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Abstract. States on commutative basic algebras were considered in the literature as
generalizations of states on MV-algebras. It was a natural question if states exist also on
basic algebras which are not commutative. We answer this question in the positive and give
several examples of such basic algebras and their states. We prove elementary properties
of states on basic algebras. Moreover, we introduce the concept of a state-morphism and
characterize it among states. For basic algebras which are the certain pastings of Boolean
algebras the construction of a state-morphism is shown.

Keywords: basic algebra; commutative basic algebra; symmetric basic algebra; state;
homomorphism
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Generalizing the concept of a state on MV-algebras states on commutative basic
algebras were considered in [1]. We consider states on arbitrary (not necessarily
commutative) basic algebras. First we recall the definition of a basic algebra and the
double face of such algebras.

Definition 1. A basic algebra is an algebra A = (A, ®,—,0) of type (2,1,0)
satisfying the identities

z®0=uz, —\(—\.13)21), _‘(_‘J)@y)@yz—\(_‘y@l‘)@x,
ey oy )@ (dz) =1,

where 1 := —0. In order to avoid too many brackets we agree that — binds stronger
than the other operation symbols. Two elements z and y of A are said to be or-
thogonal to each other if < —y. On a basic algebra A = (A, ®,—,0) we define
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a binary operation © by t ©y := —(-z @ y) for all z,y € A. The algebra A is called
commutative if @ has this property. An element z of A is called sharp if z ® x = x.

Remark 2. We have (-2 0 y) =2 @y for all z,y € A.

Remark 3 (cf. [2]). Every MV-algebra is a commutative basic algebra. A basic
algebra is an MV-algebra if and only if @ is associative. Every orthomodular lattice
is a (in general not commutative) basic algebra satisfying the identity *® (z Ay) =
in which every element is sharp. A basic algebra is an orthomodular lattice if and
only if it satisfies the identity = ® (z Ay) = z.

Next we define the notion of a bounded lattice with sectionally antitone involu-

tions.

Definition 4. A bounded lattice with sectionally antitone involutions is an or-
dered sextuple A = (A4, V, A, (*;z € A),0,1) such that (A,V,A,0,1) is a bounded
lattice and for every z € A, ® is an antitone involution on ([z,1],<), ie., y < z
implies 2* < y* and (y*)* =y for allz € A and y, z € [z, 1].

Example 5. The algebra M := ([0, 1], ®, -, 0) with
r@y:=(x+y)Al, —-x:=1-—=x
for all z,y € [0, 1] is an MV-algebra, called the standard MV-algebra, where
zoy=-(way =1-((01-2)+yAl)=(z-y) VO
for all x,y € [0,1], and ([0, 1], V, A, (*;z € [0,1]),0,1) with
xVy:=max(z,y), xAy:=min(z,y), a¥:=1—-z+y
for all z,y € [0, 1] is a bounded lattice with sectionally antitone involutions.
Both faces of a basic algebra are in a natural one-to-one correspondence:
Theorem 6 (cf. [2]). The formulae
eVy=-(-zoy) sy, sAy=-(-azV-y), ¥=-xay, 1=-0

and

r®y=("Vvy)Y, -z=a2a°

induce a natural one-to-one correspondence between basic algebras and bounded
lattices with sectionally antitone involutions. Moreover,

x<y ifandonlyif —-xdy=1.

Remark 7. The structures mentioned in Example 5 are both faces of the same
basic algebra, namely the standard MV-algebra.
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Lemma 8. If A= (A,®,—,0) is a basic algebra and a, b, ¢ € A, then the following
conditions hold:

(i) a<bimpliesa®c<bPcandacc<boeg,
(a®b)eb=aA-b,
(anb)@ec=(a@c)AN(bdc),
a®b=(aN-b) Db,

ii)
iii)
iv)
) a<bifandonlyif a©b=0.

(v

Proof. (i) If a < b then —a > —b, thus —a V ¢ > —b V ¢, whence
adc=(-aVe) < (-bVe)=bdec.
Moreover, —a > —b implies —a ® ¢ > —b P ¢, whence
aoc=-(-a®c)<(-bBc)=bOc.

(if) (adb)ob==("(a®b)®b) =—(-aVDd)=aA b
(iii) (aAb)@c=(a®VEOVe)=((a®Ve)V (' Ve) = (@ Ve) AR Ve) =
(a®c)N(bDc).

(iv) According to (iii) we have
(an-b)db=(adb)A(-bDb)=(a®b)ANl=adb.
(v) The following are equivalent: a ©b = 0, =(-a &b) = 0, ~a ®b = 1 and
a<b. O
Next we define three classes of basic algebras.

Definition 9. A basic algebra A= (A, ®,—,0) is called symmetric if (xVy)¥ =
2% for all z,y € A, monotonous if z,y,z € A and x < y together imply 2@z < 2Py
and weakly monotonous if x < x @ y for all x,y € A. Of course, every monotonous
basic algebra is weakly monotonous.

Lemma 10. If A= (A,®,,0) is a basic algebra and (A, <) is a chain, then A
is symmetric.

Proof. Let a,b € A. If a < b then (aVb)? =" =1=a® = a®®. If a > b then
(aVb)® =ab=a™?’, O
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Lemma 11. Every commutative basic algebra is symmetric and monotonous.

Proof. If A= (A4,®,-,0) is a commutative basic algebra, then

@vyl = oy=y®2®= (" va®)* = @V va®)® = (zAy) @
=@ (zAy) = (zV(zAy)™ =27

for all z,y € A. The second assertion follows from Lemma 8 (i). g

The following example shows that symmetric basic algebras need not be weakly
monotonous and hence monotonous.

Example 12 (cf. [3]). If we define

xVy :=max(z,y), xAy:=min(z,y), z° :=1-— if x <

2
35

2
20 :=2—-2z ifa:>§, =1l—-z+y ify>0

for all z,y € [0,1], then ([0,1],V,A,(*;z € [0,1]),0,1) is a bounded lattice with
sectionally antitone involutions. Let A := (A,®,—,0) denote the corresponding
basic algebra. A is not commutative, since

R MRt S
1 1/4 1 1/4 1
=== =GV =3

According to Lemma 10, A is symmetric. A is not weakly monotonous since

1;{\3_1_§+1_(§)1/5_<§\/l)1/5_l@1
2792 4 5 \4 \4 5 275

Now we introduce the notion of a state on a basic algebra.

Definition 13 (cf. [1]). A state on a basic algebra A = (A, @, —,0) is a mapping
s: A — R satisfying conditions (S1)—(S3):
(S1) s(z) >0 for all x € A,
(52) s(1) =1,
(S3) s(x @y) = s(z) + s(y) for all x,y € A with x < —y (i.e., orthogonal ele-
ments z,y).

Remark 14. It is easy to see that a convex combination of states is again a state.
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Remark 15. This definition coincides with the usual one if the basic algebra
is an MV-algebra. On orthomodular lattices £ = (L, V,A,’,0,1) states are usually
defined as mappings s: L — R satisfying conditions (S1’)—(S3'):

(S1) s(z) >0forall z € L,

(S2) s(1) =1,

(S3') s(xVy)=s(x)+s(y) forall z,y € A with < ¢/

(cf. [4]). Since x @y = x Vy in case x < y’, the notions of a state on £ and that of
a state on the corresponding basic algebra coincide.

Lemma 16. Conditions (S1)—(S3) are independent.

Proof. Let A= (A4,®,~,0) denote the basic algebra with A = {0, a, —a, 1}, the
Hasse diagram

1
a —a
0
and the next operation table for &.
©]0 a —al
010 a —a 1
ala a 1 1
—al-a 1 —a 1
111 1 1 1

Then s: A — R defined by s(0) := 0, s(a) := —1, s(—a) := 2 and s(1) := 1 satisfies
(S2) and (S3), but not (S1), s: A — R defined by s(z) := 0 for all x € A satisfies
(S1) and (S3), but not (S2), and s: A — R defined by s(z) := 1 for all z € A satisfies
(S1) and (S2), but not (S3). O

):
)

There follow examples for states on non-symmetric and hence non-commutative
basic algebras.

Example 17. The basic algebra 4 = (A, ®,—,0) with A = {0, a, b, 1}, the Hasse
diagram
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and the operation table

for & is not symmetric, since
(avb)l =1"=b#a=a=a""’

and hence, according to Lemma 11, not commutative. There are the following pairs
of orthogonal elements:

(0,z), (z,0) and (x,—x)

for z € A. The mapping s: A — [0,1] defined by s(0) := 0, s(a) = s(b) := 1/2 and
s(1) :=1 is a state on A, since

s(0® ) = s(x) = 0+ s(z) = 5(0) + s(x),
s(x®0) = s(z) = ()+O= s(z) + 5(0),
s(x®—x) =5(1) =1=s(x) +s(—x) forall ze A

+
Example 18. The basic algebra A = (A, ®,—,0) with A = {0, a,b, ~a,—b, 1},
the Hasse diagram

—b —a

(=b)® := b, (—a)® := —a and the operation table

|0 a b —-a —b
0[O0 a b —-a —b
a
b

a a —a 1 =b
b -b —b —a 1
—al-a 1 —b —a 1
=b|-b b 1 1 1
11 1 1 1 1

—_ = = e = ]
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for & is not symmetric, since
(a VD)’ = (-b)’ = =b# —-a=a’=a¥?

and hence, according to Lemma 11, not commutative. There are the following pairs

of orthogonal elements:
(0,2), (z,0), (a,b), (b,a), (b,b) and (x,—x)

for ¢ € A. The mapping s: A — R defined by s(0) := 0, s(a) = s(b) := 1/3,
s(—a) = s(—b) :=2/3 and s(1) := 1 is a state on A, since

s(0®z) =s(x) =0+ s(z) =s(0) + s(z) forallx e A,
s(x®0) =s(x) =s(x) +0=s(z)+s(0) forall xze A,
s(a®b) =s(-a) = § = 5 + 5 = s(a) + s(b),
s(b@a) =s(-b) =2=14+1=5(b)+s(a),
s(b@®b) =s(b) =2 =1+ 1 =s(b) + s(b),

s(r®—x) =s(1) =1=s(x) +s(-x) foral ze A

Example 19. The basic algebra A = (4, ®, —,0) with A = {0, a, b, ¢,d, e, ~a, b,
—¢,d, e, 1}, the Hasse diagram

(—\b)a = —\C, (—\C)a = —\b, (—\a)b = —\C7 (—\C)b = —\a/7 (—\a)c = —\b, (—\b)c = _‘Cl,
(=d)¢ = —e, (me)¢ := —d, (=c)? := =e, (me)? := —c, (m¢)¢ := —~d and (—d)® := —c
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and the operation table

|10 a b ¢ d e —-a —b —-c —d —e 1
0/0 a b ¢ d e —a —b —-c —d —e 1
ala a —-¢ b d e 1 =b —-c —~d —e 1
b|lb —¢c b —a d e —a 1 —-¢c —-d —e 1l
cle =b—-a ¢ —-e ~d-a-b 1 —-d—-el
dld a b —-e d —-¢ —-a —b - 1 —el
ele a b —-d-c e —-a-b-c—-d 1 1
—a|l-a 1 —-a —a —e ~d -a 1 1 —-d —e 1
=b|=b -b 1 =b —e =d 1 =b 1 —-d —e 1
-c|-¢c =¢ ¢ 1 =¢ =¢ 1 1 —-¢ 1 1 1
-d|-d =b ~a =d 1 —-d —-a —-b 1 —-d 1 1
—e|l-e b -a e ¢ 1 —a b 1 1 —-el
1 1 1 1 1 1 1 1 1 1 1 1 1

for @ is not symmetric, since

0 aAd

(aVd)? =a

(ﬂc)d =—e#-a=a

and hence, according to Lemma 11, not commutative. There are the following pairs
of orthogonal elements:

(0,2), (x,0), (b, a),
(c,d), (Cv e)? (e,0),

for x € A. The mapping s: A — R defined by s(0)
s(—e) := 0 and s(c) = s(—a) = s(—b) = s(~d) = s(—

(a,b),
(d, ),

(a,c),
(de),

(b, ¢),
(e,d)

(¢,a), (cb),

(J), —\.23)

s(b) =
=1i

s(d) = s(e)

is a state on A,

= s(a) =
e) = s(1)

s(0®z) =s(x) =0+ s(z) = s(0) + s(z) forallz € A,
s(x®0) =s(x) =s(x) +0=s(x)+s(0) forallze A,
s(a®b) =s(—c) =0=040 = s(a) + s(b),
s(a®c) =s(-b)=1=0+1= s(a) + s(c),
s(b®a)=s(-c)=0=040 = s(b) + s(a),
s(b@dc)=s(-a)=1=041 = s(b) + s(c),
s(c@a)=s(-b)=1=140=s(c) + s(a),
s(c@b) =s(-a)=1=140=s(c) + s(b),
s(c@d) =s(me)=1=1+0=s(c) + s(d),
s(c@e)=s(-d)=1=1+0=s(c)+ s(e),
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s(d®c)=s(-e)=1=0+1=s(d) + s(c),
s(d®e)=s(-c)=0=0+0 = s(d) + s(e),
s(e@c)=s(-d)=1=0+1=s(e) + s(c),
s(e@d) =s(-¢) =0=0+0 = s(e) + s(d),
s(r®-x)=s(1)=1=s(x)+s(-x) forallze A

We now consider some properties of states on basic algebras.

Lemma 20. For a basic algebra A = (A,®,—,0) and s: A — R, condition (S3)
is equivalent to any of the following assertions:
(i) s(zoy)=s(xVy)—s(y) forall z,y € A,
(ii) s(roy) =s(x) —s(y) forallz,y € A withy <z
(ili) s(x®y) =s(z A-y) +s(y) for all z,y € A.

Proof. Let a,b € A.
(S3) = (i): We have
aob==(-a®b) = ((aVb)®)° <b’=-b
and hence
s(aob) =s((@a0b) ®b) — s(b) = s(~(~a ®b) ®b) — s(b) = s(aV b) — s(b).

(i) = (ii): This is clear.
(ii) = (iii): We have a @ b = (a® V b)® > b and hence

s(a®b) =s((a®b) ©b)+ s(b) = s(a A —b)+ s(b),

according to Lemma 8.
(iii) = (S3): If a < —b then s(a @ b) = s(a A —b) + s(b) = s(a) + s(b). O

Lemma 21. A state s on a basic algebra A = (A, ®,—,0) satisfies the following
conditions:

(i) s(0) =0,
(ii) s(z) < s(y) for all x,y € A with x < y,
(iii) s(A) C[0,1],
(iv) s(-=

(v) sz

Proof. (i) s(0) =s(0®0) —s(0) =s(0) —s(0) = 0.

V)

s(x) for all x € A,

)=1-
s(x®y) < s(x) + s(y) for all x,y € A.
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ii) Follows from Lemma 20.

(
(iii) Follows from (ii).

(iv) s(—-x) = s(x @ ~x) — s(x) = s(1) — s(x) =1 — s(z) for all z € A.

(v) Follows from Lemma 20 and (ii). O

Lemma 22. For a state s on a basic algebra A = (A, ®,,0), the following are
equivalent:

(i) s(z) >0 for all z € A\ {0},
(ii) s(z) < s(y) for all x,y € A with x < y.

Proof. (i) = (ii): Let a,b € A with a < b. Then s(a) < s(b) according to
Lemma 21. Now s(a) = s(b) would imply s(b © a) = 0 according to Lemma 20,
whence

0=boa=-(-ba)=(bVa)* = (")°

and hence b* = 1, which shows b = a, contradicting a < b. Hence s(a) < s(b).
(ii) = (i): This follows from Lemma 21. O

Lemma 23. Let A = (A,®,—,0) be a symmetric basic algebra and s: A — R
and consider the following assertions:

(i) s(zoy)=s(x) —s(zAy) for all z,y € A,
(ii) s(xVy)=s(x)+s(y) —s(x Ay) for all z,y € A.
Then (S3) < (i) = (ii).
Proof. Let a,b € A.
(S3) = (i): We have
aob==(-a®b) =-((aVb)’) ==(a"’) < ~(aAb)
and hence according to (S3)
s(acb)=s((acb)@(anb) —slanb)=s(-((aVb)P’) @ (aAb)) —s(anb)
=5(((a VD)V (anb)) —s(anb)=s(((aVb)’)°) —s(anb)
= 5((a*"")"") = s(a Ab) = s(a) = s(a D).

(i) = (S3): If @ < —b then according to (i)

s(adb)=s((adb)ob)+s((adb)Ab)
= s(=(—(a ®b) b)) + s((a® V1)’ Ab) = s(=(—a Vb)) + s(b)
= s(a A —=b) + s(b) = s(a) + s(b).
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(i) = (ii): According to Lemma 20 and (i) we have

s(aVb) =s(aob)+ s(b) =s(a) — s(aAb)+ s(b) = s(a) + s(b) — s(a AD).

Now we introduce a special class of states on basic algebras.

Definition 24. A state-morphism on a basic algebra A is a homomorphism
from A to M.

Remark 25. The state considered in Example 17 is not a state-morphism, since
sfamb)=sb)=1#1=1a1=2s(a)®s(b).
The same is true for the state considered in Example 18, since
_ _1,2 141 _
s(fa®a)=s(a) =35 #35 =33 =s(a)®s(a).

Finally, the state considered in Example 19 is a state-morphism as will be proved
later.

Lemma 26. Every state-morphism on a basic algebra A is a state on A.

Proof. Let s be a state-morphism on a basic algebra A = (4,®,—,0) and
a,b € A and assume a < —b. Then we have

s(a)+s(b) = s(an—b)+s(b) = (s(a)As(=b))+s(b) < s(—b)+s(b) =1—s(b)+s(b) =1
and hence s(a @ b) = s(a) @ s(b) = (s(a) + s(b)) A1 = s(a) + s(b). O
There follow two characterizations of state-morphisms.

Theorem 27. A state on a basic algebra A = (A, ®,—,0) is a state-morphism
on A if and only if s(xVy) = s(x)V s(y) for all z,y € A.
Proof. If s(x Vy) = s(z) Vs(y) for all z,y € A, then according to Lemma 20
and Lemma 21 we have
s(zoy) =s(-(zoy)) =1-s(-zoy) =1-s(-zVy)+s(y)
=1—(s(-z) Vs(y)) +s(y) = (1 —s(-2) +s(y)) A1
= (s(z) +s(y)) N1 = s(z) ® s(y)

for all z,y € A. The rest follows from Theorem 6. (]
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Theorem 28. A state on a symmetric basic algebra A = (A, ®,—,0) is a state-
morphism on A if and only if s(z Ay) = s(x) A s(y) for all x,y € A.

Proof. If s(x Ay) = s(x) A s(y) for all z,y € A, then according to Lemma 23

s(@@y) =s(-(c20y)) =1-s(zoy) =1 (s(-z) = s(~z Ay))
= s(x) + (s(-2) As(y)) = 1A (s(2) + s(y)) = s(2) © 5(y)

for all x,y € A. The rest follows from Theorem 6. O

In the last part of the paper we provide a general construction of (in general not
symmetric and hence not commutative) basic algebras possessing a state-morphism.
We start with an easy lemma for Boolean algebras.

Lemma 29. If B = (B,V,A,’,0,1) is a Boolean algebra, a an atom of B and
b,c € B, then the following conditions hold:

(i) a £ b implies a <V,
(ii) a < bVeifand only if a <b ora < c.

Proof. (i): We have
a=aANl=aAN(BVV)=(aAb)V(aAV)=0V(aAb)=anb <V.
(ii): Ta<bVe agband a € ¢, then
a=aNBVe)=(aAb)V(aAc)=0V0=0,

a contradiction. O

In the following, let I be a nonempty index set and for every i € I let B; =
(Bi, V,A,’,0,1) be a Boolean algebra such that for all i, € I with ¢ # j the set
B; N B; equals the four-element set {0, a,a’, 1} where a is an atom of every Boolean
algebra B;. Put L = |J B; and let b,c € L. For i € I let <; denote the partial order
relation in B;. Deﬁngel)lg c if there exists an i € I with b <; c¢. It is easy to see that
then < is a partial order relation on L. If there exists an i € I with b,c € B;, then

bVe=0bV;cand bAc=0bA; c. Otherwise we have

a ifb,c<da, a ifa<bc,
bVe= and bAc=
1 otherwise 0 otherwise.

This shows that (L, <,0,1) is a bounded lattice. Let ’ be defined on L in an obvious
way. If b < ¢ then there exists some i € I with b,¢c € B; and b <; ¢. Since B; is
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a Boolean algebra, we have bV (cAb) = ¢. Hence (L,V, A,’,0,1) is an orthomodular
lattice which can be considered as a basic algebra £ = (L, ®,—,0) in the usual way.
(L,V,A,’,0,1) is a Greechie pasting of the Boolean algebras B;, i € I (cf. [4]). The
basic algebra £ will be called a pasting of the Boolean algebras BB;, i € I. This basic
algebra need not be commutative in case |I] > 1.

Now we state and prove the following result.

Theorem 30. Let £ = (L,®,—,0) be a basic algebra which is a pasting of the
Boolean algebras B;, i € I, as described above. Then s: L — [0,1] defined by
1 ifzx>a,
s(x) =

0 otherwise

for every x € L is a state-morphism on L.

Proof. Let b,c € L. If there exists an ¢ € I with b,c € B;, then
bdc=UVe)Ve=ObA)Ve=(bVe)A(dVe)=bVe

Otherwise
aVe ifa<bandac,

bdc=bAN)Ve=
0V e=c otherwise.

Now we consider two cases.
Case 1. There exists an ¢ € I with b,c € B;.
Then b @ ¢ = bV c. Hence the following are equivalent: s(b®c¢) =1, a < bVe,
a<bora<e sb)=1ors(c)=1,s(b)@s(c) = 1. This shows s(bDc) = s(b) Ds(c).
Case 2. There does not exist an 7 € I with b,c € B;.
Then b,c ¢ {0,a,a’,1}.

Ifa<banda<c then s(b®dc)=s(c)=1=1d1=s(b) D s(c)
Ifa<band a g c,then s(b@c)=s(aVe)=1=1d0=s(b) ® s(c)
Ifaband a<c then s(b@c)=s(c)=1=0D1=s(b) D s(c)
Ifagband a £ c, then s(b@c)=5(c) =0=000=s(b) ®s(c)

Hence in all cases s(b @ ¢) = s(b) @ s(c). O

Remark 31. From Theorem 30 it follows that the state s considered in Exam-

ple 19 is in fact a state-morphism on A.
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