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1. INTRODUCTION, DEFINITIONS AND RESULTS

Let f be a noncostant meromorphic function in the open complex plane C and
a = a(z) be a polynomial. We denote by F(a; f) the set of zeros of f — a, counted
with multiplicities, and E(a; f) the set of all distinct zeros of f —a. Let N(r,a; f) be
the counting function of zeros of f —a in {z: |z| < r}. If A C C, then the counting
function Na(r, a; f) of zeros of f —a in {z: |z| <7} N A is defined as

Natraip) = [ maltbeif)l - l)

; dt +n4(0,a; f)logr,
0

where na(t,a; f) is the number of zeros of f — a, counted with multiplicities, in
{z: |#| < r} N A. For standard definitions and notations we refer the reader to [1]
and [6].

There are some results related to value sharing and polynomial sharing. In the
beginning, Jank, Mues and Volkmann [2] considered the situation that an entire
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function shares a nonzero value with its derivatives and they proved the following
theorem.

Theorem A ([2]). Let f be a nonconstant entire function and a be a nonzero
finite value. If E(a; f) = E(a; fV) C E(a; f®), then f = f).

The following example shows that in Theorem A the second derivative cannot be
replaced by any higher order derivatives.

Example 1.1 ([7]). Let k (> 3) be an integer and w (3 1) be a (k — 1)th root
of unity. We put f = e“? +w — 1. Then f, f() and f*) share the value w CM, but

F#FW.

On the basis of this example, Zhong [7] improved Theorem A by considering higher
order derivatives in the following way.

Theorem B ([7]). Let f be a nonconstant entire function and a be a nonzero
finite number. If E(a; f) = E(a; fV) and E(a; f) € E(a; f) N E(a; V) for n
(> 1), then f = (™,

In 1999 Li [5] considered linear differential polynomials and proved the following
result.

Theorem C ([5]). Let f be a nonconstant entire function and L = a; f®) +
asf® +.. 4 a,f™, where a1, as, ..., a, (# 0) are constants, and a (# 0) be a finite
mumber. 7t F(a; f) = Ba; fO) € Bla; L) nB(a; V), then f = fO = L.

Lahiri and Kaish [3] improved Theorem B by considering a shared polynomial.
They proved the following theorem.

Theorem D ([3]). Let f be a nonconstant entire function and a = a(z) (# 0)
be a polynomial with deg(a) # deg(f). Suppose that A = E(a; f)AE(a; fV)) and
B = E(a; fON\{E(a; f™)NE(a; f™*t1)}, where A denotes the symmetric difference
of sets and n (> 1) is an integer. If

(1) Na(r,a; f) + Na(r,a; fV) = Oflog T(r, f)},
(2) Ng(r,a; fV) = S(r, f), and
(3) each common zero of f —a and f(*) — a has the same multiplicity,

then f = \e®, where A (# 0) is a constant.

In Theorem D, Lahiri and Kaish considered an entire function which shares a
polynomial with its derivatives. In our paper we improve Theorem D by considering
an entire function which shares a polynomial with its linear differential polynomials.
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The main result of the paper is the following theorem.

Theorem 1.1. Let f be a nonconstant entire function and L = asf® +
asf® + ...+ anf™, where az,as,...,a, (# 0) are constants, and n (> 2) be
an integer. Also let a(z) (# 0) be a polynomial with deg(a) # deg(f). Suppose that
A=TE(a; f)AE(a; fV) and B = E(a; fM)\ {E(a; L) N E(a; LW)}. If

(1) Na(r,a; f) + Na(r,a; fV) = O{log T(r, f)},
(2) Ng(r,a; fV) = S(r, f), and
(3) each common zero of f —a and f(*) — a has the same multiplicity,

then f = L = X\e®, where A (# 0) is a constant.

In the theorem we assume that the degree of a transcendental entire function is
infinity.
Putting A = B = &, we get the following corollary.

Corollary 1.1. Let f be a nonconstant entire function and a = a(z) (£ 0) be a
polynomial with deg(a) # deg(f). Also let L = asf® +a3f® + ... +a, f™, where
2,03, . ..,a, (# 0) are constants and n (> 2) is an integer. If E(a; f) = E(a; f)
and E(a; fV) c {E(a; L) N E(a; LY)}, then f = L = )e?, where \ (# 0) is a

constant.

In Theorem C, Li considered the linear differential polynomial as L = a; f® +
agf(Q) +...+ anf("), where ay,as,...,a, (= 0) are constants. Here we consider the
linear differential polynomial L with the first coefficient a; = 0. That is, we consider
L =axf® +a3f® 4+ ...+ a,f™. In Corollary 1.1 if we consider a = a(z) as a
nonzero finite constant, then we get a particular case of Theorem C when L will
be considered with the first coefficient zero. Therefore Corollary 1.1 shows that our
result is an improvement of a particular case of Theorem C when L is considered
with the first coefficient a; = 0.

2. LEMMAS
In this section we present some necessary lemmas.

Lemma 2.1 ([3]). Let f be transcendental entire function of finite order and
a = a(z) (#0) be a polynomial and A = E(a; f)AE(a; fMV). If

(1) Na(r,a; f) + Na(r,a; fM) = O{log T(r, )},
(2) each common zero of f —a and f(*) — a has the same multiplicity,

then m(r,a; f) = m(r, (f — a)~!) = S(r. f).
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Lemma 2.2. Let f be a transcendental entire function and a(z) (# 0) be a
polynomial. Alsolet L = asf® +azf® +.. . +a,f™ and b(z) = aza'® +aza® +.. .+
ana'™, where ay,as, ...,a, (> 0) are constants and n (> 2) is an integer. Suppose
h=((a—a")(L=b)~(a—b)(f" —aM)(f —a)" and A = E(a; f) \ E(a; fV),
B =F(a; fV)\ {E(a; L) N E(a; LM)}. If

(1) Na(r,a; f) + Np(r,a; fV) = S(r, f),
(2) each common zero of f —a and f(!) — a has the same multiplicity,
(3) h is transcendental entire or meromorphic,

then m(r, a; fV) = m(r, (fV) —a)~") = S(r, f).

Proof. Sincea—a® = (fV) —a®)— (1) —a), if 2 is a common zero of f —a
and ) — a with multiplicity ¢ (> 2), then zp is a zero of a — a(!) with multiplicity
qg—1. So

N(r,a; f) <2N(r,0;a — a(l)) + Na(rya; f) = S(r, f),

where N(3(r, a; f) is the counting function of multiple zeros of f — a.
Hence, by the hypothesis we see that

N(r,h) < Na(r,a; f) + Np(r,a; fO) + Neo(r,a; f) + S(r, f) = S(r, f).

Since m(r, h) = S(r, f), we have T'(r,h) = S(r, f).
Now by a simple calculation we get

f=atp((a—a®)L-8) - (@~ ) - al)
= at (@)L~ a) - (@~ (D - a)).
Differentiating we obtain
fO =a® 4 (%)(1)(((1 —a")(L—a)=(a—b)(fV —a))

((a —aM) (@M = aW) + (e — @) (L - a)
o — b)Y (fO —a) — (a — b)(f® — aV)).

+

> =

—

This implies
(r0—a)(1+ (%) Ya—b)+ (o) = b))

—aW gy ((%)(”(a _ o)+ %(au) - a®))(L-a)
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— e\ —a®
:(a a ) (L_C)Jr%@(l)_c(l))

h
a—1b (c—a)(a—aM)\®

e ¢) B €Y 1 _ A S
h (f @) +a @t ( h ) ’

where ¢(z) = aga™ + aza® + ... + apa™Y.
Therefore

<1+ (a;b)(l))(fu) — )

—a® oy (M)<1>+ (a—a(l))(l)(L_c)

h h
a—a a—1>b
a—aV )y @) _ 4y,
+ Lm0 g ) - Eb (g _0)
This implies
(2.1) 1 1(a—a(1))(1) L—c¢ a—a® LMD
' fO—a v v h fO —a hv fO —qa

a—b F2 — g
hv  fO) —q’

where =1+ ((a —b)h~)® and v = ™) —a + ((c — a)(a — a™M)R=H)D),

We now verify that u # 0 and v # 0. If 4 = 0, then 1 + ((a — b)h~1H)M) = 0.
Integrating we get h = (a—b)(c1 —2)~!, where ¢; is a constant. This is a contradiction
as h is transcendental. Therefore p # 0.

If v = 0, then ((¢c — a)(a —aM)h=1)D) = g — (V). Integrating we get (c — a) x
(a —aM)h™' = P(2), ie. h = (c —a)(a —aV)/P(2), where P(z) is a polynomial.
This is a contradiction because h is transcendental. Therefore v # 0.

Again T(r,pu) + T(r,v) = S(r, f). Therefore from (2.1) we get m(r,a; fV)) =
m(r, (fV —a)~1) = S(r, f). This proves the lemma. O

Lemma 2.3 ([4], page 58). Each solution of the differential equation
anf(n) + anflf(nil) +...+ aOf = 07
where ag (£ 0),a1,...,a, (£ 0) are polynomials, is an entire function of finite order.

Lemma 2.4 ([4], page 47). Let f be a nonconstant meromorphic function and
a1, as, ag be three distinct meromorphic functions satisfying T'(r,a,) = S(r, f) for
v =1,2,3. Then

T(r,f) <N(r,0; f —a1) + N(r,0; f — az) + N(r,0; f — as) + S(r, f).
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Lemma 2.5 ([6], page 92). Let f1, fo,..., fn be meromorphic functions which
are nonconstant except possibly for f,, wheren > 3. If f, #0 and > f; =1 and

SN 05 f;) + (= 1) 32 N(ryoci f3) < {4 o)V fi) for k= 1.2, n— 1,
=1 =1
Jthen fn=1. ’

3. PROOF OF THE THEOREM

First, we verify that f cannot be a polynomial. We suppose that f is a polynomial.
Then T(r, f) = O(logr) and Na(r,a; f) + Na(r,a; fV) = O(log T(r, f)) = S(r, f)
imply A = ®. Also Np(r,a; f1)) = S(r, f) implies B = ®. Therefore E(a; f) =
E(a; fM) and E(a; fM) € E(a, L) N E(a; LW).

Let deg(f) = m and deg(a) = p. If m > p+1, then deg(f —a) = m, deg(f —a) <
m — 1. Since each common zero of f —a and f(!) — g has the same multiplicity, it
contradicts the fact that E(a; f) = E(a; f1).

Next let m < p — 1. Then deg(f — a) = p, deg(f) —a) = p. Again E(a; f) =
E(a; V), we can write f(Y) —a = (f — a)k, where k (> 0) is a constant.

If k # 1, then kf — f1) = (k — 1)a, which is impossible as deg((k — 1)a) = p >
m = deg(kf — V).

If k =1, then f = f(), which is again a contradiction. Therefore f is a transcen-
dental entire function.

Since a — aM = (f) —a®) — (f) — a), a common zero of f —a and f1) —a
of multiplicity ¢ (> 2) is a zero of a — a(!) with multiplicity ¢ — 1 (> 1). Therefore
Na(r, a; fD|f =a) <2N(r,0;a—aM) = S(r, f), where Na(r, a; fM|f = a) denotes
the counting function (counted with multiplicities) of those multiple zeros of f(1) —a,
which are also zeros of f — a.

Now

(3.1) Neo(rya; fY) < Na(r,a; fV) + Np(r,a; f)
+ Ne(ra; fOf =a) + S(r, f) = S(r, f).

First we suppose that L") # f(1). Then using (3.1) we get by the hypothesis

a—bL @) _p@

a—al)’ fA) — a(l))
LM —p@) LM —p)

(’I", f(l) —a(l)) +S(T,f) = N(T, f(l) —a(l)) +S(T,f)

< N(r,aW; fV) + 5(r, ),

(8:2) N(r,a; ™) < No(r.a; /) + N(r, S(r, f)

<T

where b(z) = a20®)(2) + 450 (2) + ... + a0 (2).
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Again

(1) _
m(r,a; f) <m(r,f _Z f(1)1a(1))
<m(r,a 1) F)+S(r, )
=T(r, fV) = N(r,aM; fN) + S(r, f)
=m(r, fM) = N(r,a; fD) + 5(r, f)
<mf(r, f) = N(r,aV; fO) + S(r, f)
=T(r,f) = N(r,aW; fV) + 8(r, f),

ie. N(r,aV; fV) < N(r,a; f) + S(r, f).
Therefore from (3.2) we get

(3.3) N(r,a; fV) < N(r,a; f) + S(r, ).
Again

(34)  N(r,a; f) < Na(r,a; ) + N(r,a; fV|f = a) < N(r,a; fV) + S(r, f).
Therefore from (3.3) and (3.4) we get

(3.5) N(r,a; ) = N(r,a; f) + S(r, f).

Let h = ((a —aM)(L —b) — (a—b)(fM) —aM))(f —a)~! be transcendental. Then

TG, f) = m(r, f) < m(r, 1 (@~ aD)L = (0~ 5) 7)) + S0 1)

m(r, f0) +m(r, (a - ”“”W —(a=b)) +S(r. )
m(r, fV) + 50 f) = T(r, fY) + S(r, f)

m(r, fV) + S, f) <m(r, f) + S(r, f)

T(r, )+ S(r, f).

N

([N

Therefore
(3.6) T(r, fV) = T(r, )+ S(r, f).

Again by Lemma 2.2 we get m(r,a; f(1)) = S(r, f). Then from (3.5) and (3.6) we
get m(r,a; f) = S(r, f). Therefore

(3.7) m(r,a; f) +m(r,a; fV) = S(r, f).
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Next we suppose that h is rational. Then by Lemma 2.3 we see that f is of finite
order and by Lemma 2.1 we get m(r,a; f) = S(r, f). Since

T(r, fO) =m(r, fO) <mlr, )+ S(r, f) = T(r, f) + S(r, f)

and from (3.5) we get m(r,a; fV) < m(r,a; f) + S(r, f) = S(r, f). Hence in this
case also we obtain (3.7).

Let £ = (fM) —a)(f —a)™' and n = (L — a)(f® — a)~'. Then by (3.7) we get
m(r,€)+m(r, ) = 8(r, f). Also N(1,€) < Na(r,a; )+ No(r,a: f0) + Noo(r, 05 )+
S(r, f) = S(r, f) because N3(r,a; f) < Na(r,a; f) + 2N (r,0;a — ay + S(r, f) =
S(r, f).

Using (3.2) we get

N(r,n) < Na(r,a; f) + Np(r,a; fV) + No(r,a; f1) + S(r, f) = S(r, f).

Therefore

(3-8) T(r, ) +T(r,n) =5, f).

Let z; be a simple zero of f — a such that z; ¢ AU B and a(z;) — aM(z;) # 0.
Then by Taylor’s expansion in some neighbourhood of z; we get

F(2) = a(2) = (a(e1) = a® (21)) (2 = 21) + Oz — 2)?,
FD(z) = a(z) = (FD (1) — aD (20))(z — 1) + Oz — 21)?,

and
L(z) — a(z) = (a(21) — M (21))(z — 21) + O(z — 21)*.

Therefore in some neighbourhood of z; we get

e f(2)(21)—a(1)(21) .
(39) 5( )* G(Zl) —Cl(l)(Zl) +O( 1)7

and

a(z1) — aM(z)
f@ (1) = all(z1)

(3.10) n(z) = + O(z — z1).

We put x = n—¢ 1. Then from (3.8) we get T'(r,x) < T'(r,n)+T(r,&)+S(r, f) =
S(r, f)-
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Also in some neighbourhood of z; we have by (3.9) and (3.10),

1
x(z) =n(z) - €2

_a(z) —aW(z) ) [P (z1) —aW(z)) L)
= () a0 (1) +O( 1) ( a(z1) — e (1) +O( 1))
a(z1) — a®(z1) a(z1) — a®(z1)
- @ (o)~ (a1) +0(z — 21) — (f(Q) (o) = (1) +0(z — z1)>
=0(z — #1).
If x #0, then

N(r,a; f) < Na(r,a; f) + Ng(r,a; fY) + Neao(r, a3 f) + N(r,05a — aM) + N(r,0;x)
= S(r, f),

and so by (3.7) we get T'(r, f) = S(r, f), a contradiction.
Therefore x = 0 and so

(3.11) L=f.

Differentiating (3.11) we get LW = f) which contradicts our hypothesis that
LM #£ U Therefore, indeed we have L(1) = (1),
Next we suppose that L(*) # L. Then by the hypothesis and (3.1) we get

) L) _
(3.12) N(r,a;f(l))SNB(r,a;f(l))—l—N(r,a s ) S(r, f)

L1 _ p) L) — p®)
<T(n =g =p) SN = N(n T p) + 50

— N(r,b; L) + S(r, ).
Again

m(r,a: f) = m(r, T g )< mlr i L)+ S(r, )
T(r,L)— N(r,b; L)+ S(r, f) =m(r,L) — N(r,b; L) + S(r, f)
m(F) + mlr 1) = N L)+ S(r.)

=m(r,f) = N(r,b; L) + S(r, f) = T(r, f) = N(r,b; L) + 5(r, )

N

and so N(r,b;L) < N(r,a;f) + S(r,f). Now by (3.12) we get N(r,a; fM) <
N(r,a; f) + S(r, f).
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Also
N(r,a; f) < Na(r,a; f) + N(r,a; fOf = a) < N(r,a; f D)+ S(r, f).

Therefore N(r,a; f()) = N(r,a; f) + S(r, f), which is (3.5).

Now using Lemma 2.1, Lemma 2.2, Lemma 2.3 and (3.5) we similarly obtain (3.7).
Using ¢ and 7 and proceeding likewise we get (3.11), which implies L = f or as f(?) +
asf® + ...+ anf™ — f =0. Solving this we get

(3.13) [ = p1e®% + pae®? 4 ... 4 pe™tF,

where a1, as, ..., aq are the roots of az(?+az(>+...+a,("—1=0and p1,p2,..., P
are constants or polynomials, not all identically zero and ¢ (< n) is an integer.
Differentiating (3.13) we get

t
(3.14) f(l) — Z(pgl) —l—piozi)e(”"z.

i=1
Now from (3.13), (3.14) and & = (fV) —a)(f —a)~" we get
t
(3.15) Z(fpz — pl(.l) — pi;)e® = a(€ —1).

i=1

We suppose that £ # 1. Then from (3.15) we get

Lepi -t —piai
(3.16) > D o=
=1

Here T'(r, f) = O(T'(r,e*?)) for i = 1,2,...,t.

First we suppose that the left-hand side of (3.16) contains only one term, say,

1
Epk — p; ) pray e

a(§ —1)

Then T'(r,e**) = S(r, f) = S(r,e**), a contradiction.
Next we suppose that the left-hand side of (3.16) contains only two terms, say,

=1.

1 1
Epk —PL ) — pray, Ok 4 Epy —Pl( ) — P oy
a6 —1) a6 —1)
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So by Lemma 2.4 we get from above

T(r,e**) < N(r,0;e**) + N(r, 00; e**)
+

— -1
N(?“, a(il) ) ;eakz> + S(?", eakz)
Pk — P’ — PROk

= W(r.0:6%%) + §(r, ™) = §(r, ™),

a contradiction.
Finally we suppose that the left-hand side of (3.16) contains more than two terms,
then by Lemma 2.5 we get
1
&pi — ) — piy 07 =

(3.17) =D

for one value of i € {1,2,...,t}.

From (3.17) we see that T'(r,e*#) = S(r, f) = S(r,e**), a contradiction. There-
fore ¢ =1 and so f) = f. Hence, from L = f we get L = LM, a contradiction to
the supposition. Therefore, indeed we have L = L),

Now L = L™ = fU) implies L = L) = (1) = \e?, where A (> 0) is a constant.
Therefore f = \e” + K, where K is a constant.

By Lemma 2.4 we get

(3.18) T(r,Ae*) < N(r,0; Xe?) + N(r,00; Ae*) + N(r,a — K; Xe*) + S(r, \e?)
= N(r,a; f) + S(r, \e?).
If N(r,a;f) = S(r, f), then from (3.18) we get T'(r,\e*) = S(r,\e*), which is a

contradiction. Therefore N (r,a; f) # S(r, f).
Again

(3.19) N(r,a; f) < Na(r,a; f) + N(r,a; f| [V = a).

Since Na(r,a; f) + Na(r,a; fP) = O{logT(r, )}, from (3.19) we must have
E(a; )N E(a; fV) # ®, otherwise N(r,a; f) = S(r, f).

Let z3 € E(a; f) N E(a; f). Then f(z3) = f()(23) and then f(z) = fM(2) + K
implies K = 0. Therefore f = L = Ae®. This proves the theorem. O

Acknowledgment. Authors are thankful to the referee for valuable sugges-
tions and observations towards the improvement of the paper.
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