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Abstract. We present a proof of the weighted estimate of the Bergman projection that
does not use extrapolation results. This estimate is extended to product domains using an
adapted definition of Békollé-Bonami weights in this setting. An application to bounded
Toeplitz products is also given.

Keywords: Bergman space; reproducing kernel; Toeplitz operator; Békollé-Bonami
weight

MSC 2010: 47B38, 30H20, 47B35, 42C40, 42A61

1. INTRODUCTION AND STATEMENT OF THE RESULTS

The upper-half plane is the set H :={z =z +iy € C: y > 0}. For a > —1 and
1 < p < o0, the weighted Bergman space AP (H) consists of all analytic functions f
on H such that

(1.1) £

= /H (@ + )Py dzdy < oo.

The Bergman space A%(H) (-1 < a < o) is a reproducing kernel Hilbert space
with kernel K2(z) = K%(z,w) = (z —w)~?*®). That is, for any f € A2(H), the
following representation holds:

(1.2) Fw) = Paf(w) = (£, K2)a = /H F()K®(w, 2) dVa(2),

where for simplicity, we write dV, (x+iy) = y* dx dy. The positive Bergman operator
Pl is defined by replacing K¢ by |K¢| in the definition of P,. Note that the
boundedness of P, implies the boundedness of P,.
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Let I be an interval in R, we denote by @); the set
Qr={z=x+iyeC:zecl, 0<y<|I|}.

Let w be a positive locally integrable function defined on H and o > —1. We say
w is a Békollé-Bonami weight (or w belongs to the class B, o(H)) if

I interval

pg=p+tgq

In [2], [3], Békollé and Bonami proved that the Bergman projection P, is bounded
on LP(H,wdV,) if and only if the weight w is in the class By, o(H). Pretty recently,
Pott and Reguera in [13] have been able to obtain the weighted norm estimate of

this operator in terms of the characteristic [w]p More precisely, they proved the

Pt

following.

Theorem 1.1 (Pott and Reguera [13]). Let 1 < p,q < oo, p = ¢(p — 1) and
—1 < a < oo. Suppose that w € B, o(H). Then P, is bounded on LP(wdV,).
Moreover,

(1.3) 1Pl Lo aviys o avay < Cp)wl b a/P,

oo

The proof of the above theorem as presented in [13] is as follows: first, the authors
proved that the estimate (1.3) holds for p = 2 and for all weights w in the class
Bs.o(H); secondly, they stated and proved a sharp extrapolation result from which
they were able to extend the former estimate to the full range 1 < p < oo and for all
w € Bpo(H).

Our main aim in this note is to revisit the proof of the estimate (1.3), provide
a kind of simplification by avoiding the use of extrapolation. This kind of direct
proof has been already obtained for Calderén-Zygmund operators [11] and it seems
natural to also provide a direct proof for the weighted estimate of the Bergman
projection.

Let n > 2, the first octant is the set
(0,00)" :=={(y1,---,yn) ER™: y; >0, j=1,...,n}
and the tube domain over the first octant is
H" :=R" +i(0,00)" ={2=(21,...,2n) €C": Sz; >0, j=1,...,n}
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Given o = (aq,...,a,) € R™ and 8 = (f1,...,8,) € R™, the notation o < § or
a = 8 means respectively that a; < 8; or aj = 55, j = 1,...,n. The notation a >
is equivalent to 8 < a and a < 3 is equivalent to o < 8 or a = 8. We also use the
notation 0 = (0,...,0), =1 =(-1,...,—1), and 0o = (o0, ...,00).

For @« > —1 and 1 < p < o0, the weighted Bergman space AP (H™) consists of all
analytic functions f on H" such that

(1.4) IFIE ., = [f(z1, .y 20)|P AV, (21) ... AV, (2n) < 0.
. -
We will be also using the notation
AV (2) = AV, (z1) ... dVa, (20) ==y cydn day .. dey dyr - .. dyn,.

The Bergman space A2 (H"), —1 < a < oo, is a reproducing kernel Hilbert space
with kernel

1 1
T R C S B

K3(z) = K" (z1,w1) ... K (2, wy) =
That is, for any f € A%(H"), the following representation holds:

(1.5) fw) =Faf(w) = (f, Kj)a = 5 (2)K*(w, 2) dVa(z).

Let us introduce the class By o(H"), 1 < p < 00, R" 3 a = (aq,...,0p) > —1.
We say a positive locally integrable function w on H" belongs to B, o(H") if there
is a constant C' > 0 such that for any k& € {1,...,n},

(16) sup [w(fh"'7£k*1"’£k+1""’gn)]Bp,ak(H) < C.
E=(&1,s€b—1:€k4150-s€n ) EHT L

We denote by [w]g, (3») the infimum of the constants C' in (1.6).
Note that the class By o(H"™) is not empty; one easily checks that the weight
w = [] wj where w; € By o, (H) belongs to By »(H").

j=1
From our definition of the class B, ,(H") and the one parameter estimate (1.3),

we easily deduce the following result.

Proposition 1.2. Let 1 < p,g < o0, p = q¢(p—1) and -1 < a = (ay,...,
ap) < 0. Suppose that w € By, o(H™). Then P, is bounded on LP(H",w dVy(2)).
Moreover,

max{1,
(1.7) [ PallLrer wavi ()L (17w ava () < C(P)[W]Z:,Q(Hfz)’wp}~
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In the next section, we provide some useful results needed later. The simplified
proof of Theorem 1.1 is given in Section 3. In the last section, we give an applica-
tion of the estimates (1.3) and (1.7) to the boundedness of the product of Toeplitz
operators.

As usual, given two positive quantities A and B, the notation A < Bor A 2 B
means that A < CB or B < C'A, respectively, for some absolute positive constant C.
The notation A = B means that A < B and B < A. We will use C(p) to say that
the constant C' depends only on p.

2. SOME USEFUL TOOLS

Given an interval I C R, the Carleson box associated with I is the subset Q7 of
‘H defined by

Qr={r+iyeH: zelTand 0 <y < |I|}.
The center of Q; is the point w; := x;+1iy; such that x; is the center of the interval I

and y; = |I|/2. We have the following result.

Lemma 2.1. Let I be a subinterval of R and @ the associated Carleson box.
Then for any w € Qy,
lwr — W] = yr

where wy is the center of Q.

Proof. Let w =z +iy. On the one hand, we have
lwr —=w|* = (z1 — 2)” + (yr +y)* > y7.
On the other hand, we have

lwr = @* = (x1 — 2)* + (yr +y)* < 13y5.

O
We recall that the normalized reproducing kernel k2, w = u + iv, of AZ(H) is
given by
K 14+a/2
kS (z) = w(2) =L S
[K&lz0 (2 —w)**e

The following lemma is easy to check.
Lemma 2.2. Let 1 <p < oo, —1 < a < 0. Then

153 [ 2 yFICP=D2 0 = o 4y € H.
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We have the following estimate.

Lemma 2.3. Let 1 < p < 00, —1 < a < co. Then there is a constant C > 0 such
that for any analytic function f on H,

(2.1) [FEIP < CIRZI, NI FEE G 0r 2 € H.

p,a?

Proof. Let a > —1. If Qy is centered at z = x + iy, then using the mean value
property and the two previous lemmas we obtain that there exists a constant C > 0

such that o
G < a7 /Q QUG

= e /Q ()P AV (w)

I
y(2+04)(p—2)/2

= O @ /Q S v w)

- Ck2 |5, /Q )k [P AV ()

< ORI el R, o

3. WEIGHTED INEQUALITIES FOR THE BERGMAN PROJECTION

Let us start by recalling some notions and notations. We consider the system of
dyadic grids

DF .= {29([0,1) + m + (=1)8): m e Z, je 7}, for B e {0,1/3}.

For more on this system of dyadic grids and its applications, we refer to [1], [6], [7],
[9], [13]. We also consider the following positive operators introduced by Pott and
Reguera in [13]:

lg
(3.1) Qif = (r mTz)alQ[-
I1eD#B
By comparing the positive kernel

1

- |z — w|?te

Ky (z,w)

501



and the box-type kernel

EP(z,w):= Y 1o,(2)1q, (w)

T2+
IeD?
one obtains the following result (see [13] for details).

Proposition 3.1. There is a constant C > 0 such that for any f € Li _(H),
f>0,and z € H,

(3.2) Pifzy<C > QIS
B8e{0,1/3}

We also observe that if we put ¢ = w'~? and use the notation |Q1lw,a = fQI wdV,
and |Qr|a = [Q1]1,a, then

[W]B = sup |QI|W70’|QI|IO)',_O£1
Y IcR |Qrl&

Proof of Theorem 1.1.  Our proof is inspired by the same type of proof for
Calderdén-Zygmund operators, (see [11]). We start by recalling that given a dyadic
grid PP and a positive weight w, the dyadic maximal function Mfia is defined for
any f € Lij,.(H) by

1g
Mf f = sup / | flwdVa.
’ 1€D8 |Ql|w o Jo,

We observe that using for example the techniques in [5], one obtains the following
estimate for 1 < p < oo:

(3.3) IME o f 2w ava) < CO Il o ava)-
We recall that given @y, its upper-half is the set

I
Tr := {x+iy€H: el and|—2|<y<|I|}.

It is clear that the family {77};ep where D is a dyadic grid in R provides a tiling
of H.

Now observe that to prove Theorem 1.1, it is enough by Proposition 3.1 to prove
that the following boundedness holds (with the right estimate of the norm):

(3.4) Q8. LP(wdV,) — LP(wdV,), Be€{0,1/3}
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and also observe the usual fact that the latter is equivalent to
(3.5) QP (0-): LP(0dV,) — LP(wdVy), B€{0,1/3}, 0 =w' 4.

Let f € LP(0dV,) and g € LY(wdV,) with f,g > 0. We aim at estimating

QP f), gw)a = A QP (o f)gw V.

We start with the case p > 2. Clearly, using the notation

1
BoalfQ1) = 1r— /Ifodva

and

1
woz wd Ve,
(9,Qr) = |QI|wa/Ig

we obtain

= (Qa(0f), gw)a
— Z (0£,10,)alwg, 10,)alQr] 71 ~/2

1eD”

= Z Bg,a(f, QI)Bw,a(97 QI)

IeDB |QI|0¢

|QI|0’(1|QI|wa |Ql|p
< P, B(La faQ Bw,a ;Q : : X
“r zz; Bl OO L il

= WlB,. Y. 1QIEQIZPBoa(f. Q1) Bualg. Qr)-

IeD?

|QI|a,a|QI|w,(y

We observe that |Qr|o = |Tr|o and as Ty C Qr and p > 2, |Q[|%2P < |T1 . On

o,0x v

the other hand, it is easy to see that
Tt o < |Ti| 34| Tr |55

Thus
QrEMQuZP S ITlB T2 P < |Te| Y RIT 2

ag,0 ~
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It follows that

II:= (Q5(cf), gw)a
SWls,. > |THYEITIY  Boa(f, Q1) Bu.alg, Qr)

IeD8
1/p 1/q

< W, ( S [Tiloa(Boalf. Qmp) (Z |Tz|w,a<Bw,a<g7Q1>>q)

1eDs 1€D?

1/p’

= pu<Z/ aaf@])padv> (Z/ wagQI)WdVa>

IeDﬁ T 1eps?Tr
< W1B,.o 1ML o fll oo avi IME o9ll Lagw avia)
< C(p)wls,, aHfHLp oav)l9llLa(wava)-

For the case 1 < p < 2, we use the previous inequalities and duality. We observe
that Qg is self-adjoint with respect to the duality pairing (,),. Hence

)[w]l/(P—l).

o

Q5| Lo (wavi) Lo (wavi) = Q2N La(o dvi)—s La(oava) < C(@)[0]B, . < C(p

The proof is complete. O

Proof of Proposition 1.2.  Observe that P, = Py, ... P,, where P, is the one
parameter Bergman projection in the jth variable. It follows using the one parameter
estimate of these projections in Theorem 1.1 that for any f € LP(H", wdV,(z)),

||PafHLP(H",dea(z)) = HPa1 . Panf”LP(H",dea(z))
max{1,
< Clwlg ™ P Py . Py £l Lot avi(2))

2max{1,
< C[(U] By (2"‘1/?} HPOt . PO,77 fHLp(Hn’w AV, (2)) - - -
max{1l
< C[w]np a(q{{nqm Iflle(rm w v (2)) -
The proof is complete. O
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4. APPLICATIONS

Before giving our applications, we recall a brief history of the so-called Sarason’s
conjecture. Let us denote by dv the normalized Lebesgue measure on the unit disc D
of C.

For « > —1, we denote by dv, the normalized Lebesgue measure dv,(z) =
ca(1—|2]?)* dv(2), co being the normalizing constant. The weighted Bergman space
AP (D) is the space of holomorphic functions f such that

1 = [ 17GIP dva(e) < o

The Bergman space A2(D) is a reproducing kernel Hilbert space with kernel
K(2) = K*w,z) = (1 — wz)~ 2+, That is, for any f € A2(D), the following
representation holds:

(41)  f(w) = Paf(w) = (f, K20 = / F)E® (0, 2) dva(z), w e D.

For f € L?(D,dv,), we can densely define the Toeplitz operator T with symbol f
on A2 (D) as

(4.2) Tt(g) = Pa(M¢)(g) = Pu(f9)

where M is the multiplication operator by f. The Berezin transform is the operator
defined on LY(D,dv,) by

Ba(f)(w) = / SRS ()2 dva(2)

where k¢ is the normalized reproducing kernel of A2 (D).
The so-called Sarason conjecture said that given two functions f,g € A2(D), the
product TyT5 is bounded on A2 (D) if and only if the following relation holds:

@3)  sup(Ba(lf1)(w)"* (Ba(lg*)(w)"/? = sup || fhill2.allghi 2.0 < oo
weD weD

We call (4.3) the Sarason condition. For aw = —1, that is in the case of the Hardy

space H?(D), Nazarov has proved that the conjecture fails (see [12]), although (4.3) is

necessary as proved by Treil (see [15]). For the usual Bergman spaces, a > —1, there

have been many works on the problem. It has been proved in [18] that condition (4.3)

is necessary but the authors did not manage to prove whether the same condition
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is sufficient or not (see also [8], [10], [14], [16], [17] for related discussions and other
domains). It is only two years ago that Aleman, Pott and Reguera exhibited in [1]
an example of f,g € A%(D) = A%(D) such that (4.3) holds but the product TyT5 is
not bounded on A?(D).

For f € L?*(H,dV,), we can densely define the Toeplitz operator Ty with symbol
f on A%2(H) as in (4.2). We recall that the normalized reproducing kernel k2,
w = u+iv, of A2(H) is given by

ko (z) == Ko(z) _ w'tes
K2 (2= w2t

The following assertion can be observed as in [4]. It says that the boundedness of
a Toeplitz product is equivalent to a two-weight problem for the Bergman projection.

Proposition 4.1. Let 1 < p < oo and —1 < o < 0o. Then TyTy is bounded on
AP (H) if and only if P, is bounded from LP(H, |g|™? dV,) to LP(H,|f|P dV,).

The next result says that if one of the symbols satisfies an invariant condition,
then the Sarason condition is necessary and sufficient for the associated Toeplitz
product to be bounded.

Theorem 4.2. Let 1 < p,q < oo, p=g¢q(p—1), and —1 < a < co. Suppose that f
and g are analytic in ‘H with

(4.4) [flpa == sup [|FkG [lp.all f 1K
weH

g,a < O0.

Then T;T5 is bounded on AP (H) if and only if

(4.5) [fs9lpa = Sug_’{ I fEwllp.allgkyllga < oo.
we

Moreover,
T T5l| < C(D)If, glp,al I tPad

and
[f, 9lp,a < COTGTE[fp,a-

Proof. Let usstart with the sufficient part. We first observe that the condition
on f provides in particular that the weight w = |f|P is in Bp o (H). Clearly, for the

506



interval I C R, let @ be its associated Carleson box and w its center. Then

1/p 1/q
50 > [l > < / Ifl”lki,’,l”dVa> ( L Ifl‘qlki‘,ilqua>
1/p 1/q
( Ifl”lk"l”dV) ( / Ifl‘qlkfblqua)
Qr
1/1” 1 1/‘1
fIPdV, S ~1dV,
(|Q 7% Jo, i ) <|QI|3/2/I|f| )
1 1-q p—1\1/p
< /QIde <|QI|O(/IOJ ) ) .

wiB,,o S Upa:

Next, using Lemma 2.3, we obtain

IS

Hence if w = | f|?, then

T/ T3h(=)| = 1S ()| Pa(gh)(2)
B RO T

n |z — ot

|/ g (W) f (w)[|f (w)|~ Ih(w)ldva(w)

=P

Hha(
fa I)Oé|f / |f _|—||2+a )| dVOé(w)

Hence to prove that TyT5 is bounded on AP (#H), it is enough to prove that the

positive operator

)| h(w)

e —mpe a(w), z€H

h= (2]

is bounded on LP(H,dV,). The boundedness of the latter is equivalent to the
boundedness of P} on LP(H,|f|P dV,) which holds by Theorem 1.1 since the weight
w = |f|? is in the class B, o(#), and with the right estimate. Thus

1Ty Tyl < CO P [F, glpa < COS glpal Flpaxr o,

P,

Let us now suppose that 7§75 is bounded on A? (). Then in particular we have

1511 ol f )l g3 |

g.a = [k

gollf(w)gks]

ga = Hka

f w| q,« HTngH-
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Using Lemma 2.3 again and the equivalence ||kS |

pallkS|lg.a = 1, we obtain

kS Ipallghillaa = 1kG 5 allES I gal f )| F @) HIFES pallgksllg.a
< ONT A1 ol £ () [ HILFES
< OIS kgl ol F RS lpall f~ RG 0
< C”Tng”[f]p,a < 0.
The proof is complete. O

Note that in the above theorem, we do not ask f and g to belong to A (#H) and
A% (H), respectively, giving ourselves the flexibility to recover the Bergman projection
by taking f = g = 1. This assumption is also motivated by the fact that constants
(except zero) are not in AP (). Thus in the case of the unit disc or the unit ball,
we can suppose that f € A and g € AY.

Taking ¢ = 1/f in the above theorem, we obtain that the invariant condition
[f]p,a < oo is actually necessary and sufficient for the boundedness of TfT} 7 on
AP (1), and we can even deduce more.

Proposition 4.3. Let 1 < p,q < 00, pq = p+ q and let f be analytic on H. Then
the following assertions are equivalent.
(i) T¥T) 7 is bounded on A}, (H).
(if)
sup | fE3 lp,all f~ kG g0 < oo
weH

(iii) If w=|f|P and 0 = w'~9 =|f|79, then

sup |Q1|w,a|QI|g’_al <
I |Qr,al?

(iv) P is bounded on LP(H,|f|P dvy).

Proof. That (ii) = (iii) is the beginning of the proof of the above theorem
while (iii) = (iv) is Theorem 1.1. The implication (iv) = (i) is Proposition 4.1. To
finish, we only have to prove that (i) = (ii).

(i) = (ii): Assume that 7T, 7 is bounded on Af(H) so that 73,777 is also
bounded on A% (H). Put g =1/f. Then we obtain

|f()llgksllq.e = I1f (w)gks|

That is, for all w € H,

o = HTgT?kg”q,a < ||T9T?||||kg”q,a-

(4.6) [f()lllgkillae < IToTH 2]

q,0
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We also obtain

g FEllp.a = llg(w) frallp,a = 1T Tgkylp.o < 1T TglllIFollp.a-
That is,
(4.7) 9(W)[[[f R llpo < 1T Tgll [k lp,0-
It follows from (4.6) and (4.7) that
[F)llg()llfRGllp.allgkillae < IT T Tall IR o0 llFlla.q-

Recalling that g = 1/f and using that ||k$|p.allk%]g.a =~ 1 for all w € H, we obtain
that

sup [[FkG [lp.allf 7 EG lg.a < oo
weH
The proof is complete. O

Let us also observe the following result.

Lemma 4.4. Let —1 < o < 0o. Assume that 1 < p < co and put p = q(p — 1).
If f is analytic on H™ with

[flpa = sup [|FkGllp,all f7G g0 < oo,
weH™

then there is a constant C > 0 such that for any 1 < k < n and any w =

(Wi, Wh1, Whg 15+ - -, Wn—1) € H L,
sup || fukS* lp,ox 1 fo k2 lg.0n < C sup ([ fEE Ip.allf 5 .0
zeH geHn

where f,(2) = f(C1,...,Cn), ¢ = w; for j # k and (; = .

Proof. We may suppose that k = 1. Let w = (w1, ...,w,_1) € H" ! be given.
For any given z € H, we put ¢ = (z,w1,...,wy—1) and & = («a2,...,a,). Then
using Lemma 2.2 and Lemma 2.3, we obtain

| fuwkZ 15 oy = /7{ |f(u+ v, w) [P kS (u + iv)[Po®* AV (u + iv)
= / | futio (W) [P1ES (u + iv)|[Po™ AV (u + iv)
H

< Ikl % [r[ | furiokinllp, sk (u+ i) [Po® AV (u + iv)
= kGl &SR o
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In the same way, we obtain

£ ke N8 oy S NEGHG &N R

q

g,a’

Thus as [|k2]p.allkE | 4.6 = 1, we obtain for any k € {1,2,...,n},
[P PR il PRS Sup £ K pall £~ K N g0

The proof is complete. O

We have the following extension of Theorem 4.2 to the multi-parameter case.

Theorem 4.5. Let —1 < o < 00. Assume that 1 < p < oo and put p = q(p—1).
Suppose that f and g are analytic in H" with

pallF 7RG

(4.8) [flp.o := sup ||k g, < 00
weH™

Then TyT5 is bounded on AP (H™) if and only if

pallghsllga < oo

[/ 9lp.a = sup |[fk]
weH™

Moreover,
I T¢Tyll < CD)LS, glp,al flpamex et

and
Lf, 9lp.a < CONTTHI[fpa-

Proof. From Lemma 4.4 and the beginning of the proof of Theorem 4.2, we
obtain that the condition (4.8) implies that the weight w = |f|? belongs to By o (H™)
with

WB, 0y S [f15a-

Following the steps of the proof of Theorem 4.2 and using Proposition 1.2 we obtain
the result. O

To conclude, we remark that Proposition 4.3 also holds for the tube over the first
octant.
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