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An existence and approximation theorem for

solutions of degenerate quasilinear elliptic equations

ALBO CARLOS CAVALHEIRO

Abstract. The main result establishes that a weak solution of degenerate quasi-
linear elliptic equations can be approximated by a sequence of solutions for non-
degenerate quasilinear elliptic equations.

Keywords: degenerate quasilinear elliptic equations; weighted Sobolev spaces

Classification: 35J62, 35J70, 35D30

1. Introduction

Let L be a degenerate elliptic operator in divergence form

(1) Lu(z) = — ) Dj(aij(z) Diu(x)), D;= 8%

ij=1

where the coefficients a;; are measurable, real-valued functions whose coefficient
matrix A = (a,;) is symmetric and satisfies the degenerate ellipticity condition

n

(2) MNelPw(@) < Y ai(@)6; < AlEf'w(@)

i,j=1

for all £ € R™ and almost every x of a bounded open set Q C R™, w is a weight
function, A and A are positive constants.

The main purpose of this paper (see Theorem 1) is to establish that a weak
solution u € WO1 ’Q(Q, w) for the quasilinear Dirichlet problem

Lu+ g(z,u, Vu)w = fo — ZDjfj in Q,
j=1

u=0 on 01,

can be approximated by a sequence of solutions of non-degenerate quasilinear
elliptic equations.

By a weight, we shall mean a locally integrable function w on R™ such that
w(x) > 0 for a.e. z € R™. Every weight w gives rise to a measure on the measurable
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subsets on R™ through integration. This measure will be denoted by p. Thus,
p(E) = [pw(x)dz for measurable sets £ C R".

In general, the Sobolev spaces WP (Q) without weights occur as spaces of
solutions for elliptic and parabolic partial differential equations. For degenerate
partial differential equations, i.e., equations with various types of singularities in
the coefficients, it is natural to look for solutions in weighted Sobolev spaces (see
(2], [3], [5], [7], [8] and [12]). In various applications, we can meet boundary value
problems for elliptic equations whose ellipticity is disturbed in the sense that
some degeneration or singularity appears. There are several very concrete prob-
lems from practice which lead to such differential equations, e.g. from glaceology,
non-Newtonian fluid mechanics, flows through porous media, differential geome-
try, celestial mechanics, climatology, petroleum extraction and reaction-diffusion
problems (see some examples of applications of degenerate elliptic equations in
[1], [4] and [13)).

A class of weights, which is particularly well understood, is the class of A,-
weights (or Muckenhoupt class) that was introduced by B. Muckenhoupt (see [10]).
These classes have found many useful applications in harmonic analysis (see [11]).
Another reason for studying A,-weights is the fact that powers of the distance
to submanifolds of R™ often belong to A, (see [9]). There are, in fact, many
interesting examples of weights (see [8] for p-admissible weights).

The following lemma can be proved in exactly the same way as Lemma 2.1
in [6] (see also, Lemma 3.1 and Lemma 4.13 in [2]). Our lemma provides a general
approximation theorem for A, weights, 1 < p < oo, by means of weights which
are bounded away from 0 and infinity and whose A,-constants depend only on the
Ap-constant of w. Lemma 1 is the key point for Theorem 2, and the crucial point
consists of showing that a weak limit of a sequence of solutions of approximate
problems is in fact a solution of the original problem.

In [2] the author studied the existence and uniqueness of solution and demon-
strated an approximation theorem in the linear case (i.e., when g = 0), and in [3]
the author studied the Dirichlet problem with the operator

Lu(@) = —divlo(x) A(w, u, Vu)) + 3 by (2) Dju(e) + a g(a),
j=1
where the function A: Q x R x R™— R" satisfies the Carathéodory conditions,
growth condition, monotonicity condition and ellipticity condition.

Lemma 1. Let o, 3 > 1 be given and let w € A,, 1 < p < oo, with Aj,-constant
C(w,p) and let a;; = a;; be measurable, real-valued functions satisfying

n

(3) Aw(@)Ef < Y ai(@)éé; < Aw() €7,

4,J=1

forall§ € R™ and a.e. x € Q). Then there exist weights w,z > 0 a.e. and measurable
af
J

real-valued functions a;; such that the following conditions are met.



Degenerate quasilinear elliptic equations

(1) 1(1/0) < wap < coar in 2, where ¢ and ¢z depend only on w and ).

(ii) There exist weights @i and &9 such that @1 <wapg < &2, where @; € A,
and C(@;,p) depends only on C(w,p), i = 1,2.

(ili) wapg € Ap, with constant C(wag,p) depending only on C(w,p) uniformly
on « and f3.

(iv) There exists a closed set Fng such that wag = w in Fog and wegn~ 01~ 02
in F,p with equivalence constants depending on o and [ (i.e., there
are positive constants cog and Cop such that cog@w; < wag < Cog @i,
i =1,2). Moreover, Fog C Fop if a<da/, 3 < (¥, and the complement
of U, s>1 Fap has zero measure.

(V) wap — w a.e. inR™ as a, B — oc.

(vi) Awag(z)[€]? < szzl af‘jﬂ(z)figj < Awap()[€]? for every € € R and a.e.

x € Q, and a%ﬁ(z) = a;'-‘f(z).

PROOF: See [2], Lemma 3.1 or Lemma 4.13. O
The following theorem will be proved in Section 3.

Theorem 1. Suppose that
(H1) the function g: Q x R x R" — R satisfies:
(i) = — g(x,s,£) is measurable on ) for all (s,&) e R x R™,
(ii) there exists a constant Cy > 0 such that

|g(l', 51551) - g(:E, S27§2)| < Cg(|51 - 52| + |§1 - §2|)

for all s1,s2 €R, £1,& € R™ and almost all x € (2,
(iii) g(x,0,0) =0 for almost all x € Q;

(H2) w e AQ,‘

(H3) fj/we L*(Quw), j=0,1,...,n;

(H4) the constant v = X\ —2C, (C3 + 1) > 0 (with Cq as in Theorem 2).
Then the problem (P) has a unique solution u € W01’2(Q,w) and there exists
a constant C' > 0 such that

L2(Q,w)>'

@) g0 <€ (|2

§=0
Moreover, u is the weak limit in WO1 ’Q(Q,&l) of a sequence of solutions u,, €
W&’Q(Q,wm) of the problems

Lpum + g(l‘a Um, Vunb) Wm = fOnL + ZDjfjm in Qa

j=1

(Pm)
Uyp =0 on 0N,

with LT}'LU/’H'L = _Zijl Dj(a;_?j””Dium): fj’m = fj(w7n/w)1/2 and Wm = Wmm

(where wpm, ™ and &1 are as Lemma 1).

ij
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2. Definitions and basic results

Let w be a locally integrable nonnegative function in R™ and assume that
0 < w(z) < oo almost everywhere. We say that w belongs to the Muckenhoupt
class A,, 1 < p < 00, or that w is an A,-weight, if there is a constant C' = C(p, w)

such that
1 1 1/(1-p) o
— w(x)dz —/w _pacdac) <C
(1 [ <0e) (i1 | @)

for all balls B C R", where |-| denotes the n-dimensional Lebesgue measure in R™.
If 1 < ¢q<p,then A; C A, (see [7], [8] or [12] for more information about A,-
weights). The weight w satisfies the doubling condition if there exists a positive
constant C' such that u(B(z;2r)) < Cu(B(z;r)) for every ball B = B(x;r) C R,
where (B) = [pw(x)dz. If w € Ay, then p is doubling (see Corollary 15.7 in [8]).

As an example of A,-weight, the function w(x) = |z|¥, x € R", is in A, if and
only if —n < o < n(p — 1) (see Corollary 4.4, Chapter IX in [11]).

If we Ay, then (|E|/|B|)P < Cu(E)/n(B) whenever B is a ball in R” and E
is a measurable subset of B (see 15.5 strong doubling property in [8]). Therefore,
w(E) = 0 if and only if |E| = 0; so there is no need to specify the measure
when using the ubiquitous expression almost everywhere and almost every, both
abbreviated a.e.

Definition 1. Let w be a weight, and let 2 C R™ be open. For 0 < p < 0o we
define LP(Q,w) as the set of measurable functions f on Q such that

1/p
1 llLr(0,0) = </Q|f(:v)|pw(:v)dx> < .

Ifwe A, 1 < p < oo, then w /=1 is locally integrable and we have
LP(Q,w) C L (Q) for every open set ) (see Remark 1.2.4 in [12]). It thus makes

loc
sense to talk about weak derivatives of functions in LP(Q, w).

Definition 2. Let 2 C R™ be open, and w € As. We define the weighted Sobolev
space Wh2(Q,w) as the set of functions w€ L?(Q,w) with weak derivatives
Dju € L*(Q,w) for j = 1,2,...,n. The norm of u in W?(Q,w) is defined
by

65)  lulwraga = ( /Q (@) ? w(z) de + /Q |Vu<x>|2w<z>dx)1/2.

We also define W, %(Q, w) as the closure of C5°(£2) with respect to the norm (5).

If w € Ay, then W12(Q, w) is the closure of C*° () with respect to the norm (5)
(see Theorem 2.1.4 in [12]). The spaces W12(Q,w) and Wy*(€,w) are Banach
spaces.

It is evident that the weight function w which satisfies 0 < ¢; < w(x) < ¢y for
x € Q (c1 and eq positive constants), gives nothing new (the space Wé’2(Q,w)
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is then identical with the classical Sobolev space WéQ(Q)) Consequently, we
shall be interested above in all such weight functions w which either vanish in
somewhere 2 U 9 or increase to infinity (or both).

The dual space of WOI’Q(Q, w) is the space

Wo (@) =W 2(Q,w)

:{T:fO*diVF:F:(fl,-~-afn)a fj

Jier2Q,w), 5= On}
w
and |||« denotes the norm in [W,"*(Q,w)]*.

Definition 3. We say that an element u € W&’Q(Q,w) is weak solution of prob-
lem (P) if

Z /aijDiungodac—l—/g(x,u,Vu)gowdx
Q Q

ij=1
=/fosodfc+§ /ijjsﬁde
Q =i/e

for every o € Wy (Q,w).

Remark 1. (a) If A = (a;;), we will use the notation

Z aijDz-u DJQO = (AVU)VQD,
i,j=1
where the dot denotes here the Euclidian scalar product in R".
(b) Since the matrix A = (a;;) is symmetric, we have

[(AVu). V| < [(AVu).Vu]'/? [(AVe).Ve]'/2.

Theorem 2 (The weighted Sobolev inequality). Let Q0 be an open bounded set
in R™ and w € As. There exist positive constants Cq and & such that for all
u € Wy?(Q,w) and all § satistying 1 <0 <n/(n—1) + 9,

(6) [ull 20 (0,w) < CallVullpz(o,u);

where Cq depends only on n, p, the Ap-constant C(p,w) of w and the diameter
of .

PRrROOF: Its suffices to prove the inequality for functions u € C§°(£2) (see Theo-
rem 1.3 in [5]). To extend the estimates (6) to arbitrary u € Wy*(Q,w), we let
{um} be a sequence of C§°(Q2) functions tending to w in W&’Q(Q,w). Applying
the estimates (6) to differences w,;,, — Um,, we see that {u,,} will be a Cauchy
sequence in L2(Q,w). Consequently the limit function u will lie in the desired
spaces and satisfy (6). O
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Remark 2. By Theorem 2 (with § = 1) we have

1/2
2 2
lull ) = ( [ wdrs [ v wdx)

(7) 5 1/2
< ((Oéﬂ)/ |Vl wdz)
Q
=01 Hvu||L2(Q,w)7

where C; = /C3 + 1.
3. Proof of Theorem 1

Part 1. Existence and uniqueness of solution.

The basic idea is to reduce the problem (P) to an operator equation Au = T
and apply the theorem below.

Theorem 3. Let A: X— X* be a monotone, coercive and hemicontinuous opera-
tor on the real, separable, reflexive Banach space X. Then the following assertions
hold:

(a) for each T € X* the equation Au =T has a solution u € X;
(b) if the operator A is strictly monotone, then equation Au =T is uniquely
solvable in X.

PROOF: See Theorem 26.A in [14]. O

To prove Theorem 1, we define B: Wy (Q,w) x Wy (Q,w) — R and T
Wy 2(Q,w) — R by

B(u,¢) = Z /Qaz'jDiUchpder/Qg(z,u,Vu)gawdx

ij=1

:/(AVU).Vgad:rJr/g(x,u, Vu) pwdz;
Q Q

T(sﬁ)/gfo@der;/ijDjsﬁdx-

Step 1. By (H1) (ii) and (iii) we have |g(z,s,&)| < Cy(]s| + [€]). Using (2) and
Remark 1 (b), we obtain

Blu,g)| < /Q (AVu). V| da + /Q 9, 4, V)| [ w

< /((Avu).w)l/2((Aw).w)l/2 dx+C’g/(|u| + V) || w dz
Q Q

(8) < ( /Q (AVu).Vudx)1/2 ( /Q (AV(p).V(pdx)l/zdx
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1/2 1/2 1/2
+Cg[</ |u|2wdx) + </ |Vu|2wd:r) }(/ |<p|2wdz>
Q Q Q

1/2 1/2
< (A/ |Vu|2wdz> <A/ |Vgp|2wdz>
Q Q

+2cg||u||W01’2(Q,w)HQOHWOI’Q(Q,w)
<A+ 2Cg)||u||wol’2((2,w)H‘P|‘W(}’2(Q,w)’

and by (H3)

T(@)IS/wlwlderZ/Mllewdw
Q w j:l 0 w

) .
< (Z|fj/w|L2(Q,w>)||so||wgam,w>-
j=0

Since B(u,.) is linear for each u € W01’2(Q,w), there is a linear continuous
functional on Wy*(Q,w) denoted by Au such that (Au,p) = B(u,y) for all

@ € W, (Q,w) (where (f,z) denotes the value of the functional f at the point ).
Moreover, by (8) we have

[Aull, < (A +2C)lull w2 (q.0)-
Hence, we obtain the operator

AW QW) = W)

u —  Au.
Consequently, problem (P) is equivalent to the operator equation
we Wy (Quw): Au=T

Step 2. The operator A is strictly monotone and coercive.
In fact, if uy, us € Wol’Q(Q,w) we have, by (2) and Remark 2,

<./4’LL1 - AUQ,U:[ — U2> = B(ul,ul — ’LLQ) — B(’LLQ,Ul — ’LLQ)

= /(AV(Ul - UQ))V(Ul - ’U/2)d$
Q

/(g(z uy, Vur) — g(x, ug, Vug))(u1 — ug) wda

/|V u17u2| wdz — C /|u1—u2| wdzx

- Cg/ |lur — ugl|Vur — Vus|wdz
Q

| \/
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A 2 2
> C_lgHul - U2HW[}2(Q,UJ) —2C||ur — “2||W01v2(9,w)

2
= Bllur — u2||W01’2(Q,w)7

where 8 = \/C?—2C, > 0 (by (H4)). Therefore, the operator A is strongly mono-
tone, and this implies that A is strictly monotone. Moreover, if u € W01’2(Q,w)
we have

(Au,u) = B(u,u) = /

Q

(AVu).Vuder/g(z,u,Vu)uwdz

Q

> )\/ |Vu|2wdxng/ |u|2wdz—C’g/ u| |Vu| w dz
Q Q Q

\Y

A 2 2
C_IQHUHWOLZ(Q7‘U) - 209||U||W(}v2(9,w)
2
B HUHWOI’Q(Q,(U)'
Hence, (Au,u}/HuHWULz(Q w) — 00, as ||u||W01,2(Q w)~ 00, that is, A is coercive.

Step 3. We need to show that the operator A is continuous. Let wu,, — w in
W, (€, w). Then, by Remark 1 (b), (2) and (H1), we obtain

) — B(u,9)|
< /Q|(AV(umfu)).V<p|dx+/Q|g(:r,um,Vum)fg(z,u,Vu)||<p|wd:r

1/2 1/2
< A(/ IV (tm —u)|2wdac) (/ |V<p|2wdac)
Q Q

+ Gy [ un = ullplwas + [ 9 - u)llplwa)
Q Q

< (A +2C) [|lum — U’HWUI’Q(Q,Q})HCIOHWOI’2(Q,W)

| B(tm, ¢

for all ¢ € W, *(,w). Then we obtain
| Auy, — Aull, < (A4 2Cy) ||um — u|\W01,2(Q’w).

Therefore, || Aty — Aul|, — 0as m — oco. Hence, A is continuous and this implies
that A is hemicontinuous.

By Theorem 3, the operator equation Au="T has unique solution u € VVO1 -2 (Q,w)
and it is the unique solution for problem (P).
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Part 2. Estimate for ||u||W01,2(Q’w).

In particular, for ¢ = u in Definition 3, we have

Z/aUDuD udac—i—/ g(x,u, Vu) uwdx
4,j=1
:/foudx—i—Z/ijjudx.
Q =Je

(i) By (2) and Remark 2, we have

Z /awDuDudx>)\/ \Vul’wdz > 2||u||W12(Q,w),

7,j=1
and by (H3)
’/ foudz| < / @dex
9) Q W
< fo/wll L2 @uwllull L2 (0,0
< o/ la ullws 2 )
and analogously, for j =1,2...,n,

<5/l L2 g lullw2 (0,0

‘ / ijjUdl‘
Q

(ii) By (H1) (ii) and (iii) we have |g(z,s,&)| < Cy4(|s| + |€]) for all s € R and
all £ € R”. Then we obtain

‘ / g(z,u, Vo) uwdz
Q

< [ lotau, Vo)l wds
Q

Cg</ |u|2wdx+/ |u||Vu|wdac>
Q Q

2
<26, ”uHWUl’Q(Q,w)'

IN

Hence, in (10), we obtain

A
Grlullige o~ 26 Il < (ng/wnmw))nunww o
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Therefore, we have

) otz < O( 31 /ellin )
=0

where C = C? /(A —2C, C?) > 0.

Part 3. Approximation of solution.
Step 1. First, if fim = f(w/wm) /2,5 =0,1,...,n, we note that
‘ Lim 5

w'f”/ w
Then, if u,, € Wy *(Q,wnm) is a solution of problem (Py,) we have (by (11))

L2(Q,wm) ‘ L2(Quw)

H“"LHWUM(QM,”) < C(Z |fjm/wm||L2(Q,wm))

=0

= (Lol o
j=0
= 037
where Cj is independent of m. Using Lemma 1, ©; < w,,, we obtain
(12) ||um||W01’2(Q@l) < ”Um”WOl’?(Q,wm) < Cs.

Consequently, {u,,} is a bounded sequence in VVO1 ’Q(Q,&l). Therefore, there is
a subsequence, again denoted by {u,,}, and @ € WOI’Q(Q, @1) such that

(13) Um — @ in L*(Q,d1),
(14) |Vun| — |Val in L*(Q,&1),
(15) Uy — U a.e.in

where the symbol “—” denotes weak convergence (see Theorem 1.31 in [8]).

Step 2. We have that @ € Wy *(,w). In fact, for F fixed, by (13) and (14), for
all ¢ € W, %(Q, 1), we obtain

/umgocbldac — /fupdjldx,

Q Q
/DiumDigoch dz — /DiﬂDi(p@l dx.
Q Q

If ¢ € W01’2(Q,w), then ¢ = ¥ xF, EW&’Q(Q,LJl) (since w~ @ in Fy, i.e., there
is a constant ¢ > 0 such that &1 <cw in Fj, and xg denotes the characteristic
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function of a measurable set £ C R™) and

/gp%ﬁldz: P2orde < e wQWdzgc/wQWdz<oo,
Q Fy Q

Fy,
/(Ditp)QJJl dr = / (D)@ da < c/ (Dirp)*wda
Q Fy F‘)C
< c/ (Ditp)*wdz < oo.
Q
Consequently, we get

/ Um'l/)XFk ledx i / ’anFk ‘-:}1 dx?

Q Q

/ Dt Dito xp, o1 dz — / Dyt Ditb X, 61 da
Q Q

for all ¢ € W,*(Q,w), that is, the sequence {u,, xr, } is weakly convergent in
W, 2(, w). Therefore, we have

~n2 ~12
IVl o) = /F Vil dz

IN

m—00

limsup/ |Vum|2wdx,
Fy
and for m > k we have w = w,,, in Fj. Hence, by (12), we obtain

||Vﬁ||%2(Fk7w) < limsup/F |Vt wda
k

m— 00

= limsup/ |Vum|2wm dx
Fy,

m—00

IN

lim sup/ |Vum|2wm dz < C§.
Q

m—00

By the monotone convergence theorem we obtain [Vl ;2q ) < C3. Therefore,
we have @€ W, *(Q,w).

Step 3. We need to show that @ is a solution of problem (P), i.e, for every
@ € Wy (2, w) we have

Z/aijDﬂ)ngodx—i—/g(m,ﬂ,Vﬂ)tpwdx
Q Q

3,5=1
:/fotpdl'—f— E /ijngdl‘.
Q = Ja
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Using the fact that u,, is a solution of (Py,), we have

Q

:/fmgodx—l—z:/fijj(pdx
Q =i/e

i,j=1

for every ¢ € Wy* (€, wnm). Moreover, over Fy (for m > k) we have the following
properties:

(i) w=wpm;
(i) fim=f;,7=0,1,2....m

(iii) a;’;m(x) = a;;(x).

For ¢ € Wy*(Q,w) and k > 0 (fixed), we define Gy, Ga: Wy *(Q,&1) — R by

Z/QMDUDJQOXFk( ) dz,

7,j=1

Ga(u) = /Qg(z,u,Vu)gowak(x)d:r.

(a) We have that Gy is linear and continuous functional. In fact, we have (by
Lemma 1(iv)) w ~ @; in Fy (w < & @1). By (2) we obtain

Gy ()] < /F (AVu). V| dz

< /F (AVu). V)2 ((AVe). Vi) /2 do

< /F k (AVu).Vu dx)1/2< /F k((AW)'W)W dx>1/2
< A(/Fk |Vu|2wdac)1/2(/ V| wdx)1/2
< A(/Fk 61|Vu|2&11dx)1/2(/ |V wdac) "

<Ay?

IN

||90||W01'2(Q,w) |\U|\W3v2(9,a1)-

(b) We have that G is continuous functional. In fact, if u1,us € Wy'*(€,&1), we
obtain by (H1)

|Ga(uz) — Ga(u1) S/ lg(z, u2, Vug) — g(x,u1, Vuy)| [p|wdz
Fy
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lur — ug| |o|wdz —|—/ |[Vui — Vug| |<p|wdx}
Fy,

1/2 1/2
o] wd:r) [(/ luy — ug|*w dz>
Fy,

1/2
V(u1 — ug)|? wdx) ]

ol
(,
(1
o E/w«o (-t

1/2
c1|V ’(,L27U1)| wldz> :|

<G

+

~1
<267 Cy I ellwa 2 @ lltn = u2llwr2z,)-

Using (a), (b), properties (i), (ii) and (iii), and that w,, is solution of (Py,), we
obtain

n

Z / ai; Dy Djp dx +/ g(z,a, Vi) pwde
ij=1"F% Fy,
= lim [Gl (um) + Gy (Um)]
— lim ( Z / T Dt Djp d —|—/ 9(x, U, Vum) @ W dac)
m—00 7/ ] 1 F Fk
(16) = lim al’™ Dium Djpdz + / (X, Uy Vi) 0 Wiy d
m—00 Q

(” 1

/ a™™ D, jQD dr — / g(l‘, U, Vum) Y Wm dx)
QNFf

lim (/f07n(pdl‘+2/f]7n J(pdl‘

- Z / ZLmD U, j@dm_/ g(l‘aumavunb)(pwmdx)a
QNFge QnFge

ij=1

where E° denotes the complement of a set £ C R™.

(I) By the Lebesgue Dominated Convergence Theorem and @y € A2, we obtain
(as m — o0)
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/fmsodw - /f@dw,
Q Q

/fij]ngl' — /ijjQOdiL‘, ]: 1,...,77,.
Q Q

(II) Since the matrix A™ = (a}}"™) is symmetric, we have
(A" Vum). V| < [(A" Vi ). V]2 (AT V). V] /2.

Then, by Lemma 1(vi) and (12), we obtain

n

> / a"™ DiunDjp dx
QNFE

ij=1
1/2 1/2
< A</ |V | P dx) (/ Vo> wim dz>
QnFe QnFg

1/2
2
< Ml @ ( [ (ToPund)
QnFe
1/2
< ACs </ |V<p|2wm dx) )
QnFe

(IIT) By (H1), |g(=,s,8)| < Cy(|s| + [€]), and (12) we have

< / [(A"Vun,). V| dz
QNFe

(17)

] / 02, s Vi) 9 m | < / 102 s Vtim)| 9] o
QnFg QnFg

< cg/ (Tta] + Vita]) | 0] w0
QNFy

1/2
cof( [ m] " ()
QnFe QnFe
1/2
x(/ |<p|2wmdac)
QnFe

1/2
2
< 20, lunlwgan ([ efon da)
m c

k

1/2
<20, Og(/ |<p|2wm dz> .
QnFg



Degenerate quasilinear elliptic equations

Using Lemma 1, we know that [Q2N F¢|— 0 when k— oco. Then

1/2 1/2
lim </ |gp|2wmdx) = lim (/ |Vg0|2wmdz> = 0,
k—o0 QNFyg k—o0 QNFe

and we obtain in (17) and (18)

n

i,j=1 k
(20) lim 9(x, U, V) ¢ wy dz = 0.

k—co JanFe
Therefore, by (16), (19) and (20) we conclude, when k — oo (and m > k),
Z / ai; D;uDjpdx +/ g(x, 4, Vi) pwdr = / fopdx + Z/ fiDjpdz
ij=179 @ ¢ j=17

for all p € W&’Q(Q,w), that is, @ is a solution of problem (P). Therefore, u = @
(by the uniqueness).

Example 1. Let Q = {(2,y) € R?: 22+ y?> <1} and 0 < 2(C3+1) < A < A. By
Theorem 1, with g: @ x R x R? — R, g((z,y), s,£) = cos(xy) sin(s) + cos(1/(x? +
y?)) sin([¢]) (with Cg = 1), fo(z,y) = zlyl, filz,y) = |2ly cos(zy), fa(,y) =
|elysin(zy), w(z,y) = (2* +3?)7"/? and

Alr.y) = < Az +0y2)*1/2 . 02)_1/2 >

the problem

Lu+g((z,y),u,Vu)w:f - A T = iIlQ,
u=0 on 99,

where

0 100U dy B ou
Tu=—2 2 2y-1/29% ) Y[ 2 2y—1/2 9U
b 8:13()\(36 +v7) 8z) 833( (@ +v7) ay)’

has a unique solution u € WO1 ’2((2, w) and u can be approximated by a sequence
of solutions for non-degenerate quasilinear elliptic equations.
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