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KYBERNETIKA — VOLUME 5% (2017), NUMBER 2, PAGES 263-281

GLOBAL ADAPTIVE OUTPUT-FEEDBACK CONTROL
FOR SWITCHED UNCERTAIN NONLINEAR SYSTEMS

ZHIBAO SONG, JUNYONG ZHAI AND HUl YE

In this paper, we investigate the problem of global output-feedback regulation for a class
of switched nonlinear systems with unknown linear growth condition and uncertain output
function. Based on the backstepping method, an adaptive output-feedback controller is designed
to guarantee that the state of the switched nonlinear system can be globally regulated to the
origin while maintaining global boundedness of the resulting closed-loop switched system under
arbitrary switchings. A numerical example is given to demonstrate the effectiveness of the
proposed control scheme.
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1. INTRODUCTION

In recent years, the global output-feedback control has become an interesting topic in
the field of nonlinear control theory, and therefore has attracted considerable attention
[, 4, B 6], 12] T3], 14) 15]. As an important class of hybrid dynamical systems, switched
nonlinear systems are usually encountered in practical applications, such as aircraft
control systems, robot control systems, and networked control systems [2], [8]. Never-
theless, the global output-feedback control problem of switched nonlinear systems has
been limitedly studied in existing literatures [3] [7, @, [10]. As a consequence, the further
investigation of output-feedback stabilization for switched nonlinear systems turns out
to be much more important.

In this paper, we consider global output-feedback control problem of switched uncer-
tain nonlinear system:

M = giMli+1 +¢i,a(t)(ta7]7d(t))a i=1,...,n—-1,
N = gnU + ¢n70(t) (ta m, d(t))a
Yy = ho()(m) (1)

where n = (91,...,7,)T € R", u € R and y € R are system state, control input and

output, respectively. d : R — R? is a continuous function which denotes uncertain time-
varying parameter or disturbance. o(t) is the switching signal taking its values in a finite
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set M = {1,...,m} and m is the number of subsystems. The control coefficients g; > 0,
i=1,...,n, are unknown constants. The uncertain functions ¢;; : Ry x R" x R® — R,
are continuous and ¢;,(¢,0,d(t)) =0 for i =1,...,n — 1 and k¥ € M. The uncertain
function hy : R — R, k € M, is C' and h(0) = 0. Moreover, we assume that the
state of system does not jump at the switching instants, i.e., the trajectory n(t) is
everywhere continuous, and only the system output is measurable.

It is well-known that the backstepping design method is a basic tool to handle global
output-feedback stabilization problem of nonlinear systems. Based on such method,
many interesting results on stability and stabilization of nonlinear system have been
derived, see [5l [0, 10, 2], 14, 5] and the references therein. In the non-switched case,
when the growth rate of nonlinearities is unknown, how to design global output-feedback
adaptive observer and controller becomes much more important. This has been solvable
in [5] by backstepping method and the introduction of one dynamic gain. Then more
extensive results have been achieved in [6] by using double dynamic gains. Without ad-
ditional conditions imposed on the system nonlinearities and control coefficients, global
output stabilization problem was further investigated in [I2] by introducing a distinct
high-gain observer. In the switched case, the delicate construction of common Lyapunov
function for all subsystems under arbitrary switchings is of great importance in global
output-feedback stabilization. Recently, a great deal of approaches have been proposed
to select an appropriate common Lyapunov function. For instance, via bacstepping
method, output-feedback stabilization of a class of switched nonlinear systems with
unknown control coefficients was studied in [I0] by constructing a common Lyapunov
function. Subsequently, without precise knowledge of system nonlinearity, global output-
feedback stabilization problem for switched uncertain nonlinear systems was solved in
[7] by backstepping approach.

However, the precise knowledge of output function is required in the observer design
technique of all aforementioned literatures. When output function is uncertain, how
to find a proper and general restriction on output function is a main issue. To this
end, [14, [15] resolved the problem of global stabilization for non-switched nonlinear
systems by restricting the upper and the lower bounds of partial derivative of output
function. Up to now, there is no result on control of switched nonlinear systems with
uncertain output function. Spontaneously, an interesting problem is raised: can we find
weaker assumptions and an adaptive controller to globally stabilize switched uncertain
nonlinear system under arbitrary switchings? In this paper, we aim to solve the
adaptive control problem for switched uncertain nonlinear system with unknown
linear growth rate and uncertain output function. To deal with this, by a dynamic gain,
we first construct a novel observer without information of unmeasurable states. Then
based on the backstepping method and the common Lyapunov function idea, a common
universal output-feedback controller is designed such that the state of the closed-loop
switched uncertain nonlinear system can be globally regulated to the origin while all
signals of the closed-loop switched uncertain nonlinear system are bounded. The main
contributions of this paper are characterized as follows:

(i) Compared with [14] [15], a novel dynamic high-gain observer is designed owing to
unknown growth condition and unknown control coefficients.

(ii) Different from [7], a new adaptive output-feedback controller is designed since
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output function is uncertain.

(iii) Our results extend existing global stabilization results for non-switched systems to
control of switched nonlinear systems.

Notations. Throughout this paper,

R"™ denotes the n-dimensional real space;

R, represents the set of all the nonnegative real numbers;

C’ denotes the set of all functions with continuous ith partial derivatives;
| X | interprets the absolute value of scalar X;

|IY'|| is the Euclidean norm of a vector Y.

For unification of denotation, we take H;ZJ() =1 for j > 1.

2. PROBLEM FORMULATION

In order to solve the problem of global output-feedback regulation of switched uncertain
nonlinear system , the following assumptions are required.

Assumption 2.1. For i = 1,...,n, control coefficients g; satisfy g < g; < g, where g
and g are known positive constants.

Assumption 2.2. For i = 1,...,n and k € M, there exist unknown constants 6, > 0
such that

|Gik (81, d())] < x| + -+ + i) (2)
Assumption 2.3. There exist known positive constants A, and A, k € M such that

h _
A < Ol(m) <X, Vm €R. (3)
om

Remark 2.1. From Assumption it is indicated that the upper boundedness of
nonlinear function depends on unmeasurable states and unknown switching constant,
which is a general linear growth condition. Assumptions [2.I] and [2.3] imply that both
the control coefficients and partial derivative of output function are restricted by two
positive constants, which plays an important role in later control design.

Now, we introduce the following scaling transformation for system :

n

Ti=—=—"N, t=1,...,n. (4)
i H;L:igj i

Under transformation , system can be rewritten as
Ty = LTi41 + fi,o(t)(t7x7d(t))a i= 17 R 17
Ty = Qnu + fn,o’(t) (ta z, d(t))a
Y = ho)(921) (5)

Sh
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where = (z1,...,2,)", g = (IT}_1 95)/9" and fir = (¢"/ 1} 9j)Pik, i = 1,.
k € M. By Assumptions 2.2 and 2.3] it can be not hard to find an unknown p051tlve
constant 0, and known p051tlve constants ¢, €, such that

[fiw(t 2, d(@)] < Ox(la] + - -+ [2i]), (6)

oh
o < 44%9332556m Vo, € R (7)
T

where ¢, = ), and &, = (3"/g™) Ak
In what follows, we will focus on the equivalent system (5)). Our objective is to design
an adaptive output-feedback controller

&=y, L), L=y, L) and u= o(y,&,L),

such that the problem of global regulation for switched uncertain nonlinear system
is solvable.

3. MAIN RESULTS

In this section, under Assumptions [2.1-[2.3] it is possible to globally stabilize switched
nonlinear system by a universal adaptive output-feedback controller. Thus we are
ready to give the main result of present paper.

Theorem 3.1. Under Assumptions [2.1]-[2.3] the problem of global adaptive regulation
for switched uncertain nonlinear system under arbitrary switchings is addressed
by the following dynamic high-gain observer, and observer-based output-feedback con-
troller:

.’i‘i:ﬁ?iJrl—Lzai:i‘l, izl,...,n—L

Ty = gnu - Lnan‘%la
2

L= ﬁ+—+%LU
U= _7—nLn+1bn§n (8)
where (£1,...,%&,) is the observer state, L is a dynamic high gain, a; > 0,7 =1,...,n

are coefficients of the Hurwitz polynomial p(s) = s™ + a1s" '+ -+ an_15+ an, and
&, 1s recursively given by

& = I’ fz—ﬁ—% 1, a1 = =bi&1, ai—1 = —=bi1&i—1, 1=3,...,n 9)
with bq,...,b, being some appropriate positive constants.

Proof. Considering the equivalent system , we first introduce the change of coor-
dinates:

Ty — X; - iz
Zi = ﬁ7

i=1,...,n. (10)

E; =
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In light of , , @D and , we obtain

L
¢ =LAe + Fi(-) + axy — ZD&,

. g" L
z=LAz+ ﬁBu ZDZ (11)

where € = (e1,...,&,)T, 2= (21,. .., 20)T, Fe(:) = (fik/L, .o fur/ LT,
a=(ay,...,a,)T and

—a; 1 - 0 0 10 0
. . . . . 0 2 0
A= . : - , B= : , D= ]
—ap—1 0 -+ 1 0 : 0
—0n 0 - 0 nxn 1 nx1 00 - n nxn

By constructions, A is Hurwitz matrix such that there is a positive definite matrix
P > 0 satisfying ATP+ PA < —J and DP + PD > 0.
Construct the Lyapunov function Vy = €7 Pe. A simple calculation yields

. L
Vo = LeT(PA+ AT P)e + 2eT P(F), + axy) — EeT(PD + DP)e
< —L|e|* + 2¢T PFy + 27 Paa;. (12)

In what follows, we estimate the last two terms on the right-hand side of (12 . Notice
that by construction, L(t) > 0, L(0) = 1 and therefore L(t) > 1 for Vt > 0, which
together with @ yields

fi,k

i | < (|x1|+ ) < 0k Z|x3| i=1,....n, k€ M.

This leads to

[fiel | [fo \fnk| — |z
[F: ()N < I 2 T < nb ZT ke M. (13)
By the definition of ¢; and z;, one has
|z \371\
Sl < +Z 2]+ Vel (14)

j=1
From , it can be deduced that

glea] <yl < elan], ke M. (15)
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Combining , and gives rise to
2eTPFy, < 260,||P| |l (n'gl + nz |2:| + nf||s|>

<

l\DM—l
»Jk\'—‘

n 2| P2
Ly <|| + 205my/n|[P|| + 4630 (n — 1)IP2) lell?,

i=2 Ex

2L||Pa||

2¢" Paxy < 2||<€H||Pa||\ |< || I” + €. (16)

Substituting (16]) into 1.) yields
. L 1 2L||Pa||2
< — | == 2 — - 1
W < (2 @k> llell” + (2 + p E 22 (17)

where Oy = 202n?||P||?/c} + 20kn/n|| P|| + 403n%(n — 1)|| P||? is an unknown constant.
O

3.1. Adaptive controller design

In this subsection, we give the design of adaptive output-feedback controller for system
by using the backstepping method. The design procedure is summarized as follows.

Step 1: From the definitions of &; and z1, one obtains

. Ohy fik L
8= o ( L >_ AL
L
zZ1 = LZQ — La121 — Zzl. (18)

2 2
Choose the Lyapunov function Vi (g, z1,&1) = Vo(e) + 2% + %1, whose derivative is

o .oz L
Vi=Vo+&& + flzl — =574

20271
L 1 2L||Pal?
<—<2—ek)|s||2+<2+”k”) 22 <L52+LZQ+fL>€1
L L L
- fo + 21 (2’2 —aiz — L221> - ﬁzf (19)
By completion of square and @f@, one arrives at
oh L
au, Lae Sallgies] < T+ LG < el + 2t
5hk f & Ckok
i &,
1 2
z129 < —zl + — (20)

2 2a1
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By construction, we have —3 L2 z1 < 0. Then Substltutmg into ylelds

. L 1 G0y 2||Pa||2 - 2
<— (== 2 - - = E .
W< <4 @k> llell® + (2 + o + ( &2 51 12 2

<
Oh Oh
25+ aikL&Oél +

ay o 1 k
- — — —L — . 21
5 z1 + %, o7, §1(z2 — 1) (21)

Choose the virtual controller of the form

1 2||Pal|?
a; = —bi1&y, by > max{ (1 + I a|| + ci) } , (22)
M ¢ ot

which leads to

. 0
V1§—< >|| 1* - <L_2—Ckk>f1—€1 EZS
—2
1
*oa

28k

a12
z5 +

2 L&i(22 — an). (23)

2 0x1

By the fact & = 20 — a3 = 29 + b1&7, one has z% < Qb%ﬁ + 25%. Hence

: L L 1 1
W <— (4 ®k> lell® = (L — w1 k) € — Zﬁ% + (2 + a1> 3

1 < 5 a1 2 ahk
+ i ;ZZ A L§1§2 (24)

where wy , = 1/2 + ¢0x/c;, + (1/2 4+ 1/a1)b? is an unknown positive constant.

Step 2: Choose Va (e, 21,£1,8&2) = o1 Vi(e, 21,&1) + %53, where o1 > 1 is a design constant
to be determined later. From the definition of &s, it follows that

Ohy,
€y =by—

2L L
B <L€2+LZQ+ flk) +Lz3+a2(L€1 —x1) — f§2+b1zf1. (25)

Therefore, a direct computation yields
: L L 1 1
Vo <or( = (7 —O)llell — (L-win)§ - 78+ (5+ )&+ 7 D2 - 5ad
i=3

8hk 8}1 fl,k
+ 87(E1L£1£2) + 52 (bl 8 <

17 ) —|—L23+a2(L62—$1)
2L L
- sz + b1zf1). (26)
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In the following, we estimate some terms on the right hand of . The use of @7
and the completion of square leads to

8h L 3¢2L
kalfz < 0165%4'01 bg3,

IA

1 (/3a%L
a8 (Ler — x1) ( .

L
e+ ool + o (53 +aaL) &
O L o, APELE
iy - i e o
e §ee2 < 01 16”8” + oL

ah L 3[)452
6 = Leaz bickL|&2||€e — 1&1] < 0165% + <515kL + 2;1]”3) &,

ahk fl k bzﬁkck

%T& 2012

IN

IN

61 L 5%7

IN

b= < Wl L 2
1L§1§2 N AT szv (27)
which together with o1 > 1 and yields

: L L bv202¢cr ¥\L, L
Vo< —o (8—®k> lell* = a1 (2 T WLk T T 2 )51 (01—41) 7 %—ng

3 3
m QOW12<m+2+(2%+§§Mﬁ+%ﬁ+mQ

3b§5§

+ SRV L)€ + Lésas + Léa(zs — ).
By designing the virtual controller

30,62 3
1 ko 2092 a2
2 2

3be
g = —boéa, by > nréax{l + —|—4a2 +4blck + biCr + ; k } ,

becomes

. o b2 i
V2S—01<—@k>|€||2 <—w2k>§f—(L—01—a1) §—<01 4)L§1

01 n g1a
—*52 I 7~ 121 2+ Léa(23 — as)
=3

(29)

where wo ;= wy  + b303¢2 /(2¢}) is an unknown positive constant. By the fact & =
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23 — g = 23 + ba&a, one has 23 < 2b3¢2 + 2¢2. Hence

. L L v\ L
o< (g0l - (5 -wnn) - - (- F) 78

I8+ %g —Z P T2 Lt (30)

where wy = 0 + 01 /a; + 01b2/2 is a positive constant.

Inductive step: Suppose at step i — 1, there are a set of common virtual controllers
i, - ..,a;1 defined by

ap = —bi1&1, §o = 22 — ay,

az = —ba&a, §3 = 23 — g,
i1 = —bi1&-1, & =2 — a1 (31)
with constants by > 0,...,b;—1 > 0, and a Lyapunov function V;_1 = 0;_2V;_s(e, 21, &1,
o &i9) F 551'271 with constants oy > 1,1 = 1,...,7 — 2 to be determined later, such

that

2

. i—2 I i—2 L zlim
Vi1 S—HUj(i_@k)H’?”z_H0j<2i—2 _wi*1’k>£1 ZHUZ( wj)
i=1 =1 ?

Jj=2l=j
i—2 i—2 p i—2 -2 =2
x & —[Toi(or - (1+2Hb%)) ~> 1T oo -3 b?)
=2 p=21=2 J=21=j+1 p=jl=j
L L 122 o1 1,1 o =1 o1
X Z@Q T 12 2+ 121 &+ 41 Z 25+ L& &
j=i1+1
(32)
where w;_1 1 is an unknown positive constant, and w;, 7 = 1,. ; — 1, are known
positive constants. Next, we will show that (32| . ) still holds at step 4. Choose the common
Lyapunov function V; = 0;_1V;_1(g, 21,&1, .-, &—1) + 252 with constant o;_1 > 1 to be
determined later. From the definition of &;, it is not hard to deduce that
) i—1i—1 % oh
& =Lz — (al + Z Hbla]> (Ley —x1) + LZ H biz; + Hbl b (Lag + Lzo
Jj=21=j j=31=75-1
1:—1
f = L
) —i 51 > TIne
Jj=1l=j
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Hence, it follows that

ZHIBAO SONG, JUNYONG ZHAI AND HUI YE

) i—1 I i—1 I i—14i—1
Vi< Los (5 -0l = TLov (57 —wim1)& = X [T on(5s )€
=1 j=1 Jj=21=j
i—2 p i—2 1—1 12 2 p L
2 2 2
I CICEE (05 GIFEE B 1 RACEE I 1 ) B
p=21=2 j=21= J+1 p=j l=j
L 2 Hz;l oia1 2 4 Hl 1
T Oi- 1L€z 1 2 z 5 + J;lz +Uz 1L§z 1€z

i—1¢—1

%

+§1(Lz7+1 az+ZHbla1 Z +LZ H ble+Hbla k(L€2+L22

Jj=21=j
i—1i—1

@+ZH@§@)

j=1l=j

flk)

Similar to Step 2, based on the fact oy > 1,1 =1,...

completion of square, we obtain

j=31l=5—-1

(34)

,4— 1 and @7, using the

Oi_ 301;_
oi—1L& 16 < 1L§z 1t LLEZ,
i—1li—1 i—1i—1 L‘§1|
- ai+ZHblaj &i(Ley —xy1) < az-i-ZHbla] |l (L 1]+ )
j=21=j j=21=j
2 1 21‘,2 1—1i—1 2
< e el + =10 4 ( > ) ai+Y [t | L€,
=k j=21=j
i—1i—1 - i—1 i—1 i—1 2
L L b? v? L [[=; b L
ZHszfjfl_ (i-1)F 52+1? G+ 4j LJZ’
Jj=11l=j Jj=2
i—1 Oy Hi—lo_l i—1
=1 2 7 22 2
Hbla—le@gig ot Lllel® +2 lljlblckLgi,
1 1 i—1
Hbl—LzQ& < e + 21 2. TLLE2 + (27 2b42 + 23026 2z
1=2
8hkf k A2 = 7 o
H L <Hb16k9k*|§1||€z|< . k22 L +Hl21 £,
4 2 Oz 1
Lb; 12§ < (bil + 2bi1> L&+ sz 15
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i—1 1—1 -

l_
LZ H biz;& < Uz 1L§1 1T 22 1 L£2+Z szy ng
j=31=j—-1
i—1 —
+33 2 (1 8 y) H b LE;. (35)
— I=j—1

Substituting into yields

i—1i—1

) i—1 I i—1 I
‘/iS_Haj(ﬁ_@k>||€”2_H0j(F_wi,k>§l Ul(
j=1 Jj=1 Jj=21=j
1—1 b2 i—1 p 1—1 1@'71 P L
1 2 2 2
o= F0+ L) pet -5 T o= 5 S T1)56
=2 p=21=2 =j+1

=7 1=]
L H o1a1 H 2i—2
- Zg-1l= i 2 e 1o Z 24 ¢ (Hal—i—L( (2 p )

11—

1
=21

2 4
j=i+1
i—1i—1 , 3, _
x (a; + ;gblaj) b+ S0+ (277200 + 2700 + 20 [ [ of
-1
3y 04 ) ] B7)) + L& + L&icisa
j=3 I=j—1
(36)
where w; j, = wi—1, + C2037 b2/(2ck) is an unknown constant.
Choosmg the Vlrtual Controller a; = —b&; with
1—11—1
30 ) 22* 3
bizgéaj%c{ (2 (a + 3 [ tray)® + bi L+ 5
Jj= 2l J
+ (27708 + 2700 + 2 Hbl2+3221 v I #) )

I=j—1

and z4q < 262, + 2b7¢2, one arrives at

i—1 I i—1 I i i—1 13
i<~ [Tos (55 - 00 ) Il = T oy (55 — i) € - S [T (21 ;)&
j=1 Jj=1

Jj=21=j
—1 p 1—1 i—1 1—1 p L
—HJJ ((71 ( + Hb?)) - Z H o |oj— Hb2 ij
p=21 Jj=21=j+1 p Jjl=j

2
. 1
L, Hl 1010122 Hz 19

A 2 2

1—1 n
—1 01
7 ez oy Lo > 2+ Legin

4 =
Jj=i+2
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where w; = (1+02/2) [[/—; 0.
This completes the inductive proof.

Step n: Employing the inductive argument, there is a positive definite and proper Lya-
punov function V,, = 0p,—1Vi—1(g, 21, &1, - 1) + %fi with constant o,_1 > 1 to be
determined later, such that

. n—1 I n—1 I n—1ln—1 I
Vo, <— H o (W — @k)||5||2 — H Uj(Qni—l — wn,k)ff - Z H JI(W *wj) ]2
j=1 j=1 =2 l=j
n—1 n—1 n—1 1 n—1 p I
2 2 2
j=2 p=21=2 Jj=21=j+1 p=j I=j
L Hz ola1 o ,  2nT2
_zgn 1# +£H(Ha +L< 5 + (2" + Z ) x (an
n—1i-1 3,
+ 3 [1 o) +bus + 500+ (2072012 + 27 0 + 2mbie}) H b7
j=21=j
n—1 . gn
Srnac I #) + L
j=3 I=5—1
(38)
where wp, k = wp—1 % + 207 ;:11 b?/(2c?) is an unknown constant.
Designing the controller
u=—g "L"b,&, = —g Z Lrt=i Hblxj —gnL" Hbly (39)
j=2
where
3 Qn_ n—1n—1
bnzgé%{1+ (2 % (an + 3 [ ay)® +bn1+2bn1
Jj=2 1= J
+ (27218 + 203 + 203 H bl2+322” I 4B H vt
I=j—1
leads to
n—1 n—1 n n—1
. L L L
Vo= T os(Grm — ) el = TT o (5o —wna )& = Y- TT (5 — i)
j=1 j=1 =2 1=j
n—1 p n—1 n—1 n—1

o= 50 S 76-5 T alo-1£19) 76

p=21=2 Jj=21=j+1 p=jl=j
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L>" 2 !
(40)
where w,, = H;:ll ay.
Finally, we select 0, j =1,...,n — 1 satisfying
b2 n—1 p
" 2max{1,i(1+znbf>},
p=21=2
n—1 p
;> max{ 1, — Z b, j=2,. (41)
p Jjl=y
and take
gé%\i[({ H 0l®ka H O1Wn ks H Ule,] - 2 s ,TL},
1
i Hz 171 H1=1 o101 ln:j a . _
p—mln{ 2n+1 9 2 ) 2,”47] 7]_27"'an 9
such that becomes
Vo < —(pL = ©)(Jlel® + [I€]1) — pz? (42)

where 6 = (fl, v 7£7L)T'

Remark 3.1. Dynamic gain L increases a freedom degree of switched uncertain nonlin-
ear system. Merged with common Lyapunov idea and observer construction technique,
it can effectively dominate all the possible uncertainties. In addition, it will play a key
role in the proof that all signals of closed-loop switched system are bounded. However,
the introduction of L gives rise to complicated control design and stability analysis.

3.2. Stability analysis

In this subsection, Let & = (21, ...,4,)T. Our objective is that starting from any initial
condition (n(0),#(0)) € R™ x R™ and L(0) = 1, there is an adaptive output-feedback
controller such that

(i) the solution (n(t),&(t), L(t)) of closed-loop system well-defined on [0,00) is unique
and globally bounded;
(ii) limy— 4 oo (n(t), 2(¢)) = 0 and limy_, 1o L(t) = L € Ry.

Now, we will show that the solution (n(t),Z(t), L(t)) exists and is unique on the
maximal interval [0,ty) for 0 < ty < +o00. This can be done by a contradiction argument.
Firstly, we claim L(t) is bounded on [0,%f). Suppose lim; ;. L(t) = 4o0c. Since L(t) >
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0, Vt > 0, L(t) is a monotone nondecreasing function. Hence, there is a finite time
T € [0,t5) such that L(t) > (p+ ©)/p, Vt € [T,ty). This together with yields

V< —p(llell® + 1€11%) — p=3, Vt € [T t5). (43)
As a result,

+oo = L(ts) — L(T) = /th L(t)dt < /th V;t)dt < V(pT) < 400,

which is a contradiction. This implies that L(t) is bounded on [0,%f) and lim;_;, L(t) =
L.

In the following, we will show the boundedness of z on [0,¢). Consider the Lyapunov
function V(z) = 27 Pz for the z-dynamic system of . A simple calculation leads to

: 2 L
V(2) = Lz"(PA+ ATP)z + 12" PBu— 25" (PD + DP)2

< Dl 212 PP < Lz 4 262 PIPLL. (44)
Thus, for V¢ € [0,t5), one gives
2T(t)Pz(t) < 27 (0)P2(0) + b2 || P||*L?,
from which, it follows that for Vt € [0,t¢)

_
)\min(P)

/0 12(s)I* ds < 2(=" (0)P=(0) + by || PI|*L?). (45)

2] < (7 (0)P=(0) + b || P|*L?),

This implies the boundedness of z(t) and f(f lz(s)||? ds on [0,t).
Then, we will claim that ¢ is bounded on [0,¢¢). To this end, we introduce the change
of coordinates

_ Ty —Tq .
g = I+ ,Z:l,...,n
where L* is a positive constant satisfying
L* = max {E, O + 3}. (46)
keM

As a consequence, the error dynamic system is transformed into
E= L*A§+ L*aél - LAlaél + Agal’l + F]:; (47)

where & = (&1,...,&,), Ay = diag{1, L/L*, ..., (L/L*)"" 1},
Mg = diag{L/L*,...,(L/L*)"} and Fy = (fir/L* -, fanr/L™)",
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Choosing the Lyapunov function of on [0,tf) of the form V(£) = T Pz, one
obtains

V(g) = —L*||g||> + 2L*&T Pag, — 2LET PA1ag, + 287 PAsax, + 287 PF}. (48)
By completion of square and L/L* < 1, it follows that
217" Paz, < L*?||Pa|®&% + | &|°,
2LET PAyaz, < L*|PAyal®E2 + |8,
L2||PA2a||2

7k

25_‘TPA2(1.I1 < H8H2

n

Sk Z(L*>|zz+n\f||€||> 8+
=2

202n2| P2 L2 )
(k ) 1P ) e

2L*2
Zz +Oll2]?, (49)

N

<

26T Py < 20, Pl 2]l (

\ t~

+ 20pny/n|| P + 402n%(n — 1)(

~

l\J\»—t

Substituting into on [0,tf) yields

o . P 1 L?|PAsa
V() <L~ 0 -3l + 2 3+ (4 + HLE e
1=2

& + (L*2|Pal?

_ _ 1 1 L?||PAsal?
+L21Pal?) e <~ + e + (5 + 205D
2L2¢2 20222
L2 Pall2 + L2 PA 2)( 1 1)
+ (L2 IPalP = 221 Al ) (T + 1
S| < - o1 -
—lIE1* + =0 + O + ©2f < —[lgll* + ;=) + OL (50)
where
. L2[PAsal> o llPal? .-, lPAal? - _
© = max { L LNPAsal” oo llPal” | o po IPAal”  2L%||Pal® + 22| PAsal *}.
eM L2 < & Ck

From (50)), it can be concluded that for V¢ € [0,ty)

() Pete) < T OPE0) - [ 1e(6)17ds + 6(nit) ~ L) + 1 [ 166117,
which implies

5O < 55 (T PO + 6L+ 1 [ [(5)1as),

/t I2(s)||2 ds < £7(0)P&(0) + OL + i /t II2(s)|12 ds. (51)
0 0
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Since z(t) and fo |z(s)||? ds are bounded on [0,%f), it can be seen from that &(t)
and fo Hs )||? ds are bounded on [0,¢f). By the boundedness of L(t) and the definition
of &, i, 1 =1,...,n, it can be easily concluded that £(¢) and fot lle(s)||? ds are bounded
on [0,tf).

Up to now, the bondedness of (z(t),e(t), L(t)) have been proved on maximal inter-
val [0,t7). With the definition of z; and €;, ¢ = 1,...,n in mind, one obtains that
(n(t), &(t), L(t)) is bounded on maximal interval [0,¢7).

Moreover, it can be shown that ¢ty = +oo. This can be also done by a contradiction
argument. Suppose ty < +oo. Then ¢y would be a finite-escape time, which means
that at least one component of the solution (z(t), Z(t), L(t)) would tend to infinity when
t — ty. However, the continuity of the solution guarantees (z(t),2(t), L(t)) is bounded
at t = ty owing to the boundedness of (z(t),#(t), L(t)) on [0,¢s). This is an apparent
contradiction. As a consequence, the solution of the closed-loop system is bounded over

[0, +00).

On the other hand, by the boundedness of (z(t),e(t), L(t)) on [0, —|—oo) it can be
deduced that z( ) and £(t) are bounded on [0,+00). Noting that f ()| dt <
+o00 and f (t)]|?dt < +o0, by Barbalat’s lemma, one has lim;_ oo z( ) =0 and

limy 400 () = 0 From the definition of L(t), z; and €;, i = 1,...,n, it follows that
limt_,+oo n(t) = limt_>+oo J,‘(t) = 0, 1imt_,+oo j(t) =0 and limt_,+oo L(t) =L¢e R+.

4. AN ILLUSTRATIVE EXAMPLE

Consider the following switched uncertain nonlinear system:

771 =g1Mm2 + ¢1,o’(t) (ta , d(t))a
Mo = got + G2 5(1)(t,m,d(t)),
Y = Clo(t) + C2,0(t)SIN M (52)

where o(t) : [0, 400) — M = {1,2}, ¢11(t,n,d(t)) = 01171 + d11(t)m sin® s,

b12(t,m,d(t)) = Oa1dar ()1 sinm, dai(t,m,d(t)) = O1amz sinnmy + dia(t)013 In(1 + 01473),
Paa(t,m,d(t)) = % + doo(t)n1 with 011,012, 013,014, 021, 022 being unknown constants
and di1,dy2,d21,dos being uncertain bounded parameters. 0.2 < A1, 9 < 1, 1.1 <
A12,A22 < 2 and 0.9 < g1,92 < 1.8. It can be shown that the switching nonlinear

system satisfies Assumptions Hence, by Theorem a dynamic high-gain
observer and output-feedback controller can be designed as follows:

&1 = &y — 203,
&9 = 0.9%u — L%&,
u=0.9"%(—~12.436 Liy — 426.828L%y),
.22 T v\’
L= 42 4 (24343222 ) .
L2+L2+(L2+3 3 L) (53)

In the simulation, we choose g1 = go = 1, 611 = 1.5, 615 = 0.8, 613 = 0.5, 614 = 0.7,
921 = 0.4, 922 = 0.2 d11 = sint, d12 = 0.6, d21 = 0.57 d22 = 0.3, and C11 = 0.2,
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Fig. 1. The responses of the closed-loop system — .

c21 = 1, ¢c12 = 1.1, co2 = 0.5. With the initial condition (11(0),72(0)) = (0.1,—-0.3)
and (#1(0), #2(0), L(0)) = (0,0, 1), Fig. 1 demonstrates the effectiveness of the proposed

control scheme.
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5. CONCLUSION

This paper has discussed the problem of global output-feedback regulation for a class of
switched uncertain nonlinear systems under arbitrary switchings. This problem has been
solvable using the suitable observer and controller, which can be explicitly constructed.
It can be indicated that an appropriate choice of dynamic high gain will enable us to
achieve global asymptotic regulation of the closed-loop switched system. A remaining
problem to be investigated is how to design an adaptive output-feedback controller for
a class of high-order switched uncertain nonlinear systems with weaker assumptions.
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