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Abstract. The purpose of the paper is to study the uniqueness of meromorphic functions
sharing a nonzero polynomial. The result of the paper improves and generalizes the recent
results due to X. B. Zhang and J. F. Xu (2011). We also solve an open problem posed in the
last section of X.B. Zhang and J.F. Xu (2011).
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1. INTRODUCTION, DEFINITIONS AND RESULTS

In this paper, by meromorphic functions we shall always mean meromorphic func-
tions in the complex plane.

Let f and g be two non-constant meromorphic functions and let a be a finite
complex number. We say that f and g share a CM provided that f —a and g — a
have the same zeros with the same multiplicities. Similarly, we say that f and g
share a IM provided that f —a and g — a have the same zeros ignoring multiplicities.
In addition, we say that f and g share co CM if 1/f and 1/g share 0 CM, and we
say that f and g share co IM if 1/f and 1/g share 0 IM.

We adopt the standard notations of value distribution theory (see [6]). We denote
by T'(r) the maximum of T'(r, f) and T'(r, g). The notation S(r) denotes any quantity
satisfying S(r) = o(T'(r)) as r — o0, outside of a possible exceptional set of finite
linear measure.
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A finite value zy is said to be a fixed point of f(z) if f(z0) = z9. Throughout this
paper, we need the following definition:

O(a; f) =1 — limsup Nira f) {)

r—00 (T7 ’

where a is a value in the extended complex plane.
In 1959, Hayman (see [5], Corollary of Theorem 9) proved the following theorem.

Theorem A. Let f be a transcendental meromorphic function and n € N with
n > 3. Then f™f’ =1 has infinitely many solutions.

In 1997, Yang and Hua obtained the following uniqueness result corresponding to
Theorem A.

Theorem B ([16]). Let f and g be two non-constant meromorphic functions,
n € N with n > 11. If f*f’ and g"g" share 1 CM, then either f(z) = c1e?,
g(2) = c2e™°*, where c1, co and c are three constants satisfying (cice)"Ttc? = —1,
or f = tg for a constant t such that t"*! = 1.

In 2002, using the idea of sharing fixed points, Fang and Qiu further generalized
and improved Theorem B in the following manner.

Theorem C ([3]). Let f and g be two non-constant meromorphic functions and
letn € N withn > 11. If f*f'—z and g"¢’ — z share 0 CM, then either f(z) = e,
g(z) = cze_czz, where c1, co and c are three nonzero complex numbers satisfying
4(creo)"t1c? = —1, or f = tg for a complex number t such that t"*1 = 1.

During the last couple of years a handful number of astonishing results have been
obtained regarding the value sharing of nonlinear differential polynomials which are
mainly the kth derivative of some linear expression of f and g.

In 2010, Xu, Lii and Yi studied the analogous problem corresponding to Theo-
rem C, where in addition to the fixed point sharing problem, sharing of poles are
also taken under supposition. Thus, the research has somehow been shifted towards
the following direction.

Theorem D ([13]). Let f and g be two non-constant meromorphic functions
and let n,k € N with n > 3k + 10. If (f*)*) and (¢")*) share z CM, f and g

—Cz

share oo IM, then either f(z) = e’ g(z) = coe™%*", where c1, ¢ and ¢ are three

constants satisfying 4n?(cice)"c* = —1, or f = tg for a constant t such that t" = 1.
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Theorem E ([13]). Let f and g be two non-constant meromorphic functions
satisfying © (oo, f) > 2/n and let n,k € N with n > 3k + 12. If (f*(f — 1))* and
(g™(g — 1))® share z CM, f and g share oo IM, then f = g.

Recently Zhang and Xu (see [20]) further generalized as well as improved the
results of [13] as follows.

Theorem F ([20]). Let f and g be two transcendental meromorphic functions, let
p(z) be a nonzero polynomial with deg(p) =1 < 5, n,k,m € N withn > 3k+m+7.
Let P(w) = amw™ + apm_1w™ ' 4+ ... + ajw + ap be a nonzero polynomial. If
(f*P(f)* and (¢g"P(g))* share p CM, f and g share co IM, then one of the
following three cases holds:

(1) f(2) = tg(z) for a constant t such that t¢ = 1, where d = GCD(n + m,. ..,

n4+m—i,...,n), am—; #0 for somei=1,2,...,m;

(2) f and ¢ satisfy the algebraic equation R(f,g) = 0, where R(wi,w2) =
wi(amwi™ + am,lw{”_l +...F+a0) — wi(amwd + am,lwg”’_l +...+ag);

(3) P(z) reduces to a nonzero monomial, namely P(z) = a;2* # 0 for some

i1€{0,1,...,m};

if p(z) is not a constant, then f(z) = c1e°?(*) | g(2) = c2e™°?) | where Q(z) =
Jo p(t)dt, c1, c2 and c are constants such that a?(cic2)" ™ ((n +1i)c)? = —1,

if p(2) is a nonzero constant b, then f(z) = cze®*, g(z) = cqe™*, where cs3, ¢4
and c are constants such that (—1)¥a2(czcs)" T ((n +i)c)?* = b2

Zhang and Xu made the following comment in Remark 1.2 in [20]:

“From the proof of Theorem 1.3, we can see that the computation will be very
complicated when deg(p) becomes large, so we are not sure whether Theorem 1.3
holds for the general polynomial p(z).”

Also at the end of the paper, the following open problem was posed by the authors
in [20).

Open problem. What happens to Theorem 1.3 (see [20]) if the condition
“l < 5” is removed?

One of our objectives is to solve this open problem. Now observing the above
results, the following question is inevitable.

Question 1.1. Can the lower bound of n be further reduced in Theorem F?
Before going to our main result we explain the following definition and notation
which is used in the paper.

Definition 1.1 ([8], [9]). Let £k € NU {oc0}. For a € C U {oo} we denote by
Ex(a; f) the set of all a-points of f, where an a-point of multiplicity m is counted
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m times if m < k and k + 1 times if m > k. If Ex(a; f) = Ex(a; g), we say that f, g
share the value a with weight k.

The definition implies that if f, g share a value a with weight k, then zy is an
a-point of f with multiplicity m (< k) if and only if it is an a-point of g with
multiplicity m (< k) and z is an a-point of f with multiplicity m (> k) if and only
if it is an a-point of g with multiplicity n (> k), where m is not necessarily equal
to n.

We write f, g share (a,k) to mean that f, g share the value a with weight k.
Clearly if f, g share (a, k), then f, g share (a,p) for any integer p, 0 < p < k. Also
we note that f, g share a value a IM or CM if and ouly if f, g share (a,0) or (a, o),
respectively.

In this paper, taking the possible answer of the above question into consideration
we obtain the following result.

Theorem 1.1. Let f and g be two transcendental meromorphic functions and
let n,k € N and m € N U {0} such that n > 3k +m + 6. Let p(z) be a nonzero
polynomial such that deg(p) # (n +14)s, where s € N, i € {0,1,...,m} and P(w)
be defined as in Theorem F. If (f*P(f))®), (¢"P(g))*) share (p, ki), where k; =
(3+k)(n+m—k—1)"1+3 and f, g share (00, 0), then the conclusion of Theorem F
holds.

We now further explain the following definitions and notations, which are used in
the paper.

Definition 1.2 ([7]). Let a € CU{oo}. For p € N we denote by N(r,a; f |< p)
the counting function of those a-points of f (counted with multiplicities) whose
multiplicities are not greater than p. By N(r,a; f |< p) we denote the corresponding
reduced counting function.

In an analogous manner we can define N(r,a; f |> p) and N(r,a; f |> p).

Definition 1.3 ([9]). Let k € NU {cc}. We denote by Ni(r,a; f) the counting
function of a-points of f, where an a-point of multiplicity m is counted m times if
m < k and k times if m > k. Then

Ni(r,a; f) = N(r,a; ) + N(r,a; f [=2)+... + N(r,a; f |> k).

Clearly Ni(r,a; f) = N(r,a; f).

Definition 1.4 ([2]). Let f and g be two non-constant meromorphic functions
such that f and g share the value a IM for a € C U {oo}. Let zp be an a-point
of f with multiplicity p and also an a-point of g with multiplicity q. We denote
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by Nz (r,a; f) and Nr(r,a;g) the reduced counting function of those a-points of f
and g, respectively, where p > ¢ > 1 (¢ > p > 1). Also we denote by Ng(r, a; f) the
reduced counting function of those a-points of f and g, where p = ¢ > 1.

Definition 1.5 ([8], [9]). Let f and g be two non-constant meromorphic func-
tions such that f and g share the value a IM. We denote by N.(r, a; f, g) the reduced
counting function of those a-points of f whose multiplicities differ from the multi-
plicities of the corresponding a-points of g. Clearly N.(r,a; f,g) = N.(r,a;g, f) and
N.(r,a; f,9) = Np(r,a; f) + NL(r,a;9).

Definition 1.6 ([10]). Let a,b1,b2,...,by € CU {oco}. We denote by N(r,a;
flg#0b1,ba,...,by) the counting function of those a-points of f, counted according
to multiplicity, which are not the b;-points of g for i = 1,2,...,q.

2. LEMMAS

Let F' and G be two non-constant meromorphic functions defined in C. We denote
by H and V the functions as:

F// 2F/ G// 2G/
@1) H*(F_F—J_(F_G—J
and
F’ F’ G G
2.2 - PN (L& &y
22 V=i F) (e @)
Lemma 2.1 ([15]). Let f be a non-constant meromorphic function and let a,(z)
(£0), an—1(2), ..., ag(z) be meromorphic functions such that T(r,a;(z)) = S(r, f)

fori=0,1,2,...,n. Then

T(ryanf™ + 1 f" P Half+ ag) =nT'(r, )+ S(r, f).

Lemma 2.2 ([19]). Let f be a non-constant meromorphic function and p,k € N.
Then
(2:3) Ny(r, 05 f0) T, f&) = T(r, f) + Ny (r, 05 f) + S(r, ),
(2.4) Np(r,0; f®) < EN(r, 00; f) + Npyi(r, 05 f) + S(r, f).
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Lemma 2.3 ([11]). If N(r,0; f(*) | f # 0) denotes the counting function of those
zeros of f*) which are not the zeros of f, where a zero of f*) is counted according
to its multiplicity, then

N(r,0; f® | f £0) < EN(r,00; f) + N(r,0; f |< k) + EN(r,0; f |> k) + S(r, f).

Lemma 2.4 ([6], Theorem 3.10). Suppose that f is a non-constant meromorphic
function, k € N\ {1}. If

N (7,00 f) + N, 05 f) + N(r,0; /) = 5 (1, f?)

then f(z) = e¥**? where a # 0, b are constants.

Lemma 2.5 ([4]). Let f(z) be a non-constant entire function and let k € N\ {1}.
If f(2)fF)(2) # 0, then f(z) = e***?, where a # 0,b are constant.

Lemma 2.6 ([17], Theorem 1.24). Let f be a non-constant meromorphic function
and let k € N. Suppose that f*) 0. Then

N(r,0; fFY < N(r,0; f) + kN (r, 00, f) + S(r, f).

Lemma 2.7 ([20]). Let f and g be two non-constant meromorphic functions, let
P(w) be defined as in Theorem F and n,k € N, m € NU {0} with n > 2k +m + 1.
It (f*P(f))") = (g"P(9))™), then fP(f) = g"P(g).

Lemma 2.8 ([18], Lemma 6). If H =0, then F, G share 1 CM. If further F, G
share co IM, then F', G share co CM.

Lemma 2.9 ([20]). Let f, g be non-constant meromorphic functions, let n,k € N
with n > k + 2, and let P(w) be defined as in Theorem F. Let «(z) (£ 0,00)
be a small function with respect to f with finitely many zeros and poles. If
(fPP(f)®(g"P(g)*) = o2, f and g share oo IM, then P(w) is reduced to a
nonzero monomial, namely P(w) = a;w® # 0 for some i € {0,1,...,m}.

Lemma 2.10 ([17]). Let f;, j = 1,2,3 be meromorphic and f be non-constant.
Suppose that

3 3 3
> fi=1 and DY N(r0;f;)+2> N(r,o0:f;) < (A +o(1)T(r),

j=1 j=1 j=1

asr—)oo,rEI,)\<1andT():lrilaxT( fj)- Then fo =1 or fs=1.
\j
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Lemma 2.11. Let f, g be two transcendental meromorphic functions and let
P(w) be defined as in Theorem F. Let F = (f"P(f))®p~t, G = (¢"P(g))#p~1,
where p(z) is a nonzero polynomial andn, k € N, m € NU{0} such thatn > 3k+m+3.
If f,g share co IM and H = 0, then either (f"P(f))*) (g"P(f))*) = p?, where
(f"P(f)* and (g"P(f))*) share p CM, or f"P(f) = g"P(g).

Proof. Since H =0, by Lemma 2.8 we get F' and G share 1 CM. On integration
we get

I bG+a—b
F-1  G-1 "

(2.5)

where a, b are constants and a # 0. We now consider the following cases:
Case 1. Let b# 0 and a # b. If b= —1, then from (2.5) we have

—a

F=_—%
G—-—a-1

Therefore
N(r,a+1;G) = N(r,00; F) = N(r,00; f) + S(r, f).

So in view of Lemmas 2.1 and 2.2 for p = 1 and using the second fundamental
theorem we get

(n+m)T(r,9) < T(r,G) + Np11(r,0; 9" P(9)) = N(r,0; G)

N(r,00;G) + N(r,0;G) + N(r,a+ 1; G)

+ Nigt1(r,0: " P(g)) — N(r,0; G) + S(r, 9)

N(r,00;9) + Niy1(r, 059" P(g)) + N(r,00; f) + S(r, 9)
N{(r,00; f) + N(r,00; g) + Ny41(r, 0; g")

+ Ni41(r,0; P(g)) + S(r, 9)

2N (r,00;9) + (k+1)N(r,0;9) + T(r, P(g)) + S(r,9)
(k+3+m)T(r,g)+ S(r,9),

<
<

<
<

which is a contradiction since n > k + 3. If b # —1, from (2.5) we obtain that

—a

F= (HD PG+ (a=b)/b)

So b g

W(r, ;G) = N(r,00; F) = N(r,00; f) + S(r, f).

Using Lemmas 2.1, 2.2 and the same argument as in the case when b = —1 we can
get a contradiction.
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Case 2. Let b# 0 and a = b. If b= —1, then from (2.5) we have
FG =1,
ie.
(" PN® (9" P(9) ™ =1,
where (f"P(f))*) and (g"P(g))* share p CM.
If b # —1, from (2.5) we have
1 bG

F (1+b)G-1
Therefore 1
N(,—; ):N ,0; F).
" T4 G (r,0; F)
So in view of Lemmas 2.1 and 2.2 for p = 1 and using the second fundamental
theorem we get

(n+m)T(r,g) < N(r,00;G) + N(r,0; G) +W(r, %H;G)
+ Niy1(r,0;9" P(g)) = N(r,0: G) + S(r, )
< N(r,0019) + (k+ 1)N(r,0;9) + T(r, P(g)) + N(r,0; F) + S(r, g)
< N(r,0059) + (k +1)N(r,0;9) + T(r, P(g)) + (k + 1)N(r,0; f)
+T(r, P(f)) + kN(r,00; f) + S(r, ) + S(r,9)
S (k+24+m)T(r,g) + 2k + 1+ m)T(r, f) + S(r, f) + S(r,9).

Without loss of generality, we suppose that there exists a set I with infinite measure
such that T'(r, f) < T'(r,g) for r € I. So for r € I we have

(TL— 3/€—3—m)T(r,g) < S(T,g),

which is a contradiction since n > 3k + 3 + m.
Case 8. Let b= 0. From (2.5) we obtain

G+a-1
—

(2.6) F =
If a # 1, then from (2.6) we obtain
N(r,1—a;G) = N(r,0; F).

We can similarly deduce a contradiction as in Case 2. Therefore a = 1 and from (2.6)
we obtain F' = G, ie. (f"P(f))* = (¢"P(g))*). Then by Lemma 2.7 we have
f™P(f) = g"™P(g). This completes the proof. O
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Lemma 2.12. Let f and g be two transcendental entire functions such that
f(z) = h1(2)e*®) and g(z) = hy(2)e’®), where hy, hy are nonzero polynomials
and «, B are two non-constant polynomials such that a(z) + 8(z) = Cy, Cy € C.
Let n,k € N such that n > k and p(z) be a non-constant polynomial such that
deg(p) # ns, where s € N. If (f*)*) = pe? and (¢")*) = pe=7, where v is a
non-constant entire function, then both hy; and ho must be nonzero constants.

Proof. By the given condition either both h; and hs are non-constant polyno-
mials or both are nonzero constants.

First we suppose both h; and hy are non-constant polynomials. Also we have
a+ f = Cy, i.e. @’ = —p'. This shows that deg(a) = deg(B8) and deg(al?) =
deg(B™), where i € N. We claim that for all [, € N with ¢ > [,

I(r-1
(2'7) (ft)(l) — htfl (tlhll(o/)l + ltlhlflhll(o/)l_l + ( 5 )tl—lhll(a/)l—Qa//
+ B—l(h17 h/17 O/)>et(y)

where P,_1(hi,h},a’) is a differential polynomial in hq, k] and o’. Also we define
Py = 0. We will use the mathematical induction to prove the claim. Since f(z) =
hl(z)ea(z), we deduce that

(fY) = hi~ (thad/ + thi)e',

(fY)" = B 2(Phi()? 4+ 26°hyBha’ + thi ()20 + t(t — 1)(h})? + thahf )™

and

(ft)/// _ h§—3(t3h:f(a/)3 + 3t3h?_1h/1 (a/)371 4 3t2hi’(a')372a”
+3t2(t — 1)hy (b)) +...)e™.
Therefore the claim is true for [ = 1 with ¢ > 1, [ = 2 with ¢ > 2 and [ = 3 with
t > 3, respectively. We assume that the claim is true for [ = [* with ¢ > [*, i.e.

(1 —1)

5 tl*—lhll* (a/)l*—Qa//

(PO = BT R (o) + IR R (o)
+Pl*—1(h17h/170/))eta'
Now we prove that the claim is also true for [ = I* + 1 with t > [* + 1. By
differentiation we have
(ft)(l*+1) _ <t1*+1ht1(a/)z*+1 +tz*+1ht1—1h/1(a/)l* _’_l*tl*htl(a/)l*fla//
x(*-1)
2
o A+ AU P (B, B o)+ RV PL (e, B, o/))eta

+ PRI () L+ (o) e
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= A (R @) (1 DR R (o)

(4 1) e g
+ ( 2+ )tl hll +1(Oé) —1 ,/+-Pl*(h17h17 )) ta

So we complete the proof of the claim. Since n > k, we have
(28) (MW = A (nFRE @) + kb R (o)

k(k—1
n ( > )nkthlc( )k 20/ 4 Py (b, B a )) one

Similarly we get

k(kz_ ]‘) nk*lfﬂ;(ﬂ/)k*Qﬂ//

(2.9) (9")® = hy~* (nRE(8')" + knB5Ry(8) ! +
+ P (hz 1y, ) )
= B (=1 R (@) + (1) Mk ns T R (')

k(k—1
_’_(_1)1971%711971}/29( ) -2 H"‘Pk 1(h2,h2, ))enﬂ.

Here we see that every term of Py_1(hi, h}, ') has the form
KR ()" . (b)) (o)™ (o)™ (o))

where lg, ..., g, mo,...,mr € NU{0} and K is a suitably positive integer.
Note that deg(h%(a/)¥) > deg(h ) (a/)F~1) = deg(h¥ (a/)*2a"). Also

deg(hl (W1 .. (B (/)ymo (/)™ . (o)) < deg(hE(a/)F~2a).

Let L
h1(2) = a1p2? + a1p—12P7" + ... + a1o,
hg(z) = blqzq —+ bqulzq_l + ...+ bo
and

(OC(Z))/ = Clrzr + Clrflzril + ...+ C10,

where a1p,biq, c1r € C\ {0}. Then we have

(h1(2)) = aipzip + iai;lalp,lzipfl +...,

(ho(2))" = bl 2" + b, 'big12" " + ..,

and
((2))) =, 2" +ict e 127 4L
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where ¢ € N. Then

ny\(k) __ k. n k _npt+kr k n—1 k—1 np+kr—1
(f )( ) = (n aryciy 2" 4+ ay, ci, (kaipcir—1 + naip—1c1,)2"?

k(k—1
+ (pk‘nka?pclfr_l + 7( 5 )nkfla?pclfr_lr) grptr(e=1)=1 4 )e"a

and

(g”)(k) — ((—1)knkb?qclf,,z"q+m + (—1)knkb?(;lclf;1(kblqclr—l + nblq_lclr)z”q"’k”"_l

k(k - 1)nk—1bn Ck_l’l“) an+7"(k—1)—1 + .. .)enﬁ.

+ (_1)k_1 (qknkb?qclf;l + 2 1q*1r

Since (f™)*) = pe? and (¢")*) = pe~7, it follows that

kon k k kn—1 k-1 kr—1
(2.10)  nFaf, ey, 2" 4 nFal ey (kawper o1 4 nap 1) 2P

k(k—1
+ (pknka?pclfr_l + 7( )nkfla” c]fr_lr) prptr(k=1—1 4

2 1p
(2.11) = dip(z)
and

(2.12) (_l)knkb?qcllcrznwrkr + (_1)knkb?¢;10]1€;1(kb1q01r71 + nb1q7101r)znq+kri1
k(k—1
+ (—=1)k1 (qknkb?qc’fr_l + k(k —1) 5 )

(2.13) = dop(2),

nk_lb?qc’fr_lr) gratrik=h-1_4

where dy,dy € C\ {0}. From (2.10) and (2.12) it is clear that p = g.

Now we consider the following two cases.

Case 1. Let deg(c/) = r € N. If np 4+ kr = ns, where s € N, then we arrive
at a contradiction from (2.10) and (2.12). Next we suppose np + kr # ns. Then
from (2.10) and (2.12) we get

-1 k—1 -1
(2.14) nka?pc’frz"p+m + nka?p ety (kaiperr—1 + nalp,lclr)z"”+m
k pe1, k(E—1) 4y k-1 k—1)—1
+ (pkn aryci, + — " arpCiy T grptr=D=1

= d((—l)knkb?qc’frz”“kr
+ (—1)knkb?(;lclf;1(kblqclr—l + nblq_lcl,«)z”q"’k“l

k(k—1
b1kt (qknkb?qclfr_l 4 ( . )nkflb?qcllcr—lr)anJrr(kfl)fl i ),
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where d € C\ {0}. Note that

k(k—1 2 E—1
phntag s+ M Dty o 2 2P B U o o 2
and
k(k—1 2 k-1
qknkb?qc’f;l T %nk—lb?qclf;lr — Wknk—lb?qclf;l 7& 0.

Since p = ¢, from (2.14) we get

(2.15) at, = (=1)*dbvy,,

(216) a?;l(kalpcM,l + nalp,lclr) = (—1)kdbﬁ;1(/€b1p01r71 + nblp,lclr)

and
k(k—1
(217) pkjnka?pclfr_l + %nkfla?pclﬁ.—lr
k(k—1
o < )

Then (2.15) and (2.17) yield

pn + r=20,

which is impossible.

Case 2. Let deg(a’) = r = 0. Now from (2.10) we get deg(p) = np, which is a
contradiction. Hence, both h; and hs must be nonzero constants. This completes
the proof. O

Lemma 2.13. Let f, g be two transcendental meromorphic functions andn, k € N
such that n > k. Suppose p(z) be a nonzero polynomial such that deg(p) # ns,
where s € N. Suppose (f*)*), (¢")*) share p CM and f, g share co IM. Now when
(/M)W (g™ ™ = p?,

(i) if p(z) is not a constant, then f(z) = 1P, g(2) = coe™ Q) where Q(2) =
Jo p(t)dt, c1, ¢ and c are constants such that (nc)?(cicz)” = —1;

4

(ii) if p(z) is a nonzero constant b, then f(z) = cze®®, g(z) = cye™%, where c3, c4

and d are constants such that (—1)¥(czcq)"(nd)?** = b2
Proof. Suppose
(2.18) (/")) ™ = p.
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Since f and g share co IM, from (2.18) one can easily say that f and g are transcen-
dental entire functions. We consider the following cases.

Case 1. Let deg(p(z)) =1 € N. Since n > k, it follows that N(r,0; f) = O(logr)
and N(r,0;g) = O(logr).

Let
(2.19) F = (f;)(k) and Gy = 9
From (2.18) we get
(2.20) FGy =1

If Fy = ¢{ Gy, where ¢f € C\{0}, then by (2.20) F} is constant and so f is polynomial,
which contradicts our assumption. Hence F} # ¢iG;.

Let
()™ —p
2.21 S =-—"e.
221 (g7)® —p
We deduce from (2.21) that
(2.22) O =e",

where 7, is an entire function.
Let f1 = F1, fo = —e"G; and f3 = €. Here f; is transcendental. Now
from (2.22) we have

i+ fot+ fz=1
Hence, by Lemma 2.6 we get

3 3
N(r,0; f;) + 2ZW(T, 00; fj) S N(r,0; F1) + N(r,0;¢"G1) + O(logr)

1 j=1

<A +o()T(r),

asr — oo, r€l, A<1and T(r) = max T(r, f;).
SV

So by Lemma 2.10 we get either € G; = —1 or € = 1. But here the only
possibility is that €1G; = —1, i.e. (¢")*) = —e™"1p(2) and so from (2.18) we get

(2.23) (f™™ =cserp, (gMP = czep,
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where ¢5 = £1. Since N(r,0; f) = O(logr) and N(r,0;g) = O(logr), we can take
(2.24) f(z) = (2)e*?, g(2) = ha(2)e”,

where h; and ho are nonzero polynomials and «, § are two non-constant entire
functions.

We deduce from (2.18) and (2.24) that either both o and § are transcendental
entire functions or both are polynomials. We consider the following subcases.

Subcase 1.1. Let k € N\ {1}. First we suppose both o and /3 are transcendental
entire functions. Let a1 = o + hY/hy and B = ' + h,/hg. Clearly both oy and
are transcendental functions.

Note that

S(r,nay) = S(r, (J;:;Y)v S(r,np) = S(r, (ggZ)')

Moreover, we see that

From these and using (2.24) we have

(2.25)  N(r,00i /") + N(r,0; /") + N(r,0; (/)N = S(r,nan) = $(r, (fn)/)

and

ny/
(2.26)  N(r,00;¢™) + N(r,0;¢") + N(r,0;(g")*)) = S(r,np) = S(r, (g") )
Then from (2.25), (2.26) and Lemma 2.4 we must have
(2.27) f(z) =5, g(z) = e HE,

where a3 # 0, b3, c§ # 0 and dj are constants. But these types of f and g do not
agree with relation (2.18).

Next we suppose a and 3 are both non-constant polynomials, since otherwise f, g
reduce to polynomials contradicting that they are transcendental. Also from (2.18)
we get a+ 8 = Cq, i.e. @/ = —f'. Therefore deg(«) = deg(B). By Lemma 2.12 we
conclude that both h; and hy are nonzero constants. So we can rewrite f and g as:

(2.28) fz) =€, g(z) =",
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where v(z) + §(z) = C2 and deg(y) = deg(d). Clearly v/ = —§'. If deg(y) =
deg(d) = 1, then we again get a contradiction from (2.18). Next we suppose deg(y)
deg(d) = 2. Now using (2.8) and (2.9) one can easily deduce from (2.28) that

(fn)(k) _ (nk('y’)k+ k(k2— 1)nk71(,y )k 2 /,+Pk (v ))en“/
and
(gn)(k) — (nk((sl)k + k(k; 1) k (5 )k 25”+Pk—1(5 )) nd
_ ((_1)knk(,y/)k o k(k; 1)nk71( 1)]972(7 )k 2 //+P 71( ))en(S

Since deg(y) > 2, we observe that deg((y')¥) > kdeg(y’) and so (7/)*~24" is either

a nonzero constant or deg((v')*=24") > (k — 1) deg(y’) — 1. Also we see that

deg((7')") > deg((v)""27"") > deg(Pr—2(7))  (or deg(Pr—2(—")))

Let
(v(2)) = ezt + e 127+ ..+ e,

where ¢; € C\ {0}. Then we have

-1

(1(2)))" = =" +ier ez T+

where ¢ € N. Therefore we have
(f)®) = (nPef 2kt 4 knFef e, 1 2M7 1 4L 4 (Dy + Do)2M T 4 )e™

and
(gn)(k) _ (( 1)knkekzkt ( ) k’nk k let_lzkt—l 4o

+ ((_ ) D + (_ )k 1D2)Zkt t—1 _’_.“)ené,
where D1, Dy € C such that Dy = 1k(k — 1)tn*~le; . Now from (2.23) we see that
(2.29)  nFelF pknkelTle, 1 2M Tl 4 4 (D + Do)M T L = dip(2)

and

(2.30) (—1)FnFel2M 4 (—1)Fknbefte, i 2FT
oo+ ((F1)FDy + (=) D) M L = dEp(2),
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where d,df € C\ {0}. Now from (2.29) and (2.30) it is clear that

(2.31) nkekalt + k‘nkef_let,lzkt*l + .. 4 (Dy 4+ Dy)Rtt
= dj((—=1)*nFef 2P + (= 1) knPeyte,_12M 7 4.

+ (=1D)FDy + (=D IDy) Rttt ),
where df € C\ {0}. From (2.31) we get Dy =0, i.e.

k(k—1
%tnk—leffl =0,

which is impossible for k& > 2.
Subcase 1.2. Let k = 1. Now from (2.18) we get

(2.32) gy =0l

where p? = n~2p?. First we suppose both o and 3 are transcendental entire func-
tions.

Let h = fg and we consider the following subcases.

Subcase 1.2.1. Suppose that h is a nonzero polynomial. Then from (2.24) it is
clear that h = Ahjhy, where A = ¢* and a + 8 = C,. Therefore o/ = —3'. Now
from (2.32) we see that

2
_(n— 'Y
A (=W ho + Byl — hihsa!) = e~ ”CW—A% 2

where p?(hi1h2)'~™ is a polynomial. From this it is clear that
N(r,0;a') = O(logr), N(r,0;—h}hay + hihy — hihea’) = O(log ).

By the second fundamental theorem for small functions (see [14]) we have

T(r,a') < N(r,00;a) + N(r,0;) + N(r,0; —h'yhg + h1h} — hihad)
+ (e +o(1)T(r,a")
< O(logr) + (e + o(1))T(r, ')
for all € > 0. This shows that o’ is a polynomial and so is «, which is a contradiction.

Subcase 1.2.2. Suppose that h is a transcendental entire function. Now from (2.32)
we get

(2.33) (9_' _ EE)Q _ E(E)Q .
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Let

gl 1 hl
Qo = g ) h
From (2.33) we get
LN
(2.34) o2 = Z(ﬁ) — Rl

First we suppose az = 0. Then we get h="p{ = 1(h//h)? and so T(r,h) = S(r, h),
which is impossible. Next we suppose that as # 0. Differentiating (2.34) we get
1h (h’

!/
5% —> + nh/h_”_lp% — 2h_np1pll

2000y = 5

Applying (2.34) we obtain

e (ot et =2) =35 () )

First we suppose
/ /

@9
—n hP% +2pipy — 206—217% =0.
Then there exists a nonzero constant cg such that a3 = cgh™"p? and so from (2.34)
we get
1 /h'\2
ored = (7).
(cs + 1A "py i\7

If ¢g = —1, then h will be a constant. If cg # —1, then we have T'(r,h) = S(r, h),
which is impossible. Next we suppose that

I

h

a/
—n—-p} + 2p1p} — 2=2pi #0.
Qa9
Then by (2.35) we have
(2.36) nT(r,h) = nm(r, h)
| AN
< nZZ () 222
\m(r’h 2% (( ) h ag))

h
(G ((7) - 752) ) o

! / ! !/
<r(ry () - 55)
no, / o
+ m(n nPL Tt 2ppy - 2a—2p1)

< N(r,0;00) + S(r, h) + S(r, az).
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From (2.34) we get
1
T(r,az) < inT(r, h)+ S(r,h).
Now from (2.36) we get
%nT(r, h) < S(r,h),

which is impossible.

Thus, « and S are both polynomials. Also from (2.18) we can conclude that
a(z) + B(z) = Cy and so o/(z) + f'(2) = 0. By Lemma 2.12 we conclude that
both h; and ho are nonzero constants. So we can rewrite f and g as:

(2.37) fz)=e2) g(z) =),

Now from (2.18) we get

(2.38) n27£5éen(’y2+52) = p2.

Also from (2.38) we can conclude that y2(z) + d2(2) = C3 for a constant C3 and

s0 Yh(2) + 65(z) = 0. Thus, from (2.38) we get n2e"“3~4(2)84(z) = p?(z). By
computation we get

(2.39) 72(2) = cp(z),  5(2) = —cp(2).
Hence,
(2.40) v2(2) = cQ(2) + b1, 2(2) = —cQ(2) + bo,

where Q(z) = foz p(t) dt and by, be are constants. Finally we take f and g as
f(z) = 6@ g(2) = cpe™ ),

where c1, co and ¢ are constants such that (nc)?(cic2)” = —1.
Case 2. Let p(z) be a nonzero constant b. In this case we see that f and g have
no zeros and so we can take f and g as:

(2.41) fz) = e, g(z) =),

where a(z), 5(z) are two non-constant entire functions. We now consider the follow-
ing subcases.
Subcase 2.1. Let k > 2. We see that

N(r, 05 (f)™) = 0.
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From this and using (2.41) we have

(2.42) U E)® £0 and  g"(2)(g"(2)M #0.
Then from (2.42) and Lemma 2.5 we must have

(2.43) flz) =95, g(z) = et

where a§ # 0, b3, c§ # 0 and d§ are constants.
Subcase 2.1. Let k = 1. Considering Subcase 1.2 one can easily get

f(z) frd eaIOZJ’_bIO, g(z) — ecitl)z"’_d)lko7

where aj, # 0, bj, ¢io # 0 and dj, are constants. Finally, we can take f and g as

f(z) = ese®, g(2) = cae™®,

where c3, ¢4 and d are nonzero constants such that (—1)¥(c3cq)™(nd)?* = v2. This
completes the proof. O

Lemma 2.14. Let f and g be two transcendental meromorphic functions and
n,k € N, m € NU {0} with n > k+ 2. Let p(z) be a nonzero polynomial such
that deg(p) # (n +1)s, where s € N, i € {0,1,...,m}. Let P(w) be defined as in
Theorem F and (f"P(f))®, (¢"P(g))* share p CM and also f, g share co IM.
Suppose (f*P(f))*) (g"P(g))*) = p?>. Then P(z) reduces to a nonzero monomial,
namely P(z) = a;2* # 0 for some i € {0,1,...,m};

if p(z) is not a constant, then f(z) = ¢1e°®*), g(z) = cpe Q%) where Q(z) =
foz p(t)dt, c1, c2 and ¢ are constants such that a?(cic2)" ¢ ((n +1i)c)? = -1,
if p(z) is a nonzero constant b, then f(z) = c3e®, g(z) = cye™

and c are constants such that (—1)*a?(czcq)" i ((n + i)c)?F = b2

i

, where c3, ¢4

Proof. The proof follows from Lemmas 2.9 and 2.13. 0

Lemma 2.15 ([1]). Let f and g be two non-constant meromorphic functions
sharing (1, k1), where 2 < k1 < co. Then

N(r, 1 fl=2)+2N(r, 15 f|=3)+ ...+ (k1 = 1)N(r, 1; f |= k1) + ks N (r, 15 f)

+ (k1 + DN L(r Lig) + BN 159) < N(r, 1g) - N(r. 1 g).
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Lemma 2.16. Suppose that f and g are two non-constant meromorphic functions.
Let F = (f"P(f))®, G = (¢"P(9))®), where n,k € N, m € NU {0} and P(w) be
defined as in Theorem F. If f, g share co IM and V = 0, then F = G.

Proof. Suppose V = 0. Then by integration we obtain

1—%:A(1—é).

It is that if zp is a pole of f, then it is a pole of g. Hence, from the definition of F’
and G we have 1/F(z9) =0 and 1/G(z9) = 0. So A =1 and hence F = G. O

Lemma 2.17. Suppose that f and g are two non-constant meromorphic functions.
Let F, G be defined as in Lemma 2.16 and H # 0. If f, g share (0,0) and F, G
share (1, ky), where 0 < k1 < oo, then

(n+m—k—1)N(r,00; f) < (k+m~+1)(T(r, f) + T(r,g)) + N.(r,1; F,G)
+5(r, f) +5(r,9).

Proof. Suppose o is an e.v.P of f and g. Then the result follows immediately.

Next suppose oo is not an e.v.P of f and ¢. Since H # 0, from Lemma 2.16 we
have V' # 0. We suppose that zg is a pole of f with multiplicity ¢ and a pole of g
with multiplicity r. Clearly zp is a pole of F' with multiplicity (n + m)q + k and a
pole of G with multiplicity (n + m)r + k. Noting that f, g share (c0,0), from the
definition of V' it is clear that zg is a zero of V' with multiplicity at least n+m-+k—1.
Now using the Milloux theorem [6], page 55, and Lemma 2.1, we obtain from the
definition of V' that m(r,V)) = S(r, f) + S(r,g). Thus, using Lemma 2.1 and (2.4)

we get

(n+m+k—1)N(r,o0; f)
N(r,0; V)< T(r,V)+0(1)
N(r,o0; V) +m(r,V) 4+ O(1)
N(r,0; F)+ N(r,0;G) + N.(r,1; F,G) + S(r, f) + S(r, 9)
Nyt1 (1,05 f"P(f)) + Nita (1,05 g™ P(g)) + kN (7, 00; f)
+kN(r,00;9) + Nu(r,1; F,G) + S(r, f) + S(r, 9)
< Ni1(r, 05 f) + Nigga (1, 0; P(f)) + Ny (r, 03 9™)
+ Niy1(r,0; P(g)) + 2kN(r,00; f) + N.(r,1; F, G)
+S(r, f)+ S(r,9)

<
<
<
<
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< (B4 1)N(r,0; f) + N(r,0; P(f)) + (k + 1)N(r,0; g)
+ N(r,0; P(g)) + 2kN(r,00; f) + N.(r,1; F, G)
+ S(r, f)+ S(r,9).

This gives

(n+m—k—1)N(r,00; f) < (k+m+1)(T(r, f) + T(r,9)) + Nu(r,1; F, G)
+5(r, f) +5(r,9).

This completes the proof of the lemma. O

3. PROOF OF THE THEOREM

Proof of Theorem 1.1. Let F = (f"P(f))*) /p(z) and G = (¢"P(9))* /p(2).
Note that since f and g are transcendental meromorphic functions, p(z) is a small
function with respect to both (f"P(f))*) and (¢"P(g))*). Also F, G share (1,k;)
except the zeros of p(z) and f, g share (00, 0).

Case 1. Let H # 0. From (2.1) it can be easily calculated that the possible
poles of H occur at (i) multiple zeros of F' and G, (ii) those 1 points of F' and G
whose multiplicities are different, (iii) those poles of F' and G whose multiplicities are
different, (iv) zeros of F’ (or G’) which are not the zeros of F(F —1) (or G(G —1)).

Since H has only simple poles, we get
(3.1) N(r,00; H) < Ny(r,00; F,G) + N.(r,1; F,G) + N(r,0; F |> 2)

+ N(r,0;G = 2) + No(r,0; F') + No(r,0; G') + S(r, f) + S(r, g),
where No(r,0; F’) is the reduced counting function of those zeros of F’ which are
not the zeros of F(F — 1), and No(r,0;G") is similarly defined.

Let zp be a simple zero of F' — 1 but p(zg) # 0. Then 2 is a simple zero of G — 1
and a zero of H. So

(3.2) N(r,1;F|=1) < N(r,0; H) < N(r,o0; H) + S(r, f) + S(r, g).
Using (3.1) and (3.2) we get
(3.3) N(r1;F)
SN LF[=1)+N(r 1L F|>2)
< N.(r,00;f,9) + N(r,0; F|>2) + N(r,0;G |> 2) + N.(r, 1, F,G)
+ N(r,1; F|>2)+ No(r,0; F') + No(r,0; G") + S(r, f) + S(r, g)
< N(r,00; f) + N(r,0; F |> 2) + N(r,0; G |> 2) + N.(r, 1; F, G)
+ N(r,1; F|>2) 4+ No(r,0; F') + No(r,0; G') + S(r, f) + S(r, g).
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Now in view of Lemmas 2.6 and 2.3 we get
(3.4) No(r,0;G'")+ N(r,1;F|>2)+ N.(r,1; F,G)
< No(r,0;G") + N(r,1; F |=2)
AN F|=3) 4. + N L F = k) + No (1, F)
+WL(7“,1;F)+NL(T,1;G)+N*(T,1;F7G)

< No(r,0;G") = N(r,1; F|=3) — ... — (ky —2)N(r,1; F |= k1)
— (b = )N L F) = N (r, 1,G) — (b — )NS (1, F)

+ N(r,1;G) — N(r,1;G) + N.(r,1; F,G)
< No(r,0;G") + N(r,1;G) = N(r, 1;G) — (ky — 2)Np(r,1; F)
— (k1 —1)Np(r,1;G)
<N 0;G |G #0)— (k1 —2)Np(r,1; F) — (ky — 1)Nz(r, 1;G)
< N(r,0;G) + N(r,00;9) — (k1 — 2)N.(r,1; F,G) — N(r, 1;G).

Hence, using (3.3), (3.4), Lemmas 2.2 and 2.17 we get from the second fundamental
theorem that

(3.5) (n+m)T(r, f) < T(r, F) + Ni12(r,0; f* P(f)) — Na(r,0; F) + S(r, f)

SN(r,0; F) 4 N(r, 00, F) + N(r, 1; F) + Niyo(r, 05 f"P(f))
— Na(r,0; F) — No(r,0; F') + S(r, f)

< N(r,00; f) + N(r,00; g) + N(r,0; F) + Ny42(r, 0; f"P(f))
+N(r,0;F|>2)+N(r,0;G[>2)+ N(r,1; F|>2)+ N.(r,1; F,G)
+ No(r,0;G") — Na(r,0; F) + S(r, f) + S(r, 9)

<3N (r,00; f) + Niya(r, 0; f* P(f)) + Na(r,0; G)
— (k1 —2)N.(r,1;F,G) — NL(r, 1;G) + S(r, f) + S(r, 9)

<3N (r,00; f) 4 Nigt2(r, 05 f* P(f)) + kN (r, 00; 9)
+ Ni42(r, 09" P(g)) — (k1 = 2)N+(r, 1 F,G) + S(r, f) + S(r, g)

< B+ k)N(r,00; f) + (k+2)N(r,0; f) + T(r, P(f)) + (k + 2)N(, 0; 9)
+T(r,P(g)) — (k1 —2)N.(r, 1; F,G) + S(r, f) + S(r, 9)

(r, 00

< (k+m+2)(T(r, f) + T(r, 9)) + (3 + k)N(r, 00; f)
_(kl_z)N (T,l,FG)—I—S(T,f)—l—S(T g)
<(k+m+2)(T(r, f)+T(r,9))
(B+k)(k+m+1) 34k —
T m—k—1 (T(r, f)+T(r,g ))+mN*(7“71,F,G)

= (k1 =2)N.(r, L F,G) + S(r, f) + S(r,9)
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B+k)(k+m+1)
n+m-—~k—1

<(k+m+2+ YD) +T(r.g) + 50, f) + S(r.g).

In a similar way we can obtain

(3.6) (n+m)T(r,g) < (k: +m+2+ (i—:f)ék_—kkm_—: 1)

+5(r, f) +5(r, 9)-

)T, £)+T(r,9))

Adding (3.5) and (3.6) we get

6+ 2k)(k+m+1)
n+m-—~k—1

(n—m—2k—a- )T, £) +T(r,)) < S, ) + S(r,9).

Since the quantity in the first bracket can be written as

m+m—-k—=12=0C2m+k+3)n+m—-k—1)—2(k+3)(k+m+1)
n+m-—k—1

(3.7)

Y
by a simple computation one can easily verify that when

n+m—k—1>2m+2k+5
- 2m+k+3+/2m+k+32+8k+3)(k+m+1)
2 3

i.e. when n > 3k +m + 6, we obtain a contradiction from (3.7).
Case 2. Let H = 0. Then by Lemma 2.11 we have either

(3.8) (f"P(f)® (g"P(g))*) = p?,
(3.9) f"P(f)=g¢"P(g).

From (3.9) we get

(3.10)  f(amf™ + am1 ™ 4 a0) = 9" (amg™ ¥ am_1g™ ..+ ag).

Let h = f/g. If h is a constant, then substituting f = gh into (3.10) we deduce that
Amg" T (AT = 1) a1 g™ TR D) 4 agg™ (Bt — 1) = 0,

which implies h¢ = 1, where d = GCD(n +m,...,n +m —i,...,n), am_; # 0
for some i = 0,1,...,m. Thus, f = tg for a constant ¢ such that t* = 1, where
d=GCD(n+m,...,n+m—1,...,n), Gym—; # 0 for some i =0,1,...,m.
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If h is not a constant, then we know by (3.10) that f and ¢ satisfy the algebraic

equation R(f,g) =0, where

R(w1,w2) = W (@mw™ + 10 . ag) — W (@mwh + 1w ..+ ag).

The remaining part of the theorem follows from (3.8) and Lemma 2.14. This

completes the proof of the theorem. O
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