi9);ll 1y
leNu{0} JeNU{0} 155
< sup Qla”f* \I’l”LOO(G) sup ZQ |i—1|(M—e—|al)
leNu{0} NU{0} 15
S sup 2la||f*\I’l||Loo(G) sup 2a||\I’l($)f||Lac(G).
1eNu{0} eNu{0}
The proof is thus complete. (Il

Lemma 4.7. Let \Tlo and U be as in Theorem 1.1. For j=1,2,..., we set
;0 :=T(2%)), AeRT
Then for any « € R and [ € N,

(4.14) sup 2% ;(L) fll p= ()
jENU{0}

~ Y sup 2ODUHL) X f) ey, fES(Q).
1€Z(n), 1| <1 ENVL0}

Proof. The inequality

sup 2P NT L)X )= S sup 20 T5(L) fll=(c)
1€Z(n), 1<t ENV10} jeNu{o}
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follows immediately from Lemma 4.6. To see the converse inequality, note that by
Lemma 4.5 and Lemma 4.6

sup 27|05 (L) fll L)
JjeENU{0}
= sup 2°T;(L)(id + L)V (d +.2) 2 fl| e
FjeNU{0}
< sup 2OV THL) A+ L)Y fll (o)
FjeNU{0}
= sup 2@ D|T(L)(d+ L)V (d+ L) f(z)|
FjeENU{0}
z€G
sup 2/ DT;(2)(id + 2) 72 f (2))|
FeNU{0}
z€G
+3 0 sup 2@TVT(2)(d + 2) T 2X(X f) ()]
k=1 jeNeUC{;O}

A

ni

< sup PO (@) + Y sup 2CTVT(L) (X f) ()]
jENUC{;O} =1 jeNuC{;O}
xE Tre

< sup 2j<a*1>|@j<z>f(x>|+§lj sup 207D |0 (2) (X f)(2))-

jeNu{o} 1 deNU{0}
zeG z€G

By induction, we obtain the direction “<” in (4.14). Hence the proof of the lemma
is completed. ([

Lemma 4.8 ([3], Proposition 5.8). Suppose 0 < 8 < 1 and f is a bounded
continuous function. Then f € C(G) if and only if there is a constant B > 0 such
that for every T > 0 there exist f, € C'*P(G), f™ € C*=P(G) with | f+||c1+5(c) < BT,
fller-5(a) < Bt~ and f = f,+f7. In this case, the smallest such B is comparable
to [[fllere)-

Lemma 4.9. Let \Tlo and U be as in Theorem 1.1. For j =1,2,..., we set
(4.15) U;(0):=T(2%)), AeRT
Suppose 0 < < 1 and f € §'(G). Then
s PNV~ @) < oo
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if and only if there is a constant B > 0 such that for every 7 > 0 there exist

fer f7 € S'(G) with

sup 29D |0 (L) fr || () < B,
jeNuU{0}

sup 270 |W5(L) 7| gy < BT,
jeNuU{0}

and f = f; 4+ f". In this case, the smallest such B is comparable to

sup 27|05 (L) fll p(c)-
jeNuU{0}

Proof. Let ¥y and U denote the convolution kernel associated to \f'o(.f)
and \Tl(f), respectively. For j =1,2,... we set ¥; := Dy; ¥. Then for j € NU {0},
U, coincides with the convolution kernel associated to v i(2).

We first prove the “if” part of the lemma. Suppose we can find B, f., f7 as above.
Then, putting 7; := 298§ =0,1,2,... we have f = Jr; + 77, and

sup 2| U(L) fllrw(ey < sup 270 EDNT(L) fr |l 1o )

jeNu{o} jeNu{o}
+ sup 2P DNVHL) [T 1
jeNu{o}
< sup B2_jﬁrj+ sup B2jf67j_1:2B.
jENU{0} jeNU{0}

To prove the “only if” part, note first that it suffices to consider 7 > 1, since

for 7 < 1 we can simply take B = sup 2j||\ffj(.$)f||Loo(G), fr=0and f, = f.
JjeNU{0}

Given f € §'(G) with sup 2j||(1\/j($)f||Lac(G) < o0, and 7 > 1, we set f, =
jENU{0

ko - o ~

SU(L)Y(L)f and [T = ) U (L)V(ZL)f, where k is the unique positive

=0 I=k+1

iﬁteger such that
(4.16) k=1 < 718 < ok,

Then, it follows from (1.3), (4.15) and Lemma 3.4 that f = f,+ f7. Since T vanishes
identically near the origin, by Lemma 3.3 ¥ has vanishing moments of arbitrary
order. Hence it follows from Lemma 3.1 and (2.7) that there exists a constant Cy
such that for all j,l e NU {0}

(417) ||\I/j * \I]l”Ll(G) < C\p272|j7”.
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Now let us set

B:=2° sup 20 (L)fllp=( sup Y 2 blR-0=8)
1eNuU{0} jeNu{o} 155

Obviously, B is a finite positive number. By (4.16) and (4.17) we have
sup 2N L) fr L)
jeNuU{0}
k o~ o~ ~
D V()WL) V(L) f

=0

= sup 97(1+8)
jeNu{o0}

L= (@)

~ =~

< sup 2UDNNGUL) fll e 190+ T e
jeNuU{0} 1—0

k
< sup 2l||\Ill($)f||Loo(G) sup 27049 Z 27| W, % Vsl
leNu{0} jeNu{o} 1=0

k
< sup 2T(L)fllp=(e) sup 210N o=l

leNu{0} jeNu{o} 1=0
k
< sup 20 (L) fll w2 sup Y 2T lAR-(EA)]
leNU{0} JeNU{0} 155
< Br.
Similarly,
sup 20D T5(L) 7|l
JjENU{0}
= sup 20PN UL (L) (L) f
JjeNu{0} I=k+1 L=(G)

oo
< sup 207N UL fll e () W0 % V5| i)
jENU{0}

I=k+1

< sup 2l||@l($)f||Lm(G) sup 270-8) Z 2*l||\Ill*\Ilj||L1(G)

leNu{0} FjeNU{0} I=kt+1
. oo

< sup 2U(L)fllpee sup PO N onipmRli
1eNuU{0} JENU{0} I=k+1

< sup Zl||\I'l($)f||Loo(G)2’(k+1)5 sup Z 9—li=l[2—(1-p)]
leNu{o} JeNu{0} ;557

< Br L.

The proof of the lemma is completed.
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Now we are ready to give the proof of the main theorem.

Proof of Theorem 1.1. Let ¥y and ¥ denote the convolution kernel associated
to \Tlo(.,?) and \Tl(.,?), respectively. For j = 1,2,... we set ¥; := Dy; V. Then for
j € NU{0}, ¥, coincides with the convolution kernel associated to \T/j ().

Case I: 0 < 0 < 1. For any f € C?(G) we have

(4.18) [Wo (L) fllLee = IIf * Wolle < [ WollLre)llfllLe@) S Iflleoa)-
For j =1,2,..., by the vanishing moment condition on ¥, we have
(4.19) 207||05(L) fll = = 297 sup [ f ()]

zE

<297 sup /G Fay) = F(@)]1%5()]| dy

zeG

<l /G 1293179, (3)| dy

— Iflle-ce /G W1 @) dy < 1 le-c)-

Combining (4.18) and (4.19) gives (1.5).
To see the converse statement, we need first to show that every distribution

f € §(G) that satisfies sup 2j"||\flj (L) fllLe(c) < oo coincides with a bounded
jeNU{0}
continuous function on G. Indeed, by (1.3), (1.4) and Lemma 3.4, for any f € S'(G)

we have

(4.20) F=Y (D)D) f =) [0,

Jj=0 =0

with convergence in §'(G). Hence, if sup 2jg||@j($)f||Loo(G) < 00, then for any
JeNU{0}
Ny, N2 e NU{0} with N; < Na we have

Ny N2
(421) S I vev@)l< Y /Glf*\l'j(y)ll‘lfj(y‘lx)ldy

Jj=N1 J=N1

No
< sup 2T (D) e S 279 /G ¥, ()] dy
j=N

jeNuU{0}
No
S sup 270 ( D) flleee) Y, 2777 =0 as Ny, Ny — oo,
jeNu{o} e
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which shows that the partial sum of the series Y f*¥; % U,(x) is uniformly Cauchy
7=0

in the variable z € G. Thus the series converges uniformly to f(x). Since every
f*W;xW; is continuous on G, the sum function f is also continuous on G. Moreover,
it follows from (4.21) that

[fllLeey) S sup 27(|W;(L) fll Lo (c)-
jeNU{o}

To establish (1.6) it remains to show that for all x € G and y € G \ {0} we have

(4.22) f(zy) — F@)| S yl7 sup 277(|T;(L) f ]l ne(o-
FjeNU{0}

To this end, by (4.20) with convergence uniformly on G we have

Flay) — F(2)] < g /G #0105 ) — Wy (=)

< s 2T ey D2 /G 0, (2y) — U;(2)] d.
=0

JjeNU{0}

Hence, if |y| > 1, we deduce easily from the above estimate that

jeNuU{0}

[f(zy) = f(zx)] < sup 2ja||@j($)f||L°°(G)Z2_ja/G|\Ijj(zy)|+|\I’j(z)|dz
5=0

< sup 270 05(D) fllpee) < Y7 sup 297 T5(L) fll (o)
jeNuU{0} jeNu{0}

Now suppose |y| < 1. Let [ be the unique nonnegative integer such that 27/=! <
ly| < 27L If j < I, then |y| < 277, and hence by Proposition 2.1 and (1.1) we have

|W;(zy) —¥;(2)| S | S|l<1§\ ‘ [y[|(XkV;)(zw)]
Leh<m

=2@ sup  [yl|(Xx®)(2 (zw))|
1<k<n,
[w|<bly|

SPO sup yl|(1+ 27 |zw]) N
fwl bl

N 2j(Q+1)|y|(1 + 2j|z|)fN ~ 2j(Q+1)271(1 + 2j|z|)fN.
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Hence, putting A := sup 2j”||@j($)f||Lm(G), we have
JjeENU{0}

flay) - £(2)]
< E/G 202105 (zy) — T;(2)] dz

<Ai2-ﬂ [ 1 - v
A( /|q/ ) |dz+22w/|\p zy|+|\I'()|dy)

7=0 j=l+1
l 00
§A< z—j"/ 2@ (1427 [2) Ndz+ D 2—1'“)
=0 ¢ j=1+1
~a(2 120 e Va3 2)

j=l+1
NA( l2l(1 a)+2 lU)NAZ_lUNA|y|U.

Therefore, for all z € G and y € G\ {0}, (4.22) is valid. Thus the assertion of the
theorem is true in the case 0 < o < 1.
Case II: 0 = k+ ¢’ where k =1,2,...and 0 < ¢/ < 1. Suppose f € §(G) is such

that sup 2J”||\Il (Z )f”Loo(G) < 0o. Then it follows from Lemma 4.6 that for all
jeNu{0}

I €Z(ny) with |I] <
sup 297 || (L)X )=y < sup 2T (L) (X1 ) )
jENU{0} jeNu{o}

< osup 2L fl| ey < oo
FENU{0}

From this and the remarks in Case I we see that for every I € Z(ny) with |I| < k
X1 f coincides with a bounded continuous function on G. Moreover, for such I we
have

X1 fller oy S sup 27 U () (X1 f)llwoiey S sup 277 Wi(L) flle(a)-
jeNu{o} FENU{0}

Hence

ey = S0 IXiflleriey S sup 271F5(L) Lo
I€Z(n), 1<k jeNu{0}
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Now we prove the converse. Suppose f € C7(G). For every I € Z(n;) with |I] < k,

by what we proved in Case I, we have

Fro

sup 277 W5 (L) (X1 f)llz~(e) S | X1 fllco (-
FeNU{0}

m this and Lemma 4.7 it follows that
sup 270 (D) flleiey ~ Y. sup 27T X )] (o)
FjeNU{0} IeI(n),\I\gkjeNU{O}

< Z X1 flleor @y = I fllco(a)-

I€Z(n),|1|<k

Thus the assertion of the theorem is true in the case o € (0,00) \ N.
Case III: 0 = 1,2,.... In view of (1.2) and (4.14), it suffice to consider the case
o = 1. However, by Lemma 4.8 and Lemma 4.9, we can reduce the case o = 1 to

the cases o € (0,1) and o € (1,2). Hence, by the discussions in Case I and Case II,
we are done.
Therefore, the proof of Theorem 1.1 is completed. (I
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