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Abstract. An edge-colored graph G is proper connected if every pair of vertices is con-
nected by a proper path. The proper connection number of a connected graph G, denoted
by pc(G), is the smallest number of colors that are needed to color the edges of G in
order to make it proper connected. In this paper, we obtain the sharp upper bound for
pc(Q) of a general bipartite graph G and a series of extremal graphs. Additionally, we give
a proper 2-coloring for a connected bipartite graph G having 6(G) > 2 and a dominating
cycle or a dominating complete bipartite subgraph, which implies pc(G) = 2. Furthermore,
we get that the proper connection number of connected bipartite graphs with § > 2 and
diam(G) < 4 is two.
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1. INTRODUCTION

All graphs in this paper are finite, connected and simple. We follow the termi-
nology and notation of Bondy and Murty [2]. An k-edge-coloring of a graph is an
assignment of k colors to the edges of G. An edge coloring is proper if adjacent
edges receive distinct colors. The minimum number of colors needed in a proper
edge coloring of the graph G is referred to as the edge chromatic number of G and
denoted by x'(G). Except the classical vertex coloring and edge coloring, there
are many kinds of colorings being studied, such as list coloring, star coloring and

acyclic coloring. In addition, rainbow connection and rainbow vertex-connection
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are the new ones. For more details we refer to a survey paper [5] and a book [6].

Inspired by proper coloring and rainbow coloring in graphs, Borozan et al. [3]
introduced the concept of proper coloring of a graph GG. Let G be an edge-colored
graph. A path P in G is called a proper path if no two adjacent edges of P are colored
the same. An edge-coloring c is a proper-path coloring of a connected graph G if
every pair of distinct vertices u, v of G are connected by a proper (u,v)-path in G.
If k£ colors are used, then c is referred to as a k-proper coloring. The minimum
number of colors needed to produce a proper coloring of G is called the proper
connection number of G, denoted by pc(G). More generally, a graph G is said to
be k-proper connected if any two vertices are connected by k internally pairwise
vertex-disjoint proper paths. The k-proper connection number of a k-connected
graph G, denoted by pc;(G), is the smallest number of colors that are needed in
order to make G k-proper connected. From the definition, it is easy to get that
1 < pe(G) € min{x'(G),rc(G)} < m, where m is the number of edges of G. Re-
cently, a lot of results have been obtained with respect to several aspects, such as
connectivity, minimum degree, complements, operations on graphs and so on. For
details we refer to [1], [3] and a dynamic survey paper [4].

Borozan et al. in [3] showed that the proper connection number of a complete
bipartite graph is two but the proper connection number of a general bipartite graph
is still unknown. Also in [3], Borozan et al. proved that pc(G) = 2 for a 2-connected
bipartite graph G by induction. However, how to give a proper 2-coloring for a 2-
connected bipartite graph? These two problems are interesting and meaningful. We
focus on these two problems in this paper.

This paper is organized as follows. In Section 2, we introduce some basic defini-
tions and useful lemmas on the proper connection number of a graph. In Section 3,
the sharp upper bound of pc(G) for a general bipartite graph G together with a series
of extremal graphs are given. Section 4 gives a proper 2-coloring for the connected
bipartite graph G such that §(G) > 2 and G has a dominating cycle or a domi-
nating complete bipartite subgraph. Furthermore, the proper connection number of
a connected bipartite graph G with § > 2 and diam(G) < 4 are obtained.

2. PRELIMINARIES

In this section, we introduce some definitions and present several useful lemmas
about the proper coloring of graphs. We begin with some basic conceptions.

Definition 2.1. Given a colored path P = vjvs...vs_10s between two ver-
tices v1 and vs, we denote by star(P) the color of the first edge in the path, i.e. ¢(v1v2),
and by end(P) the last color, i.e. c(vs_1vs).
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Definition 2.2. Let G = (V,E) be a connected graph. A (v, S)-path, where
v eV, S CV,isa path which starts at v and ends at one vertex in S. An (S7,.52)-
path, where S1, Sy C V, is a path which starts at one vertex in S7 and ends at one
vertex in Ss.

Definition 2.3. Let G = (V, E) be a connected graph. The distance between two
vertices u and v in G, denoted by d(u,v), is the length of a shortest path between
them in G. The diameter of G is the maximum distance between two vertices
of G. The distance between a vertexr v and a set S C V is d(v,S) = gcnelg d(v, x).

The k-step neighborhood of a set S C V is N¥(S) := {z € V: d(x,5) = k},
k € {0,1,2,...}. The degree of a vertex v is deg(v) := |[N*(v)|. The minimum
degree of G is 0(G) := H?él‘r/l deg(x). A vertex is called pendant if its degree is 1 and

isolated if its degree is 0. We may use N*(v) in place of N*({v}).

Definition 2.4. Given a graph G, a set D C V(G) is called a k-step dominating
set of G if every vertex in G is at a distance at most k from D. Further, if D induces
a connected subgraph of G, then it is called a connected k-step dominating set of G.

Definition 2.5. A two-step dominating set D of vertices in a graph G is called
a two-way two-step dominating set if
(i) every pendant vertex of G is included in D,
(ii) every vertex in N?(D) has at least two neighbours in N!(D).
Further, if G[D] is connected, D is called a connected two-way two-step dominating
set of G.

For other notation and terminology, we refer to [2]. Next we state some known
results on the proper coloring, which will be useful in the sequel.

Lemma 2.1 ([3]). If pc(G) = 2, then pc(G Uv) = 2 as long as d(v) > 2.

As the general case of Lemma 2.1, we give the following proposition.

Proposition 2.1. If pc(G) =k, k > 2, then pc(G Uv) < k as long as d(v) > 2.

Proof. Let u,w be two neighbours of v in G. Assume that ¢ is a proper k-
coloring of G, then there is a proper (u, w)-path P in G. Now color the edges uv and
wv with colors in the color set of ¢ such that c(uv) # star(P) and c(wv) # end(P).
Now we will check that this is a proper k-coloring of the new graph GUwv. If uw is an
edge of G, then c(uv) # c(uw) and c(wv) # c(uw). Since every vertex has a proper
path to u, every vertex has a proper path to v. And for the case that uw is not an
edge of G, every vertex has a proper path to v through either v or w since every
vertex has a proper path to any inner vertex of P. This completes the proof. (I
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Remark 2.1. The value of pc(G) — pc(G U v) can be arbitrarily large. We
construct a new graph S), as follows. Take a star S, k > 3, as the base graph and
the vertex vy as the center vertex of Sx. Add a new vertex v to S, so that v is adjacent
to k (if k is even) or k—1 (if k is odd) vertices in V' (S;)—{vo}. Since |N(v)| is even, we
can divide N (v) into two parts A and B so that |A| = |B| = |N(v)|/2 and ANB = 0.
For the case when k is odd we denote the only vertex in V(Si) — {vo} — N(v) by u.
Now we give a 2-proper coloring of the new graph S as follows. Color all (v, A)-
edges and (vg, B)-edges by 1 and all (v, B)-edges and (vg, A)-edges by 2. For the
case when k is even, we have colored all edges in .S}, while for the case when k is
odd, color the edge uvg with 1 or 2. One can check that this is a 2-proper coloring
of S;. Then pc(Sk) — pc(S;,) = k — 2 and this difference can be arbitrarily large if &
is large enough.

S}, (k is even) S;. (k is odd)

Figure 1. 2-proper colored graphs for Remark 2.1.

3. PROPER CONNECTION NUMBER OF BIPARTITE GRAPHS

In this section, we mainly consider the proper connection number of a general
bipartite graph. First, we give some known results on the proper connection number
of the complete bipartite graphs and the 2-connected (2-edge-connected) bipartite
graphs.

Lemma 3.1 ([3]). Let G = Ky, m > n > 2k for k > 1. Then pc,(G) = 2.

Lemma 3.2 ([3]). Let G be a graph. If G is bipartite and 2-connected (2-edge-
connected), then pc(G) = 2 and there exists a 2-coloring of G that makes it properly
connected with the following strong property. For any pair of vertices v, w there exist
two paths P; and P, between them (not necessarily disjoint) such that star(Py) #
star(P) and end(P;) # end(Fz).
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The above lemma implies that it suffices to consider a connected bipartite graph G
containing bridges. The following theorem gives a sharp upper bound for pc(G).

Theorem 3.1. Let G be a connected bipartite graph containing bridges. Ifb is the
maximum number of bridges incident with a single vertex in G, then pc(G) < b+ 2
and this upper bound is sharp.

Proof. Let G be a connected bipartite graph containing bridges. The block
decomposition of G includes its isolated vertices, bridges and maximal 2-connected
subgraphs. In order to prove pc(G) < b+ 2, we only need to give a (b + 2)-proper
coloring ¢ of G. The coloring c¢ is defined as follows. For the bridges which are
incident to a single vertex v we color each bridge incident with v by a distinct fresh
color in [b] = {1,2,...,b}. Since b is the maximum number of bridges incident with
a single vertex, it is enough to color all bridges in G using b distinct colors. And
for blocks which are maximal 2-connected subgraphs of G we give each of them
a {b+1,b+ 2}-proper coloring having strong property as stated in Lemma 3.2. One
can check that the above coloring ¢ is a (b + 2)-proper coloring of G.

Now we will show that this upper bound is sharp. For the case when b = 1, we find
the graph G (depicted in Figure 2) with pc(G1) = 3, which implies the sharpness of
the upper bound. Since G is not complete, then pc(G1) > 2. Suppose that 2 colors
are enough to make (G; proper connected. Note that there are only paths of length 2
or 4 between v, and ve, v1 and vs, also v and v3. Hence, for any proper coloring c;
of G1, c1(u1v1), c1(uzvz) and ¢q(usgvs) are pairwisely different, a contradiction. So
pc(Gy) = 3.

Uy U1 U2 U2

U3
us

Figure 2. The graph Gj.

Next we will show that this upper bound is sharp for the case when b > 2. As
depicted in Figure 3, the graph G, has a cycle C of length 6. And each vertex
of C' is adjacent to b bridges, which lead to nontrivial blocks. Now we will show the
sharpness of this upper bound by proving that pc(Gy) = b+ 2.

Claim 1. The sharp upper bound of pc(G) is greater than b.
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Proof of Claim 1. We will prove this claim by showing that b colors are
not enough to make G} (see Figure 3) proper connected. Assume that there is
a [b] = {1,2,...,b}-proper coloring ¢’ for G,. Obviously, the b bridges which are
adjacent to u; must be assigned distinct colors and without loss of generality, we
set ¢ (uruy;) = (ugug;) = 4, 1 < i < b. In addition, ¢'(ujug) # ¢ (ujusz). Since
' (urug), ¢ (uuz) € [b] and if ¢(uyug) = ¢’ (uruz), there is a vertex ujy such that
' (ururg) = ¢ (urue) = ¢ (uruz), which contradicts ¢’ being a proper coloring of Gy.
So we can assume that ¢/(ujug) = 1 and ¢'(ujus) = 2. But there is no (u11,u22)-
proper path under the coloring ¢/, a contradiction.

The above claim implies that the sharp upper bound of pc(G) is either b + 1 or
b+ 2. Suppose that G (see Figure 3) has a [b + 1]-proper coloring ¢, and assume
that cp(uiugs) =4, 1 <i < b.

[ —
b vertices

Go

“r represents a nontrivial block)

Figure 3. Graphs for the proof of Theorem 3.1.

Claim 2. Undering the proper coloring ¢, any two adjacent edges of C' :=
uiuusususugul are assigned different colors.

Proof of Claim 2. Suppose there are two adjacent edges on C' with the same
color. Without loss of generality, we can assume that c¢,(uiu2) = cp(urug). Then
ep(urug) = cp(urug) = b+ 1. I b+ 1 ¢ {cp(uguar), cp(uguaa),. .., co(uzug)},

then {cp(uguar),cp(uguaz), ..., cp(ugugp)} = [b]. Since the path usujug is not
proper, us;ususus;, 1 < ¢ < b, must be proper and so ¢y(usus) = b+ 1 and
{ep(ususy), cp(ususa), ..., cp(ususy)} = [b]. Additionally, us;usus, 1 < ¢ < b, must

be proper since ¢, (uguz) = b+1 = cp(uruz). So cp(uszus) = b+ 1 but both ugusuiug
and ug;usuzug, 1 < ¢ < b, are not proper, which contradicts ¢, being a proper
coloring of Gp. Hence, b+ 1 € {cp(uaua1), cp(uguz), ..., cp(usugy)} and one of [b]
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does not appear in {cp(ugu21), cp(usuog), ..., cp(usugy)}. Without loss of general-

ity, we assume {cp(uguo1), cp(usuaa),. .., cp(usugy)} = [b+ 1]\ {1}. Since usuqug
is not proper, ug;ususus;, 1 < @ < b, must be proper and so c¢p(ugus) = 1 and
{ev(usust), ep(ususz), . .. cp(uzusp)} = [b+ 1]\ {1}. In addition, us;uzus, 1 <i < b,

must be proper since ugusuiug is not. So c¢p(usus) = 1 but both wususuiue and
Ug;U2uzUg, 1 < i < b are not proper, which contradicts ¢, being a proper coloring
of Gp. Thus, the result of Claim 2 is obtained.

From Claim 2 we know that for every vertex u; € V(C) there is a bridge uju;x
such that either cp(ujujr) = cp(ujujr1) (mod 6) or cp(ujusr) = cp(ujuj—1) (mod 6).
Let us assume cp(ujug) = cp(uiugr) = 1. It follows that the paths uiquiusuzus;,
1 < i < b, and u11uiuguzuys must be proper and cp(uiuz) € [b+ 1]\ {1}.

If cp(uruz) = 2 (the cases cp(ujus) = 3,...,b are all similar), then {cp(ugua1),
cp(uguaz),. .., cp(uguop)} = [b+ 1]\ {2} since ujjujue is not a proper path and
U1 UL UU2;, 1 < ¢ < b, must be proper. Additionally, since usuiu12 is not proper,
then wo;usus, 1 < i < b, must be proper and so c¢y(uguz) = 2. However, this
contradicts to the fact that the path u1;ujusus must be proper. If ¢ (ujug) = b+ 1,
then {cp(ugua1), cp(uauaz),. .., cp(ugugy)} = [b] since ujjuiug is not a proper path
and u11u1ugug;, 1 < 4 < b, must be proper. Take ¢, (uguz) = 1 into consideration and
for cp(ugug) = 2,...,b, the analyses are similar. Since ujjujusugus;, 1 <1 < b, are
all proper paths, then {c,(usus1), cp(ususa), ..., cp(ususp)}t = [b+ 1]\ {1}. Without
loss of generality, we can assume cp(usug1) = 1 and then ugjusug is not proper.
And this implies that ug;uzus is proper and ¢, (uszus) = 1. However, this contradicts
u11u1uusuy being a proper path. As a result, the graph G} has no proper (b + 1)-
coloring and pc(Gp) = b+ 2. O

From the proof of Theorem 3.1, we can find that the cycle C' in Gy can be any
even cycle. Furthermore, the structure of Gy (see Figure 3) leads to the sharpness of
the above upper bound. With similar analysis for Theorem 3.1, we can obtain the
following result.

Theorem 3.2. Let G be a connected bipartite graph containing bridges and b > 2
be an integer. If G contains Gq as its induced subgraph and all paths in G joining
any pair of vertices of V(Gg) except {u,v} appear in Gy, then pc(G) = b+ 2.

Additionally, Andrews et al. in [1] gave a lower bound for any nontrivial connected

graphs containing bridges, which is stated as follows.

Theorem 3.3 ([1]). Let G be a nontrivial connected graph containing bridges.
If b is the maximum number of bridges incident with a single vertex in G, then
pc(G) = b.
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Together with the results in Theorem 3.1 and Theorem 3.3, we can directly obtain
the following corollary.

Corollary 3.1. Let G be a connected bipartite graph containing bridges. If b is
the maximum number of bridges incident with a single vertex in G, then pc(G) €
{b,b+1,b+ 2}.

4. PROPER COLORINGS FOR BIPARTITE GRAPHS

In [7], we found upper bounds of the proper connection number pc(G) with the
help of two-way dominating sets or two-way two-step dominating sets of a graph G.
This implies that the dominating set is a useful tool to help us to find a proper
coloring and determine the proper connection number of a connected graph.

Theorem 4.1. Let G = (X,Y) be a connected bipartite graph such that 6(G) > 2
and G has a dominating cycle or a dominating complete bipartite subgraph. Then

pc(G) = 2.

Proof. In order to prove the theorem, we will distinguish two cases according
to different dominating subgraphs of G.

Case 1. Suppose Csop, k > 2, be a dominating cycle of G.

We claim that G is a 2-connected graph. If not, there exists a cut-vertex, say
29 € X. Then the graph G — x( can be composed by at least two bipartite subgraphs
G1 = (X1,Y1), Go = (X9,Y2), where X7, X2 € X and Y7,Y2 € Y. Since G has
a dominating cycle, g € X NV (Cayx) and one of X; and Xo must be empty. Without
loos of generality, we assume that X, = (. Then all the vertices in Y3 are only
adjacent ¢, which contradicts §(G) > 2. Then the graph G is a 2-connected bipartite
graph, and pc(G) = 2.

Now we give a proper 2-coloring for a spanning subgraph of G. Let C5, be the
dominating even cycle of G and color the edges of Cs, by 1,2 alternately, so that
121212 .... For any vertex v € V(G) \ V(Cy,) we have |N(v) NV (Caq)| > 2 or
IN(w) NV (Ca)| = 1. If IN(v) N V(Cqq)| = 2, then take two neighbours of v, say
u,w € (e, and color uv and wv so that wvwCs,u is a proper 2-coloring cycle,
where the segment wCs,u has a greater length than the remaining segment of Cy,.
If IN(v) N V(Ca)| = 1, v must on an open ear of length 3, denoted by x;vv'x;
(@i, xj € Caq and v,v" ¢ Cy,). Color this open ear by 1,2 alternately as 121212. .,
so that z;vv'z;Caqx; is a proper 2-coloring cycle, where the segment x;C5,z; has
a smaller length than the remaining segment of C5,. One can check this is indeed
a proper 2-coloring for a spanning subgraph of G.
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Case 2. Let D = (X,Y) be a dominating complete bipartite subgraph of G.

Subcase 2.1. |X| =1or |Y| = 1. Then D is a star. Without loss of generality,
assume the vertex vy is the center vertex of D. Let U = N} (vg) and V = V(G)\ U.
Obviously, vg € V and NZ(vg) = V \ {vo}. Since G is bipartite and §(G) > 2,
{vo} is a connected two-way two-step dominating set of G and for all v € N} (vo),
N(v) N N&(vg) # 0. The proof of Theorem 3.1 in [7] implies a proper 2-coloring of
a spanning subgraph of G and so pc(G) = 2.

Subcase 2.2. |X| > 2or |Y| > 2. The dominating complete bipartite graph D must
be an induced subgraph of G, since G is bipartite. Let X = {u1,uz,...,ux|}, Y =
{v1,v2,..., vy} be the bipartition of D. Set D" = V(D) U {w: [N(w)NV(D)| > 2,
w € V(G)\ V(D)}. Then we have pc(G[D’]) = 2 by Lemma 3.1 and Lemma 2.1.
Now we give a proper {dark(1), light(2)}-coloring ¢ for G[D’'] (see Figure 4) as
follows. Set c(uiv1) = 1, c¢(uv;) = 1 and c(uivj) = c(viu,;) = 2 for all 2 < 7 < | X|,
2 < j < |Y|. For any vertex w € D'\ V(D) it is obvious that N(w) N V(D) C X or
N(w)NV(D) CY because G is a bipartite graph. If uyw € G, then set c(u;w) = 1.
Take some ur € N(w) NV(D), 2 < k < |X| and set c(urpw) = 2. Similarly, if
viw € G, then set c(viw) = 1. Take some v; € N(w) NV (D), 2 <1 < |Y]| and set
c(yw) =2. f uyw ¢ G and viw ¢ G, then there are uj, ux € N(w), 2 < j # k < |X]|
or v, v; € N(w), 2 <1 # ¢ <|Y| In this case, if uj,ur € N(w), then color the
edges u;w and upw so that {c(ujw), c(upw)} = {1,2}; if v;, v; € N(w), then color
the edges vjw and v;w so that {c(vw), c(v;w)} = {1,2}.

Figure 4. Proper 2-coloring of a subgraph of G[D'].

Let S = V(G)\ D' = {w: [IN(w)NV(D)| =1, w € V(G)\ V(D)}. For any
w € S, if w € N(u;) for some i, 1 < ¢ < |X|, then there is either w' € N(w)
such that w’ € S and N(w') N V(D) C Y (i.e., there is a vertex v;, 1 < j < |Y]
such that w'v; € E(G)) or w’ € D'\ V(D) and N(w') NV (D) C Y, since G is a
bipartite graph and D is a dominating complete bipartite subgraph. Similarly, if
w € N(vg) for some k, 1 < k < |Y|, then there is w' € N(w) such that w’ € S
and N(w') N V(D) C X (i.e., there is either a vertex u;, 1 < I < |X| such that
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w'u; € E(G) or w' € D'\ V(D)) and N(w') NV (D) C X. For the vertex w € S we
call the vertex w of type I'in S if N(w) N (D' \ V(D)) =0 (i.e., N(w)\ V(D) C S),
the rest elements of .S are called type II ones.

Now we extend the coloring ¢ of G[D’'] to G. For any vertex w € S of type I, there
is a 4-cycle wuv;w'w, 1 <1 < |X], 1 <j<|Y|in G. Set c(ww') = c(u;v;) and
c(wu;) = e(w'vj) € {1,2} \ e(u;v;). This coloring implies that each vertex w € S
of type I is contained in a proper 4-cycle except wg € S in shapes (a), (b), (c), (d),
which is depicted in Figure 5. We call all these vertices singular vertices.

Woyy Wy wo wo Way

J Wy

P

Wy, wWo Wy, Wy
(a) (b) () (d)

Figure 5. Proper 2-coloring for shapes (a), (b), (c), (d).

For each vertex w € S of type II there exists at least one vertex wY € D'\ D such
that ww) € G. If wuy; € G, then set c(wuy) = 1 and c(wwf) = 2. If wu;, € G,
2 < j1 < |X]|, then set c(wuy,) = 2 and c(wwf) = 1. If wu; € G, then set c(wvy) = 1
and c(ww)) = 2. If wv;, € G (2 < j2 < |Y]), then set c(wvj,) = 2 and c(wwf) = 1.
Thus, we give a 2-coloring ¢ of a spanning subgraph of G and the above analysis
implies that this spanning subgraph is 2-connected. Therefore, the graph G has a
2-connected bipartite spanning subgraph and Lemma 3.2 implies that pc(G) = 2.
Now we will prove that the 2-coloring ¢ defined as above is indeed a proper coloring
of G.

Based on the proper 2-coloring ¢ of G[D’] as above, vertices of type I in S can
be divided into five classes, as depicted in Figure 6, {wq,w]}, {w2,wi}, {ws, wh},

{wyg,wy} and {w],w)’}. We only take the first four items into consideration (Fig-

ure 6 (0)), since the case of {w},w)’} is the same as that of {w4, w}}.

Case 3. For any pair of vertices w, w’ of type I in S there is a proper 2-coloring
(w, w')-path which excludes any (D' \ V (D), V(D))-edges.

For any pair of vertices w, w’ of type I in S, if neither w nor w’ is wp in
shape (a), (b), (c) or (d), then {w,w'} C {wi,ws,ws,ws,w], wh, wh,wy}. So
it suffices to show that there is a proper path between any pair of vertices
in {w1,ws, w3, ws, w),wh, wh, wy}. One can check that wiuiwse, wiujviusws,
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Figure 6. Proper 2-coloring for edges between vertices of type I in S and D’.

W VU VU Wy (0T WIW VU VU x| W), WIW), WIWVIUIV2Wh, wiwiviws and
wiu v uviw) (O wiuiviUuv)y|wy) are proper (wi,wz), (w1, ws), (wi,ws), (wi,w}),
(w1, wh), (wy,ws) and (wi,w))-paths, respectively. One can similarly find proper
paths between any other pair of vertices in {w1, wa, w3, wy, Wi, wh, wh, wj}.

Now we assume that both w and w’ are singular vertices in shape (a), (b), (c)
or (d). We only need to show that every pair of singular vertices can reach each
other through proper paths. If w, w’ both are singular vertices of shape (a), then
WU ULV Wy, Wy, w' 1S a proper (w,w’)-path. If w is a singular vertex of shape (a)
and w’ is a singular vertex of shape (b), then wugujviuw’ is a proper (w, w’)-path.
If w is a singular vertex of shape (a) and w’ is a singular vertex of shape (c), then
woruiw’ is a proper (w,w’)-path. If w is a singular vertex of shape (a) and w’ is
a singular vertex of shape (d), then ww,, w,, vyw’ is a proper (w, w’)-path. The cases
of other pairs of singular vertices are similar and we omit the details.
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Finally, we consider the case that one of w, w’ is a singular vertex while the other
is not. Without loss of generality, we assume that w is a singular vertex in shape
(a), (b), (c) or (d). Thus, it suffices to show that there is a proper path between
w and every vertex in {wi,ws, w3, ws, w), wh, wh,wi}. If w is a singular vertex
of shape (a), then wvguiviwjw, WVRUIW, WURUIVIUIWS, Wy, Wy, V1 U V2UsWy
(OT  WWy, Wy, VIUIV2U| x| Ws), WURUIVIW], WWeyy We,y V1UIV2WY,  WWy, Wy, V1w and
WWy, Wy, V1UTVEWY (O WWy, Wy, V1U1V)y|w)) are proper (w,wi), (w,ws), (w,ws),
(w,wq), (w,w]), (w,wh), (w,ws) and (w,w))-paths, respectively. If w is a singular
vertex of shape (b), then wujviuiwy, WWy, Wey, U W, WWy, Wy, U1 V1UW3, Wugwy (if
up = Ug OT U = Ujx|) OF WUV1UIV2Us (OF U|x|)Wa, WUVIUIWI W], WUV UL V2WS,
wuvws and wwy, Wy, u1v1u2v; (0T vjy|)wy are proper (w,wi), (w,ws), (w,ws),
(wywq), (w,w)), (w,wh), (w,wh) and (w,w))-paths, respectively. For the cases
when w is a singular vertex of shape (c) or (d), one can check it in the similar way.

By checking the proper paths above between any pair of vertices of type I in S, we
obtain a direct observation that there is a proper path under the coloring ¢ between
any pair of vertices of type I in S such that these proper paths do not contain any
(D'\V(D),V(D))-edges. And then, we complete the proof of Case 3.

Considering the proper 2-coloring ¢ of G[D’], we divide vertices of type II in S
into four classes, as depicted in Figure 7, {ws, w}}, {we, wg}, {wr, w,} and {ws, w§}.
Fori € {5,6,7,8} (see Figure 7) it is possible that only one of {w;wJ, w;w}} appears
in G, so we use dotted lines to label the edges w;wd and w;w]. And we use dotted
edges for {wjwf, wiw]} for the same reason in Figure 7.

Case 4. For any pair of vertices w, w’ of type II in S there is a proper 2-coloring
(w,w')-path such that all edges except the first and the last ones of this path are
contained in G[D’].

At first, we illustrate that there is a proper path between each pair of ver-
tices in {ws, we, wr, ws, wh, w, wh, wi}. If wswd € G, as depicted in Figure 7 (1),
W5U1V2UpWeE, W5ULV2UMWT, ’U)5’LL1U2U‘X|U)8, ’U}5’U,1U3U3U1w/5, UJ5U}(3)U1U3U9’U}£5, w5wgv1
ugvjwh and w5wgv1U3v‘y|wé are, respectively, proper (ws,ws), (ws,w7), (ws,ws),
(ws,wg), (ws,wg), (ws,ws) and (ws,wf)-paths. Otherwise, there is a vertex
like w (as depicted in Figure 7 (1)) such that wsw$ € G. Thus, wsuivau,ws,
WU Vo Uy W7, W51 V2U| x| WS, WU V3UIVI WS, wswivg (=, )wh or wwIvgug vy ULV W,
w5w2vq(:vj)w’7 or w5wquu1v1uijw’7, and w5w2vq(:v|y‘)wg or WswW) VULV U
vy|wg are proper (ws,ws), (ws,wr), (ws,ws), (ws,ws), (ws,ws), (ws,w;) and
(ws, w§)-paths, respectively. For any other pair of vertices in {ws, wg, wr, ws, wh, w,
wh, w§}, one can find proper paths in the same way.

Additionally, we need to show that for two vertices w, w’ which both are like w;
or w}, 5 < i < 8, there is a proper (w,w’)-path. Take the case when w, w’ are both

0

like ws as an example. Suppose ww?, ww'® € G and the edge coloring is defined
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Figure 7. Proper 2-coloring for edges between vertices of type II in S and D’.

Ovguiw’ is a proper

as ¢, where w®,w'® € D'\ V(D). Then ww®viusveuiw’ or ww
(w,w')-path in G.

By verifying the proper paths above between any pair of vertices of type IT in .S, we
obtain a direct observation that there is a proper path under the coloring ¢ between
any pair of vertices of type II in .S such that all edges except the first ones and the
last ones in these proper paths are contained in G[D’]. And this implies the result
in Case 4.

Case 5. For any pair of vertices w,w’ of type I and II in S, respectively, there is a
proper 2-coloring (w, w’)-path which does not contain any (D' \ V (D), V(D))-edge.

As depicted in Figure 8, {w1, wa, w3, wy, w}, wh, wh, w}, wi, ws, wi, wh, wi, wi} are
all distinct classes vertices of type I in S, where {wi}, {wl, wi}, {wi} and {wl, w}
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are, respectively, singular vertices in shapes (c), (b), (d) and (a). In addition,
{ws, wg, w7, ws} are all vertices of distinct classes with type II in S. Here, we need
to check that there is a proper (w,w’)-path for any w € {wn, we, ws, wy, w}, wh, wh,
wh, wh,wlwlwhwk wi} and v € {ws,ws, wr,ws}. If w = wi, then wiujws,
WW VI UL VU W, W1 W VIUIV2Usw7  and  wiw)viuvau x|ws are proper (w,ws),
(w,ws), (w,w7) and (w,ws)-paths, respectively. If w = wy, then wyu,vouiws (if
waty € G) or wausvaurws (if waus € G), waw)vg(or v)u,we, Wawyvg(or vy)uswy and
wawjvg(or v )u|x ws are proper (w,ws), (w,ws), (w,wr) and (w,ws)-paths, respec-
tively. If w = wi, then wiw,, w,,ujviuiws, wiuivauwe, WiuvaUswr, WiuVIUWT
and w%ulvgu‘mwg are proper (w,ws), (w,ws), (w,w7) and (w,ws)-paths, respec-
tively. With similar analysis, we can find proper paths between other pairs of vertices
and as a direct observation, these paths do not contain any (D'\ V (D), V(D))-edge.

Figure 8. Proper 2-coloring for edges between vertices of types I and II in S.

Case 6. For any pair of vertices w € S and w’ € D’, there is a proper 2-coloring
(w, w')-path such that all edges except the first edge of this proper path are contained
in G[D].

Now we give proper (w,w’)-paths for any w € S of type I and w’ € D’ first.
As depicted in Figure 6 (0), wiui, wiuiviug, 2 < @ < |X|, ¢ # s or ¢ # |X]|,
wiu vy, wiviviugyy, 2 < j < Y, wiugw), wiuiv uswy, wiuviugvew) and
w1u1v1u2v|y‘w2 are proper (wy, X), (wy,Y) and (w1, D"\ V(D))-paths, respectively.
If w = ws, then wyus(or ux|)vaus, waus (or ujx|), waus(or u)x|)vaurviUs, 2 <
i < |X], waug(or ux|)vaurvy, waus(or ujx))vs, 2 < j < Y|, waus(or ux|)vaurw,
wyug(or u|X‘v2u1v1u5)w8, wyug(or u‘X|)v2wg and waus(or U|X‘)’U|y|W£ are, respec-
tively, proper (wq, X), (w4,Y) and (wyq, D"\ V(D))-paths. Through the same way
we can find proper (wq, D), (ws, D'), (w}, D), (wh, D), (ws, D") and (w}, D')-paths
and all edges except the first ones of these proper paths are contained in G[D’]. This
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implies that we can also find proper (wg, D’)-paths, when wy is a singular vertex of
shape (a) (or (b), (c), (d)) in similar way as that for w) (or ws, wa, wh).

Next we will give proper (w,w’)-paths for any w € S of type II and w’ € D'.
As depicted in Figure 7 (1), wsu1, wsuivat, 2 < @ < |X|, wsuivausvr, wsuivy,
2 < j < Y|, wsurvougw?, wsuivau,wd, wsuivaugviw§ and wsuiv,w) are proper
(ws, X), (ws,Y) and (ws, D'\V(D))-paths, respectively. If w = wsg, then wgu| x vous,
W) x|, WsU|x|V2u1v1U;, 2 < 1 < | X[, wsux|vaurvi, wsuxvs, 2 < j < |Y],
wgu‘X|v2u1w(1), w8u|X‘vgu1v1upwg, wgu‘X|v2wg and wgu‘XWlwg are proper (U)g,X),
(ws,Y) and (ws, D’ \ V(D))-paths, respectively. Similarly, we can find proper
(ws, D), (w7,D"), (wh, D), (wg, D'), (wh, D") and (w§, D’)-paths and all edges ex-
cept the first ones of these proper paths are contained in G[D’], which implies the
result in Case 6.

Therefore, ¢ is indeed a proper 2-coloring of the graph G. O

Corollary 4.1. Let G = (X,Y) be a connected noncomplete bipartite graph with
minimum degree §(G) > 2 and diam(G) < 4. Then pc(G) = 2.

Proof. If G is 2-connected, then Lemma 3.2 implies the result. Otherwise,
we can assume that vg € X be a cut vertex of G and G1,Ga,...,G, t > 2 be
the connected components of G \ {vo}, where G; = (X;,Y;), X; C X, V; CY. It
follows that Y; # (), where 1 < ¢ < t. Also, X; # 0, 1 < ¢ < t since §(G) > 2.

t
In addition, diam(G) < 4 implies that vy is adjacent to all vertices of |J Y;. For
i=1
each vertex v € Xj, Ng\(u}(v) € Y; and [Ng 003 (v)| = [Ng(v)| = 2. Hence, the
t
star G [{vo} U Yz} is a dominating set of the bipartite graph G and Theorem 4.1
i=1

suggests that_pc(G) =2. O

References

[1] E. Andrews, C. Lumduanhom, E. Laforge, P. Zhang: On proper-path colorings in graphs.

J. Comb. Math. Comb. Comput. 97 (2016), 189-207. zb] MR}
[2] J.A. Bondy, U.S. R. Murty: Graph Theory. Graduate Texts in Mathematics 244, Sprin-

ger, New York, 2008. MR
[3] V.Borozan, S.Fujita, A.Gerek, C.Magnant, Y. Manoussakis, L.Montero, Z. Tuza:

Proper connection of graphs. Discrete Math. 312 (2012), 2550-2560. MR
[4] X. Li, C. Magnant: Properly colored notations of connectivity—a dynamic survey. The-

ory and Applications of Graphs 0 (2015), Article 2, 30 pages. doi]
[5] X.Li, Y.Shi, Y. Sun: Rainbow connections of graphs: a survey. Graphs Comb. 29 (2013),

1-38. MR]
[6] X.Li, Y.Sun: Rainbow Connections of Graphs. Springer Briefs in Mathematics, Sprin-

ger, New York, 2012. MR

321


https://zbmath.org/?q=an:1347.05055
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3524734
https://zbmath.org/?q=an:1134.05001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2368647
http://dx.doi.org/10.1007/978-1-84628-970-5
https://zbmath.org/?q=an:1246.05090
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2935404
http://dx.doi.org/10.1016/j.disc.2011.09.003
http://dx.doi.org/10.20429/tag.2015.000102
https://zbmath.org/?q=an:1258.05058
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3015944
http://dx.doi.org/10.1007/s00373-012-1243-2
https://zbmath.org/?q=an:1250.05066
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3183989
http://dx.doi.org/10.1007/978-1-4614-3119-0

[7] X.Li, M. Wei, J. Yue: Proper connection number and connected dominating sets. Theor.
Comput. Sci. 607 (2015), 480-487. zbl MR} doi

Authors’ addresses: Jun Yue, School of Mathematic and Statistics, Shandong Normal
University, 88 Wenhua E Road, Jinan 250014, Shandong, China, e-mail: yuejun06@126. com;
Meiqin Wei, College of Arts and Sciences, Shanghai Maritime University, 1550 Haigang
Ave, Shanghai 201306, China, e-mail: weimeiqin89120163.com; Yan Zhao, Department
of Mathematics, Taizhou University, Wangtiantai, Taizhou 225300, Jiangsu, China, e-mail:
zhaoyan81.2008@163. com.

322


https://zbmath.org/?q=an:1333.05227
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3429068
http://dx.doi.org/10.1016/j.tcs.2015.06.006

		webmaster@dml.cz
	2020-07-03T23:05:49+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




