Czechoslovak Mathematical Journal

Dong Su; Shilin Yang

Automorphism group of representation ring of the weak Hopf algebra ]f:\f;

Czechoslovak Mathematical Journal, Vol. 68 (2018), No. 4, 1131-1148

Persistent URL: http://dml.cz/dmlcz/147528

Terms of use:

© Institute of Mathematics AS CR, 2018

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/147528
http://dml.cz

Czechoslovak Mathematical Journal, 68 (143) (2018), 1131-1148

AUTOMORPHISM GROUP OF REPRESENTATION RING OF THE
WEAK HOPF ALGEBRA Hy

DoNG Su, SHILIN YANG, Beijing

Received March 22, 2017. Published online February 2, 2018.

Abstract. Let Hg be the unique noncommutative and noncocommutative eight dimen-
sional semi-simple Hopf algebra. We first construct a weak Hopf algebra PAI;; based on Hg,
then we investigate the structure of the representation ring of I;T;;. Finally, we prove that
the automorphism group of r([%) is just isomorphic to Dg, where Dg is the dihedral group
with order 12.
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1. INTRODUCTION

As is well known, many researches have focused on studying automorphisms of
algebras. For examples, van der Kulk in [17], Zhao in [21], Yu in [20], Vesselin and Yu
in [8] have made some significant contributions to the automorphisms of polynomial
algebras. Alperin in [2] gave the homology of the group of automorphisms of k[z, y]
over a field k. Furthermore, Dicks in [7] researched automorphisms of polynomial
ring in two variables. Chen in [3] consider the coalgebra automorphism group of
Hopf algebra ky[z;271;y]. Han and Su in [9] studied the automorphism group of
Witt algebras. Jia et al. in [10] proved that the automorphism group of the Green
ring of the Sweedler Hopf algebra over the field F is isomorphic to the Klein group,
and the automorphism group of the Green algebra of the Sweedler Hopf algebra
is just the semidirect product of Zy and G, where the group G = F \ {1/2} with
multiplication given by a-b=1—a — b + 2ab.
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Recently, Chen, Van Oystaeyen and Zhang in [4] described the structure of the
Green rings of the Taft algebra H,(¢). Li and Zhang in [12] extended these results to
the case of the generalized Taft Hopf algebras H,, 4(¢) and determined all nilpotent
elements in the Green ring of H, 4(g). It is noted that for generalized Taft Hopf
algebras Yang in [18] classified their indecomposable modules and gave the multi-
plication of their representation rings. In this paper, we first construct the weak
Hopf algebra Hg corresponding to the unique 8-dimensional noncommutative and
noncocommutative semi-simple Hopf algebra Hg. Then we describe the structure
of the representation ring r(I?g) of I‘?é by the generators and relations. Finally, we
investigate the automorphism group of the representation ring r([?g).

The paper is organized as follows. We first introduce some notation and the
concept of the 8-dimensional semi-simple Hopf algebra Hg. Then we introduce a class
of weak Hopf algebras va based on Hg. The structure of its representation ring T(I,{vg)
is investigated. Finally we show that the automorphism group of r(I?g) is isomorphic
to Dg, where Dg is the dihedral group with order 12. It is interesting to describe
the corresponding results for restricted forms of general quantum groups. It is noted
that our approach is very straightforward.

2. PRELIMINARIES

Throughout, we work over the complex field C unless otherwise stated. All alge-
bras, Hopf algebras and modules are defined over C; all modules are left modules
and finite dimensional; all maps are C-linear; dim, ® and hom stand for dimc, ®¢
and homg, respectively. For the theory of Hopf algebras, we refer to [14], [16].

All 8-dimensional Hopf algebras are described in [13], [15]. One of them contains
a unique neither commutative nor cocommutative semisimple Hopf algebra Hg. In
detail, as an algebra over C, Hg is generated by ¢, h and x subject to the relations

¢>=1, h®=1, gh=hg, zg=hz, gzr=uzh, z°= %(1+g+h—gh).
The coalgebra structure A, € and the antipode S are given by

A(g) =g®y, A(h) =h®h, 5(9) =1, E(h‘) =1,
Alz)=i1®1+1@g9+h@l-h@g)(r®1), &(r)=1,
S(g)=g", Sh)y=h"', S(z)=u=.

Note that the set
{1,9,h,z,gh, gz, xg,xgh}
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forms a basis of Hg and
(2.1) Hs=2CpCapCadCo® M(C).

Definition 2.1. The C-algebra va is the associative algebra generated by g, h
and x subject to the relations

g3 e g7 h3 — h7 g2 — h2, gh = hg, €r = hxg7
x=gzh, 2°=3(g>+g+h—gh).

We set J = g? = h?, it is easy to see that J and 1 — J are a pair of orthogonal
central idempotents in Hg. Let Wy, = HgJ, Wy = Hg(1 — J); we have

Proposition 2.2. H/é = Wy @ Ws, as two-sided ideals. Moreover, W1 = Hg and
Wy = C as algebras.

Proof. The first statement is easy to see. Let us prove the second statement.
Note that W is generated by g, h and x and subject to the relations
> =h?>=1J, gh=hg, gzr=uzxh, =xg=hz, 2°= %(gQ—i—g—i—h—gh).

Let ¢: W7 — Hg be the map defined by

It is easy to see that ¢ is an algebraic isomorphism.
Wy is generated by (1 — J)g, (1 — J)h and (1 — J)x. Note that

Jg=gJ=g9, Jh=hJ=h,
moreover, x = hxg or x = gxh. It follows that
Jr =Jhxg=hxg=xz=2aJ, or Jxr=Jgzh=gxh=x=ual.

Hence g(1—J)=0,h(1 —J)=0, (1 —J) =0 and Wy = C. O

By Proposition 2.2, it is easy to see that Hg is semi-simple, and the set
{L.g.h,2,gh, gz, g, J, xgh}
forms a basis of If{vg.
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The definition of the weak Hopf algebra was introduced by Li (see [11]). Many
examples of weak Hopf algebras can be found in [1], [19], [6], [5]. Recall that a k-
bialgebra (H, pu,n, A, €) is called a weak Hopf algebra if there exists a map T €
hom(H, H) such that T'xid « T = T and id « T * id = id, where * is the convolution
map in hom(H, H). Now, we introduce the coalgebra structure maps on H/é as
follows.

The comultiplication A: Iffg — va ® fflvg and the counit ¢: va — k are given by

Alg)=g®g, Ah)=hoh, e(1)=¢c(g)=¢(h)=1,
Al)=4?®FP+°@g+h0g® —h®g)(zr®a), c(x)=1

It is obvious that Hg is indeed a coalgebra by the definition of A and e.
The C-map T': Hg — Hg is given by

T1)=1, T(9)=g, Th)=h T(z)=uz.

Theorem 2.3. Iffg is a noncommutative and noncocommutative weak Hopf alge-
bra with the weak antipode T'.

Proof. (1) It is straightforward to check that Iffg is a bialgebra.
(2 ) The map T can define a weak antipode in Hg naturally. First, the map
T: Hg — Hg keeps the defining relations. Indeed,

When x = hxg, we have
T(9)T(x)T(h) = gzh =z =T(z),

when =z = gzh, we have

Therefore the map T can define an anti-algebra homomorphism 7': I‘?é — I?g.
Secondly, it is easy to see that in Hg we have

Txid*T(9) =m(T@ideT)(g@g®g)=g"=g="T(9),
id*Txid(g) =m(id®T®id)(g® g®g) = ¢° = g = id(g),
T*id*T(h):m(T®id®T)(h®h®h):h3:h:T(h)
id* T xid(h) =m(id® T ®id)(h® h® h) = h* = h = id(h),
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T xid * T(z) = m(T ®id ® T)((¢*r + hz) @ (¢°x + ha)
® g%z + (¢%x + hz) ® (¢°z — hx) @ gz + (g%x — hx)
® (ga + ghw) ® gx + (9°z — hx) ® (g — ghz) ® g*x)
=3(¢* +g9+h—gh)a’=2"=2="T(z),
id* T xid(z) = m(id ® T ®id)((¢°z + hx) @ (¢°x + hx)
® g*x + (¢%x + hz) ® (¢%x — he) @ gz + (g%x — hx)
® (g + ghr) ® gz + (g% — ha) ® (9x — ghz) ® g°)
= %(92 +g+h—gh)ad=2°=z=id(z).

On the other hand, we have

id*T(g) = J =Txid(g), id*T(h)=J =T xid(h),
id«T(z) =1z(¢® + g+ h—gh)z=2" = J =T *id(z).

These arguments show that for any z € Hg that we have id T(z) and T % id(z) are
the elements of the center of Hg. Now, if a,b € Hg and

Txid*T(a) =T(a), TxidxT(b)=T(b),
id* T xid(a) =a, id=*T xid(b) =,

it is easy to see that
T xid * T'(ab) = T'(ab), id* T *id(ab) = ab.

Hence T is indeed a weak antipode of va and fflvg is a weak Hopf algebra, which is

noncommutative and noncocommutative. O

3. THE REPRESENTATION RING 7(Hg) OF Hg

Assume that A is an algebra, and let irr-A denote the set of finite dimensional
irreducible A-modules.

One sees that Iffg is semisimple. By Proposition 2.2 we have va =W, ® W, as al-
gebras, where W7 = Hg and W5 & C. Finite dimensional irreducible representations
of If{vg are described as follows.
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Lemma 3.1. There are six classes of non-isomorphic irreducible If{vg—modules S,
n € Z5, and S, the actions of Hg on them are defined as follows:

Sp: g - 0™ = (=1)mp(™) h-o™ = (=1)mp(™)
z -0 =M o™ € 8, me
Sy g-vW =0, h-v® =0,
z-v® =0, v@ e Sy,
S: g-vj = (=1)vy, h-v; = (1),
T - v = v3_j, v; €5, 7=1,2,

where v(™) is the basis of S,, and v1, Vg IS the basis of S.

Proof. It isobvious by (2.1) and Proposition 2.2. In fact, S,,, n € Z4, S and Sy
are just irreducible Hg-modules lifting by those of Hg-modules and C-modules. O

Let H be a finite dimensional semisimple bialgebra and M and N two finite
dimensional H-modules. Then M ® N is also an H-module defined by

h(m®n):Zh(1)m®h(2)n
(h)

forallh € Hand m € M, n € N, where A(h) = h)®h(9). By the Krull-Schmidt
(h)

theorem, M ® N can be decomposed into the direct sum of irreducible H-modules.
The decomposition formulas of the tensor product of two irreducible Hg-modules are
as follows.

Lemma 3.2. Let n € 75, then as Iffg—modules we have

(1) provided that m,m’ € Z4,

(a) if m+m/ is odd, then Sy, ® Sim/ = Spyym’ (mod 4);

if m+m’ is even, then Sy, ® Sy = Sy (mod 4);
(b) S®85, 2S5, ®5>S5;
3
(2) SeS= @ S;;
i=0

(3) S, ®54 25,8, =S4
(4) S®5, 25,525,885,

Proof. (1) (a) Considering the tensor product Sy, ® Sy,/, where m,m’ € Z4, we
have

g- (W™ @ o)) = (1) (v @ M)y = (=1) ™ (V™) @ (M),
h- (0™ @ o)) = (1) (u(m) @ (M) = (=1)=™ (v @ (™))
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if m +m’ is odd, then
z- (v @™y = i (p(m) g ()
if m +m/ is even, then
z - (0™ @ vy = im=m (M) @ (),
It follows that if m +m/ is odd, then S, ® Sy = Sy s (mod 4); if m +m' is even,
then Sy, ® Sy = Sy (mod 4)-
(1) (b) Considering the tensor products S, ® S and S ® Sy, where m € Z4, we

have for given j = 1,2

g- ("™ ®@vy) = (1) (0™ @ v;),
he (™ @vj) = (=1 (0™ @ vy);

if m — j is odd, then
z- (0™ @) =™ @),
if m — j is even, then
z- (0™ @) =™ @vs_j).
Further,
g+ (v; ®v™M) = (1) (v; @ ™),

h- (05 @0™) = (=1)" 1 (0; @ 0™);

if m — 7 is odd, then

z-(v; ® v(m)) =i"(v3_; ® v(m)),
if m — j is even, then

z- (v @0™) =i (v3_; @ v™).

Obviously, if m = 0, then
So®S=S5®S5 =S.

If m =1, we set
wyp = i) Ry, Wy = ) X v1.
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It is easy to check that {ws, w2} is also a basis of the I’{Vg—module S1®.S, and
g wg = (—1)kwk7 h-wy = (—1)k+1wk7 Towp =w3_k, k=12
Hence S1 ® S = S. We set
wh =vy @M, wh=iv @ oM.
It is easy to check that {w/,w}} is also a basis of the Hg-module S ® Sy, and
g-wy = (=Drwl, h-w,=D)"w,, zow,=wi,, k=12

Then S ® S; =2 S. The same arguments are applied to the case m = 2 and m = 3,
we show that S® S,, =2 5,,® S = S.
(2) Considering the tensor product S ® S, we have for given j,j' = 1,2
g+ (v; ®@vy) = (1) (v; @ vy),
he (v @ vyp) = (=17 (v ® vp);
if 7+ 7’ is odd, then
- (v ®vy) =i (v3_; @ v3_y),
if j+ 4 is even, then
z- (v @uj) =v3—j ©Ug—jr.
Set
Up =01 @1 +v2 ®v2, up = —iv1 @ V2 + V2 @ vy,
Uy =V QU] — V2 @ V2, U3 =1iV] @ Vg + V2 ® V1.

It is easy to check that {ux}, k € Z4, is also a basis of the I?g—module S®S, and

g-up = (=) *up, h-up = (=D up, - up = iup.

3
Hence S® S = @ S;.
i=0
(3) Considering the tensor products S, ® Sy and Sy ® S,,, where n € Z5, we have

g- WM @uv®) =0, h-@™@u@)=0, 2™ ae@®) =0,

and
g- W ee™)=0, h WP ec™)=0, z Y eu™)=0.

Hence S, ® S, =2 S,, ® S4 = S4.
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(4) Considering the tensor products S ® Sy and S4 ® S, we have for given j = 1,2
g-(wj@vW)=0, h-(y®uW)=0, z-(y©vW)=0,
and
g @) =0, h-(Deu)=0, o0V ev)=0.

Hence S® S4 =2 S, =S, ®S,. O
Corollary 3.3. For any fflvg—modules M and N, we have the isomorphism
MNZNQM

as I?g—modules.

Let H be a semisimple bialgebra; the representation ring r(H) of H is defined as
follows. As a group r(H) is the free abelian group generated by the isomorphism
classes [V] of finite dimensional H-modules V' modulo the relations

(Mo V]=[M]+[V].
The multiplication of r(H) is given by the tensor product of H-modules, that is,
[M][V]=[M&V].

Note that the representation ring r(H) is an associative ring with a Z-basis {[V]:
V eirr-H}.

Theorem 3.4. The representation ring r(%) of 1:.7; is isomorphic to the quotient
ring of the polynomial ring Z[x1,x2,2s,24] modules the ideal I generated by the
elements

2 2 2 2
z1—1, z5-1, x123—23, Toxz—x3, l+z1+TotT122—T5, TY—Ta, T3Ts1—2T4.

Proof. Let m: Z[x1,22,x3,24] — Z[x1,22,%3,24]/] be the natural epimor-
phism and 7 = w(v) for any v € Z[z1, 22, x5, 24]. In Z[x1, T2, 3, 24]/I, we have
2?1,

T1" =172 T1T3 = T2X3 = T3,

9 — — 9 — N J—
T3*=14+7T1 +22+7T1%2, T4 =7T4, T3kq = 2734.
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It is straightforward to check that the ring Z[x1,x2, x3,x4]/I is Z-spanned by

This also means that the rank of Z[z1, z2, 23, 24]/I is at most 6.

Let a1 = [S1], a2 = [S2], as = [S], ag = [S4]. Since [Sp] is the identity element in
T(P,Ivg), the ring T(P,Ivg) is generated by a1, as,as,as by Lemma 3.2. Therefore there
is a unique ring epimorphism

p: Z[xl,xg,mg,m] — 7”(}7;)

such that
w(xi):aia 1= 172a374'

On the other hand, from Lemma 3.2 we have

2
=a3=1, aia3=azaz = as,

1+a1+as+ajay = ag, ai = a4, azaq = 2ay.
It follows that

(i —1)=0, @(3-1)=0, ¢(zsz1—z3)=0, @(x332—23) =0,
o1+ 21 + 22 + 21220 — x%) =0, 30(3?421 —x4) =0, @(x374 —224) = 0.

Hence, ¢(I) = 0 and ¢ induces a ring epimorphism
i Llwr, 2,23, 2a]/1 = r(Hs),

such that B(v) = ¢(v) for all v € Z[z1, 22, x3,24). Noting that the Z-rank of r(Hg)
is 6, we get that © is in fact a ring isomorphism. O

Remark 3.5. Argument similar to the proof of Theorem 3.4 shows that
r(Hg) = Z[x1, x2,73]/1,
where I is the ideal generated by the elements

2 2 2
1 —1, x3—-1, xiz3—x3, T2x3— T3, Ll+z1+T2+ 2122 — 75.
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4. AUTOMORPHISM GROUP OF REPRESENTATION RING r(Hs)

In this section, let A, denote the corresponding coefficient matrix of a Z-linear
map g: r(Hg) — r(Hg), and let |[A,| denote the determinant of A.
Let g;, i € Z12 be Z-linear maps of r(Hg) determined by the following relations:

go: 1 =1 z; — zp, To — Ta, T3 — T3, T1To — T1T2, T4 — T4,
g1: 1 =1 =z — 2122, 22 — T, T3 — T3, T1x2 — T2, Ty — T4,
g2: 1 =1 =z — 2122, 22 — T, T3 — —x3 +4x4, T1X2 — To, Ty — T4,
g3: 1 =1 z1 = 2122, T2 — T2, T3 — T3, T1To — T1, Ty — T4,
gs: 1 =1 z1 = 2122, T2 — T2, T3 — —x3 + 4Ty, T1X2 — 271, Ty — T4,
gs: 1 =1 z; — z, To — T1To, X3 — T3, T1To — Ta, Ty — T4,
gs: 1 =1 x1 — x1, To — T1T2, T3z — —x3 +4rg, T1X2 —> T2, T4 — T4,
gr: 1 =1 z1 — 2, Ty — Ta, T3 — —T3 + 4Ty, T1T2 —> T1T2, T4 —> T4,
gs: 1 =1 z; — x9, To — T1Ts, X3 — T3, T1To — T1, Ty — T4,
go: 1 =1 z; — x9, To — T1To, T3z — —x3+4r4, T1X2 — X1, Ty — T4,
gio- 1—>1 Tl — T2, T9 — T1, T3 — T3, T1T2 — T1T2, T4 — T4,
gii: 1 =1 x — xq, To — T, T3 — —T3 + 4Ty, T1X2 —> T1T2, T4 —> T4.

It is easy to check that g;, i € 715, are automorphisms of T(I,{vg) and gg is the
identity map. The set {g;: i € Z12} is a group under the composition of functions.
The multiplication is described as follows:

© go 91 92 93 94 95 g g7 g8 g9 gio gi1
go |9 91 92 93 94 95 G 9gv 9gs g9 gio 911
g1 |91 98 g9 4Gio 911 93 g4 92 go 9gr 9gs UGe
g2 |92 99 g8 4gi1 gio 94 93 91 9gr Yo YGe s
g3 (93 95 Gg¢ go 9gr g1 g2 g4 Gio 911 gs 99
94 |94 Y96 95 g7 go 92 g1 g3 gi1 gio 99 9s
gs | g5 gio 911 98 99 Yo 9gr ge 93 G4 g1 92
ge | 96 d11 gio 99 9gs 9gr Yo 9gs G4 g3 G2 g1
gr |97 92 g1 94 93 96 95 Go g9 gs gi1 gio
gs |98 go 9gr 95 Ge 9Jio gi1 go g1 G2 g3 g4
ge (99 g7 go Y9e 95 Ygi1 Jio g8 g2 g1 g4 93
gio | 910 93 94 91 92 98 99 9gi1 g5 Ge YGo gt
gi1 | 911 94 93 92 g1 99 98 9gio 96 G5 gr 9o

It follows that {g;: i € Z12} is a subgroup of Aut(r([ffg)). Also we have

95=0s, G5=97. G3=01, 95=0o, 95=0go. 93= do,
9293 = 911, 9392 = ge, 9393:95, 9393:947 9393:910
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Hence, {g;: i € Z12} = D¢ as groups, where

“luy =ut)

D¢ = (u,v: ub =1, v> =1, v
is the dihedral group with order 12.
In the sequel, we will show the automorphism group Aut(r(Hs)) is just the group
{gii 1€ Zlg}.

Lemma 4.1. Let g be an automorphism of r(I?g). Then
(1) g(x1) = £a1 or g(x1) = Fa2 or g(x1) = L1229 or g(x1) = +1 F 224 or

g(x1) = a1 F 224 or g(x1) = 29 F 224 01 g(T1) = L2122 F 224;

(2) g(x2) = £x1 or g(xa) = *a2 or g(ae) = L1229 or g(z2) = +1 F 224 or
g(x2) = a1 F 224 or g(x2) = a2 F 224 or g(x2) = X120 F 224;

(3) g(x4) = x4 or g(xg) =1 — x4.

Proof. (1) Indeed, we have (g(z1))% = 1 since g is an automorphism of r(Hs)
and 2 = 1. Assume that

g(x1) = ap + a171 + @y + azrs + aur1x2 + asxg, o € Z, i =0,1,2,3,4,5.
Then we get
(ap 4+ 01m1 + Qowz + asas + auz132 + aswg)’ = 1,
and we have

ag +a?+ai+ a% +al+ (2apay + 2000 + ag)xl + (2apas + 2a1ay + Oé%).l?g
+ 2(awpas + ar1ag + agas + asag)zs + (2agou + 2100 + a§)$1$2

+ 2apas + 2ana5 + 2a0a5 + dagas + 2a4a5 + ag)m =1.

Hence we get

ad+ai+a3+ai+al=1,

201 + 2000004 + oz§ =0,

2000 + 20104 + a§ =0,

2(apas + a1as + asag + asay) =0,

200004 + 200109 + a% =0,

2 + 201 a5 + 2005 + dazas + 20405 + ag =0.
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Thanks to ag, a1, as, ag, @y, a5 € Z, we obtain that (ag, a1, a9, as, s, as) is one of
the solutions

(0,+£1,0,0,0,0), (0,0,£1,0,0,0), (0,0,0,0,=£1,0),
(£1,0,0,0,0,F2), (0,£1,0,0,0,F2), (0,0,%+1,0,0,F2), (0,0,0,0,+1,7F2).

Therefore, g(x1) = a1 or g(z1) = £x2 or g(z1) = La129 or g(x1) = £1 F 224
or g(z1) = xx1 F 224 or g(x1) = L2 F 224 or g(x1) = £x129 F 224. By similar
arguments for g(z3) we can deduce the relation (2).

(3) Notice that 2% = x4, hence we have (g(z4))? = g(z4).

Assume

g(xa) = Y0 + N1 + Vo2 + Y323 + Yar1T2 + Y524, vi€4,i=0,1,2,3,4,5.

Then we have

(9(x))? =R+ 72 + 72 + 2+ 92 4+ (2707 + 27274 + 72) 1 + (27072 + 27171 + 72w
+2(v0v3 + 1173 + Y273 + V3V4) T3 + (27074 + 27172 + 73)T122
+ (29075 + 27175 + 272775 + 4375 + 27475 + 72) 24

We get
Y +E+7% + 93 + 75 =,

27071 + 27271 + 3 = M1,

27072 + 27171 + V3 = Y2,

2(v0v3 + 7173 + 1273 + ¥374) = 73,

27074 + 27172 + 73 =,

27075 + 27175 + 27275 + 47375 + 274Y5 + 72 = 5.

Thanks to Yo, 71, 72,73, V4, V5 € Z, we obtain that
(70771;72;73774;75) = (0,0,0,0,0,1) or (1,0,0,0,0,—1).
Therefore g(x4) = x4 or g(x4) =1 — 4. O

Lemma 4.2. Let g be an automorphism of r(I?g) and g(xz4) = x4. Then
(1) g(x1) = @1 or g(z1) = w2 or g(x1) = 122 or g(x1) = —1 + 2x4 or g(z1) =

—x1 4+ 224 or g(x1) = —x2 + 224 or g(x1) = —212T2 + 2xy4;
(2) g(x2) = 1 or g(xe) = x2 or g(x2) = x1a2 or g(x2) = —1 4 2x4 or g(xz) =
—x1 4 224 or g(xz2) = —xo + 224 or g(x2) = —T122 + 224.
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Proof. (1) Noticing that z123 = 23 and x3x4 = 224, we have x124 = x4 and

9(w1)g(z4) = g(4).

Under the condition that g(x4) = x4 and by Lemma 4.1, we obtain that g(x1) can
only belong to one of the following 7 cases:

g(w1) =x1, g(x1) =22, g(w1) =172, g(T1) = —1 + 2724,

g9(x1) = =21 4+ 2w4, g(x1) = —w2 + 224, g(x1) = —T172 + 224,

(2) Similar to the proof of (1). O

Remark 4.3. If we assume that g is an automorphism of r(%) and g(x4) = 24
(see Lemma 4.2), we can exclude the following cases:

(1) g(x1) = 21, g(w2) = 21;

(2) g(x1) = 22, g(w2) = T0;

(3) g(z1) = 2172, g(22) = T1T2;

(4) g(z1) = =14 2x4, g(x2) = =1+ 224;

(5) g(x1) = —x1 + 214, g(w2) = —21 + 224;

(6) g(w1) = —x2 + 214, g(x2) = —22 + 224;

(7) g(z1) = —z122 + 24, g(T2) = —T122 + 224, SinCE T1 # 2.

Lemma 4.4. Let g be an automorphism of r(lffg) and g(x4) = x4. Then g €
{gii 1€ Zlg}.

Proof. Since g is an automorphism of r(I?g) and

r1x3 = T3,
T2X3 = I3,
T3Xg = 2%4,

$§:1+$1+$2+$1$2

we have
g(z173) = g(z1)9(73) = g(x3),
(4.1) g(w2w3) = g(x2)9(73) = g(73),
' 9(x3z4) = g(23)9(24) = 29(4),
9(x3) = (9(x3))> = 1+ g(z1) + g(x2) + g(21)g(22).
Assume

g(x3) = Po + frz1 + Baxo + Paxs + Baxixe + Psza, pj€Z, j=0,1,2,3,4,5.
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Then we have

(9(3))* = B3+ BT + B3+ B3+ B7 + (28081 + 28284+ B3 )x1 + (28082 + 281 Ba + B3 ) w2
+2(B0Bs + 183+ B2B3 + B3 Ba) w3 + (2081 + 21 B2 + B3 ) w122 + (2605
+28185 + 20285 + 48385 + 28485 + B2 ) x4

If g(z1) = 21, g(x2) = x2, then

Boz1 + B1 + Bexiza + B3xs + Bawa + Psza = Bo + P11 + Pawa + B33

+B4z172 + P54,

Boxa + frz1ze + B2 + B3xs + fax1 + Psxa = o + frx1 + Saxa + Baws

+Bam122 + P54,

(Bo + B1 + B2 + 263 + Ba + Bs) x4 = 274,

B3+ BT + B3 + B3 + b7 + (26051 + 28204 + B3)x1 + (2B0B2 + 28184 + B3)x2

+2(BoBs + B1Bs + B2PBs + B3Ba)xs + (2BoBa + 26182 + B3)x122
+(28085 + 26185 + 26285 + 48305 + 2B4P5 + B3 )xs = 1 + 21 + T2 + 122
We get

Bo = p1 = P2 = P,
Bo+ P14 B2+ 2B+ fat P55 =2,
B3+ B+ 53+ 53+ 5 =1,
2B0B1 + 26264 + B3 = 1,
2B0B2 + 26184 + B3 = 1,
2(BoB3 + P13 + B2fB3 + B3P4) = 0,
28084 + 26182 + B3 =1,
26085 + 28185 + 28205 + 48385 + 2B4fB5 + B2 = 0.
Thanks to By, 81, B2, B3, B4, B5 € Z, we obtain that
(Bo, B1, B2 B3, B, Bs) = (0,0,0,1,0,0) or (0,0,0,—1,0,4).

If (/805/817/82563754565) = (07050715070)7 then g(l) = 17 g(l‘l) = T1, g(ﬂ?g) = T2,
g(z1702) = T129, g(73) = T3, g(24) = 4, and

1 0 0 0 0 O

0O 1 0 0 0 O
S

0O 0 0 0 1 0

0O 0 0 0 0 1

it follows that g = go.
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If (ﬂo;ﬂlvﬂ%ﬂ&ﬂélvﬂf)) = (0,0,0, _170’4)7 then g(l) = 17 g(xl) =1, g(xQ) = T2,

9($1$2) = T1Z2, 9(563) = —x3 + 4x4, 9($4) = x4, and
1 0 0 0 0O
01 0 0 00
0O 01 0 00O
A.g = — A717
0O 00 -1 00 9
000 0 10
0 00 4 01

it follows that g = g7.

Similar arguments are applied to the remaining possibilities one by one. We get

that there are only 10 possibilities such that g are automorphisms:
(1) if g(x1) = z122, g(x2) = 21, then g = g1 or go;

if g(x1) = 122, g(x2) = x2, then g = g3 or g = ga;

if g(z1) = 21, g(x2) = z122, then g = g5 or g = ge;

if g(x1) = 22, g(x2) = 122, then g = gs or g = go;

if g(x1) = 2, g(x2) = 1, then g = g10 or g = g11.

Moreover, if g(x1) = —1 + 2z4 or g(z2) = —1 4 224 or g(x122) = —1 4 224, then
we obtain that g(z3) = 2z4 with |A | = 0. It follows that g is not an automorphism
of r(I?g).

Finally, the 18 possible cases left are

(1) g(x1) = 21, g(w2) = —w2 + 2745

(2) g(x1) = 21, g(r2) = —w122 + 2743

(3) g(x1) = x2, g(w) = —1 + 224;

(4) g(x1) = 2, g(x2) = —x122 + 24;

(5) g(xl) =T1T2, ¢ xz) = —x1 + 2xy;

(6) g(xl) = T1T2, g(:cg) = —xo + 21xy;

(7) g(x1) = =1 + 224, g(x2) = T2;

(8) g(x1) = —x1 + 224, g(x2) = 2172;

(9) g(x1) = —21 + 224, g(x2) = —22 + 2245
(10) g(z1) = =21 + 224, g(x2) = —T1T2 + 2743
(11) g(x1) = —x2 + 224, g(x2) = 21;

(12) g(x1) = —x2 + 224, g(x2) = 2172;

(13) g(x1) = —x2 + 224, g(x2) = —1 + 224;
(14) g(x1) = —x2 + 224, g(z2) = —T122 + 224;
(15) g(z1) = —x122 + 214, g(22) = 715

(16) g(x1) = —w122 + 224, g(22) = 23

(17) g(z1) = —w122 + 224, g(T2) = —21 + 2245



(18) g(x1) = —x122 + 224, g(z2) = —T2 + 224.
It is easy to deduce that g(z3) has no reasonable solutions. Hence in these cases,

g are not automorphisms of r(Hg).
Consequently, g € {g;: i € Z12}. O

Theorem 4.5. Let Aut(r(ﬁ;)) denote the automorphism group of r(ﬁ;). Then
Aut(r(Hs)) = {gi: i € 712} = D,

where Dg is the dihedral group with order 12.

Proof. If gis an automorphism of r(Hg) then g(z4) = 24 or g(z4) = 1 — 24
by Lemma 4.1. Let g be an automorphism of r(Hg) and g(x4) = 1 — x4. By
T1T4 = XTaX4 = T4, we have

g(w1)g(za) = g(w4) and g(z2)g(74) = g(z4).

It follows that g(z1) = 1 — 224 and g(z2) = 1 — 224 by Lemma 4.1. Thus, g(z1) =
g(x2), which is impossible. Therefore, we have g(x4) = x4 and g € {g;: i € Z12} by
Lemma 4.4. It follows that

Aut(r(Hg)) = {gi: i € Z12} = Ds.

The proof is completed. O

Remark 4.6. Arguments similar to the proof of Theorem 4.5 show that the
automorphism group of r(Hs) is also isomorphic to Ds.
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