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Abstract. We obtain the boundedness of Calderén-Zygmund singular integral operators T’
of non-convolution type on Hardy spaces HP(X) for 1/(1 +¢) < p < 1, where X is a space
of homogeneous type in the sense of Coifman and Weiss (1971), and ¢ is the regularity
exponent of the kernel of the singular integral operator 7. Our approach relies on the
discrete Littlewood-Paley-Stein theory and discrete Calderdn’s identity. The crucial feature
of our proof is to avoid atomic decomposition and molecular theory in contrast to what was
used in the literature.
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1. INTRODUCTION AND STATEMENTS OF RESULTS

In the 1970’s, in order to extend the theory of Calderén-Zygmund singular integrals
on R™ to a more general setting, R.Coifman and G.Weiss introduced spaces of
homogeneous type which are equipped with a quasi-metric defined as follows.

For a set X, we say that a function g: X x X — [0,00) is a quasi-metric on X if
it satisfies that

(i) o(x,y) =0 if and only if z = y;

(i) o(w,y) = o(y,x) for all z,y € X;
(iii) there exists a constant A € [1,00) such that for all z,y and z € X,

o(z,y) < Alo(z, 2) + o(2,9)]-

Any quasi-metric o defines a topology, for which the balls B(z,r) = {y € X:
o(z,y) <r} for all z € X and all r > 0 form a basis.
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The following spaces of homogeneous type are variants of those introduced by
Coifman and Weiss in [2].

Definition 1. Let 6 € (0,1]. A space of homogeneous type, (X, 0, t)g, is a set X
together with a quasi-metric ¢ and a nonnegative measure y on X', and there exists
a constant Cy > 0 such that for all 0 < r < diam X and all x,y,z € X,

w(B(z,r)) ~r and |o(z,y) — o(z,y)| < Coo(x,2)?[o(z,y) + o(z,y)]" ~°.

In the following, let (X, o, pt)g be a space of homogeneous type as in Definition 1.
The Holder spaces on X are defined as follows.

Definition 2. Let CJ(X), n > 0, be the space of all continuous functions on X
with compact support and

[f(z) = F(y)|

fllen="sup ——F——" <oo.
H H ! T,yeX; x#y Q(x,y)’i

Remark 1. For 7 € (0,6], CJ(X) is not empty. To see this, we can consider the
function g(z) = f(o(x,z)) with any fixed 2o € X, where f is a C'* function defined
on R with a compact support. It is easy to check that g € CJ(X) with0 < n < 6 < 1.

Remark 2. The dual space of C#(R) is not a functional space for 0 < 3 < 1.
However, it suffices to replace C?(R) by the closure C#(R) for the C#(R) norm of
functions in C7(R) where v > 3, and this closure does not depend on ~. Following
this argument we define the function space C/(X) as the closure for the C{/(X’) norm
of functions in C§(X) where s > 7, and let (C//(X))’ be the dual space of CJ(X).
Here these two spaces do not depend on s. For more detail, see [11].

We now introduce the Calderén-Zygmund operator on X'. For convenience, in the
following, we use C' to denote all constants only dependent on X, which may vary

from line to line.

Definition 3 ([2]). A continuous function K: X x X \ {(z,y): x =y} - Cis
said to be a Calderén-Zygmund singular integral kernel on X if there exist £ € (0, 6]
and constants C' > 0 such that

|K (2,y)| < Colz,y)~" for all z # y;
e — 1> !/ 1
|K (z,y) — K(2',y)| < Co(x,2") o(x,y) ") for o(z,2") < ﬂ@(%y);
!/ e — 1> !/ 1
|K (z,y) — K(2,9)] < Coly,y") o(x,y) =+ for o(y,y’) < 7120 ).

The smallest such constant C' is denoted by || K ||cz. And € is said to be the regularity
exponent of the kernel K.
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Definition 4 ([2]). A continuous linear operator T: Cl(X) — (Cl(X))’ for all
n € (0, 0] is said to be a Calderén-Zygmund singular integral operator on X, if T is
associated with a Calderén-Zygmund kernel K so that

@1.9) = [[ K1 w)g(e) duty) duto)

for all f and g € C’g (X) with disjoint supports.

Remark 3 ([2]). Any Calderén-Zygmund singular integral operator which is
bounded on L?(X) is also bounded on LP(X) for 1 < p < 1; and is of weak type (1, 1).

We call an operator T" a Calderén-Zygmund operator if 7" is a Calderén-Zygmund
singular integral operator and is bounded on L2.

From Remark 3 a question arises: Under what conditions a Calderén-Zygmund
singular integral operator is bounded on L?? This question was answered by the
well-known T1 theorems of G.David and J.L.Journé, and G.David, J.L. Journé
and S.Semmes in the standard case of R™ and in spaces of homogeneous type, re-
spectively.

To introduce the generalization of the T'1 theorem to spaces of homogeneous type,
we first need to define T'(1): The difficulty is that 1 is not a function in CJ/(X),
hence T(1) is not a distribution in (CJ(X))’, but is a distribution modulo constant
function. The definition is based on the following lemma (see [12]).

Lemma 1. Let S be a distribution in (C{/(X))'. Suppose that there exists R > 0
such that the restriction of S to the open set {x € X: o(x,x0) > R}, where x¢ is
a fixed point in X, is a continuous function such that S(z) = O(p(x,z¢))" "7 as
o(x,xg) — oco. If v > 0, then the integral

[ s@dute) = (s.1)
X

converges.
We first write 1 = @1 (z) 4+ p2(x), where @1 € Cg(X) for some 1 > 0 and p;(x) =1
for o(x,z9) < R. Then (S,1) is defined by

(S, 1) + (S, 02) = (S, 1) + /X S()pa(x) du(z)

since the integral converges absolutely. It is easy to check that (S, 1) is independent
of the decomposition.
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Before defining 71, we define
Co®) = {1 € QD [ fo)auta) =0},
X

If f e é‘g’O(X), we define (T'1, f) = (1,T*f). Indeed, if the support of f is
contained in {z € X: o(x,x0) < R}, then

T*(f)(=) = /X[K(yw) — K (0,2)]f(y) du(y) = Olo(z, 20) ™ ~%)

for o(z,2z9) > R and € > 0.

Now T'1 is a continuous linear form on 60'6770(/?) C Cg (X). We extend T'1 to a distri-
bution S € (C!7(X))" as follows: let ¢ € Cl!(X) be a function with Sy (@) dp(z) =1,
then for all f € CD'g(X), f can be written uniquely as f = Ap + g, where A =
J f(z)dp(x) and g € 60'6'70(X). Now we choose S such that (S, f) = X\(S, ¢)+(T'1, g),
then 71 = S on Cu'g’o(X ), and is a distribution modulo the constant. T*1 can be
defined in a similar way.

For § € (0,0], 2o € X and r > 0, we define A(6, zo,7) to be the set of all ¢ € C3(X)
supported in B(zo,r) satisfying ||¢|jcc < 1 and [|¢|lcs < r~%. To introduce T'1
theorem on X', we also need the following definition of weak boundedness.

Definition 5. An operator T is weakly bounded if there exist 6 € (0,6] and
C < oo such that for all 2 € X, r > 0 and ¢, ¢ € A(0,zg,7),

(T, )| < Cu(B(wo, 7).

Remark 4. It is easy to see that weak boundedness is obviously implied by L?
boundedness. And Calderén-Zygmund singular integral operator whose is antisym-
metrical kernel, i.e., K(x,y) = —K(y, z), has the weak boundedness property.

In 1985, using Coifman’s idea on decomposition of the identity operator, G. David,
J.L.Journé and S.Semmes developed the Littlewood-Paley analysis on spaces of
homogeneous type and used it to give a proof of the following 7’1 theorem in this
general setting.

Theorem A ([4]). Let T be a Calderén-Zygmund singular integral operator on X .
Then a necessary and sufficient condition for the extension of T as a continuous linear
operator on L?(X) is that the following conditions are all satisfied: (a) T1 € BMO;
(b) T*1 € BMO; (c) T is weakly bounded. Here

1
— 1 . N2>y
BMO(X) - {f € LIOC(X)' T>(S)}19£)EX M(B(J), T))

/B@:,r) [f(y) = foldp(y) < 00}7

where fp = p(B(x,7) ™" [, f®) duy).
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Deng and Han gave a new T'1 theorem for the general spaces of homogeneous type
as follows.

Theorem B ([5]). Let T be a Calderén-Zygmund singular integral operator on
X with T1 = T*1 = 0, and T is weakly bounded. Then T is bounded on LP for
1< p<ooand HP for 1/(1+¢) < p < 1, where ¢ is the regularity exponent of the
kernel of the singular integral operator T.

In the above theorem, the conditions 71 = 0 and T*1 = 0 are sufficient conditions.
A natural problem is when these conditions are also necessary. The following theorem
answers this problem.

Theorem 1 ([5]). Let T be a Calderén-Zygmund operator on X, then T is
bounded on HP(X) for all 1/(1+¢) < p < 1 if and only if T*1 = 0.

We remark here that the main tool used in the literature to prove Theorem 1 is
the molecular theory of the Hardy space H?(X), see [3], [5].

In this paper, we will use a different approach to prove Theorem 1 without using
atomic decomposition or molecular theory of H?(X). Moreover, we can get

Theorem 2. If T is a Calderén-Zygumnd operator on X, then T is bounded
from HP(X) to LP(X) for all 1/(1+¢) <p < 1.

The main ideas are using almost estimates, the discrete Littlewood-Paley-Stein
theory and discrete Calderén’s identity together with the maximal and Littlewood-
Paley characterizations of the Hardy spaces H?(X) to get the boundedness of the
para-product which will be defined later (see Definition 8).

Our new approach includes the following steps.

Step 1. The discrete Calderdn’s identity, almost orthogonality estimates and the
H? boundedness.

To recall the classical continous Calderén’s identity, we begin with introducing the
approximation to identity on the space of homogeneous type.

Definition 6 ([10]). A sequence {Si}rez of linear operators is said to be an
approximation to the identity of order € € (0, 6] on X if there exists C' > 0 such that
forallk € Z and all z, 2/, y and v’ € X, Sk(x,y), the kernel of Sy, is a function from
X x X into C satisfying

2—k5
(1) [Sk(z,y)I < C

2+ oz, y)+e

z,x' e 2 ke
(2) 1Sk(@,y) = Sk(=",y)] < 0(2—51 g(x), y)) (7% + o(,y)) 't

for o(z, ") < (24)71(27% + o(z,y));
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e 2—k5
,y)) (27% + o(z, y))'*e

(3) |Sk(z,y) — Sk(z,y")| < C(Q—kgff,gy;z

(

for o(y,y') < (2A)7' (27" + o(x,y));

(4) [[Sk(z,y) Z Sk/(;c,y’)] - [Sk((:v’,y/))— Sk(fc’,y’)]l2 .

oz, € oy, y € e

< C(Z"“ + o(x, y)> (2 F+ oz, y)> (27F + o(x,y))t+e

for o(z,2') < (24)~ (2 ¥+ o(z,y)) and o(y,y’) < (24)71(27F + oz, ));
5 fXSk z y)d:u‘( )
(6) [y Sk(z,y)du(z) =

Next let us recall the definition of the space of test functions on spaces of homo-

geneous type.

Definition 7 ([8]). Fix 0 <+, 8 < 6. A function f defined on X is said to be
a test function of type (zg,r, 8,7) with zo € X and r > 0, if f satisfies the following
conditions:
Y

1) [f(@)] < (7,_’_ Q(x,xo))H“V;
(i) 1£() - fw) < o L0 )T
= \rto(a,m)/ (r+ ofw,xo)) Y
for Q(»T y) (QA) r + o(z, zo);
(iii) fX =0.
If f is a test function of type (zo,r,3,7), we write f € G(zo,r,3,7), and the norm
of fin G(zo,r, B,7) is defined by

[flg(zo,r.p.4) = mf{C: (i) and (ii) hold}.

Now fix zg € X and let G(8,v) = G(xo, 1, 3,7). It is easy to see that

g(.l?1,7”,,87'}/) = g(ﬁar}/)

with an equivalent norm for all z; € X and r > 0. Furthermore, it is easy to check
that G(3,~) is a Banach space with respect to the norm in G(3,~). Also, let the
dual space (G(8,7))" consist of all linear functionals £ from G(j,7) to C with the
property that there exists C' > 0 such that for all f € G(5,7),

IL(HI < Cllfllgs,m)-

We denote by (h, f) the natural pairing of elements h € (G(3,7))" and f € G(8,7).
Clearly, for all h € (G(83,7))’, (h, f) is well defined for all f € G(zg,r,3,7) with
zo € X and r > 0.
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It is well-known that even when X = R™, G(f1,7) is not dense in G(fB2,7) if
1 > P2, which will cause us some inconvenience. To overcome this defect, in what
follows, for a given ¢ € (0, 0], we let é(ﬁ, ) be the completion of the space G(e,¢) in
G(B,7v) when 0 < 8, v < e.

We also need the following construction given by Christ in [1], which provides
an analogue of the grid of Euclidean dyadic cubes on spaces of homogeneous type.
A similar construction was independently given by Sawyer and Wheeden in [14].

Lemma 2. For every integer k € 7, there exists a collection of open subsets
{QF c X: 7 € I}, where I}, denotes some index set depending on k, and cy,ca > 0,
are such that

1) p{X\UQT}) =
(ii) if | > k, then for all 7' € I and T € I, either Q\, C Q% or Q\, N Q* = 0;
(iii) if | < k, for each T € Iy, there is a unique 7' € I, such that Q% C QIT,,
diam(QF) < ¢127%, and each Q¥ contains some ball B(z¥, c,27F).

In the following, we say that a cube Q C X is a dyadic cube in X if Q = Q¥
for some k € Z, and 7 € I, and denote it by diam @ ~ 27%. Denote by Q*?,
v=12,...,N(k,7), the set of all cubes Qﬁf” C QF where j is a fixed large positive
integer, and denote by y®* a point in Q.

We now recall the discrete Calderén reproducing formulae on spaces of homoge-
neous type in [9].

Lemma 3. Let € € (0,0] for k € Z, let {Sk}rez be an approximation to the
identity of order €, Dy, = Sy — Sk_1, let {Q%": 7 € I, v=1,...,N(k,7)} be the
dyadic cubes of X defined in Lemma 2 with j € N large enough. Then there are two
families of linear operators {5k}kez, {Dy}rez on X such that for all f € G(B,7)
with 3,7 € (0,¢) and any point any y*v € Q%"

N(k,T)

(1) Z Yo > w@QE)Dile ) Dalf)(y5")

k=—ocoT€l, v=1
N(k,T)

Z S N @) Dila, B )Du(f) (),

k=—oco 1€l v=1

where the series converge in the norm of both the space G(3',7') with 0 < 8’ < f8
and 0 < 7' < v and the space LP(X) with p € (1,00).

By an argument of duality, Han in [9] also established the following discrete
Calderén reproducing formulae on spaces of distributions, (é(,@,'y))’ with 3,7 €

(0,¢).
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Lemma 4. With all the notation as in Lemma 3, for all f € (G(3,7))" with
B,7 € (0,), (1) holds in (G(B',~')) with 8 < 8/ <e and~y <+ < e.

Applying the above lemma, it was proved in [5] that HP(X’) can be characterized
by discrete Littlewood-Paley square functions

Proposition 1. Let ¢’ € (0,6), let Dy, and Q*" be the same as in Lemma 3. Then
for 1/(1+6") <p<1, fe HP(X) if and only if f € (é(,@,'y))’ with 8,v € (0,0

and
N (k,T)

|f|m~H{ DIDS |Dk<f>|2><@¢,u<->}l/2

k=—oco 1€l v=1

< 0.
P

Remark 5. HP(X) also can be characterized by classical continuous Littlewood-
Paley square functions, i.e.,

oo

1l ~ H{ 3 |Dk<f><->|2}1/2

k=—o0

p

These two kinds of definition of HP(X) are both independent of the choice of the
approximation to identity, see [5] for the proof.

Proposition 1 and the almost orthogonality estimates provide a direct proof of the
following H?(X') boundedness.

Theorem 3. If T is a Calderén-Zygmund operator with regularity exponent
e>0and T1=T*1=0, then T is bounded on HP(X) for 1/(1+¢) <p < 1.

The proof of this theorem is elementary. The basic idea is to apply the orthogo-

nality estimates stated as follows.

Lemma 5. Let Dy be the same as in Lemma 3. If T satisfies the conditions in
Theorem 3, then

2—(k/\l)e’
RGN

|DKT(Dy) ()| < C27 K1

where ¢’ € (0,¢), and the constant depends only on &' and Dy,.

Remark 6. We remark that the conditions 71 = T*1 = 0 are crucial in deriving
Lemma 5. The classical orthogonality estimates are
9—(kA)M
(2=(-AD 1 p(x, y)) 1M’

for any L, M and the constant C' depends only on L, M and Dj. See [4], [10], [5] for
details of its proof.

DT (D)) (z,y)| < C27IF1E
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We also need the following lemma, which can be found in [7], pages 147-148, for
R™ and [5], page 93, for spaces of homogeneous type.

Lemma 6. Let k, n € 7 with n < k. If for any dyadic cube Q%" C X,
e (@)] < (L4202, y2") ™7,

where € X, y®" is any point in Q¥ and ¢ > 0, then

N(k,7) N(k,7) 1/r
55 Dol <0240 [ (303 pgueigee J @)
T€l, v=1 Tel, v=1

where r > 1/(1+¢), C is independent of x, k and n, Ak is any constant only
depending on Q¥V. Here and in the sequel, M is the Hardy-Littlewood maximal
operator on X, which is defined by

1
M) (@) = sup s /B L Wlda)

We now return to the proof of Theorem 3. By Proposition 1, we only need to show
that for 1/(14+¢) <p <1, f € L?(X) N HP(X), we have

N (k,)

H{ S S S IDuTh) wac)}I/z

k=—ococ 1€l v=1

< | fllzr -
p

Note that T is bounded on L?(X’). Therefore, by Lemma 4, we can rewrite Dy, (T f)
as

0o N(k',7)
DT < )RS u(@ﬁ’”)Dk/(»y’:’")Dk/(f)(y';W)>
k'=—ocoT€l, v=1
N(K',7)

Z > @ )DRT Dy (-t ) D (F)(E").
el

v=1

IIMg

Using the orthogonality estimates yields

w2 @k ) %
|Dk: Tf C Z Z Z 2= | | (k/\k/)_‘_Q(.’:;—))l-i-Ele/(f)( ’V)7

k'=—ocoT€l, v=1

where ¢’ € (0,¢).
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Then by applying Lemma 6, we have

Z | Dy (T f)?

k=—o0
L) 00 . N(K',7) rN1/r92
£ (£ o5 E o)) T
k=—o00 "k'/=—00 Tel,, v=1

Finally, by the Fefferman-Stein vector valued maximal function inequality in [6]
on L?(X), we obtain

I 3 |Dk<Tf)|2}1/2

k=—o0 p
H{ { i Q_k_k,le,{M( Z N(zk’:m)E ) (.)>r}1/r:| 2}1/2
WA)Wr X gur
k=—oc0 "k'=— Tl v=1 p

N(k',7)

CH( Z Z Z |Dy (f /,V)|2XQ§/W(.))1/2

k'=—ocoTel,, v=1

< Clf |z

p

Since L%(X) N HP(X) is dense in HP(X), the above estimates give the proof of
Theorem 3.

Step 2. A new discrete Calderén’s identity for BMO(X).
Proposition 2. Let 6/ € (0,0), 1/(1+6") < p < 1. Then for any f € LQ(X)

HP(X), there exists some f € L2(X)NHP(X) with || f|la ~ || fll2 and || f ||z ~ || f]|
and

N(k,T)

(2) Z Z Z Q) D (-, y= " Di(F)(yE")

k=—oco 1€l v=1

where QFV y®V Dy, are the same as in Lemma 3, and the series converges in L?(X)N
HP(X).

Proof. We begin with the classical Calderén’s identity on L%(X):

i DDy (f)

k=—o0
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Using Coifman’s idea of decomposition of identity yields

/()

I
\
)

Ead
.l
k‘
i%
‘Q
o
=

N (k,T)

DD / DD, ) (1)) ()

k=—ocoT€l) v=1
N(k,T)

S5 S W@ Dele DLW + RO ).

k=—oco Tt€l) v=1

It was proved by Deng and Han in [5] that R is a Calderén-Zygmund operator
on X. Note that R(1) = R*(1) = 0, hence by Theorem 3, R is bounded on H?(X).
Moreover, there exists § > 0 such that ||[R(f)|2 < C27N||f|l2 and ||R(f)||m» <
C27 N fl 2.

See [4], [5], [10] for details of the proofs. Now for any f € L*(X) N HP(X), we set

o0

f= > R"(f). This implies
n=0

Z > Z (@) Di(a, 45\ Di (/) (4™").

k=—oco T€l) v=1

We remark that R is also bounded on BMO(X') with the inequality ||R(f)|smo <
C27N9| fllmo- For any f € L?(X) N H'(X), the same proof implies

D=3 w( 5 XS WD B ) o)

k=—ocoTEl, v=1
where the series converges in H'(X). Therefore, for any h € BMO(X),

N(k,7)

RO O D SIC NSRRIy

k=—occ 1€l v=1
N(k,7)

<Z S w@E) Dy D (P ’”>,E>

k=—occ 7€l v=1
N(k,T

~(F S S ST @t >Dk(h><y’:’">>

k=—ocoT€l, v=1

where h = S R"(h) € BMO(X) with ||h//smo ~ ||h]Bmo-
n=0
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We now obtain the discrete Calderén’s identity for BMO functions: for any h €
BMO(X), there exists h € BMO(X) such that

Z > Z (QE*)Di (-, ys") D) (y5")

k=—ocoT€El, v=1

where the series converges in (H', BMO) sense. O

Step 3. The discrete para-product operators.
We now introduce the discrete para-product operators.

Definition 8. Let ¢ € (0,6] for k € Z, let {Si}rez be an approximation to
the identity of order e, Dy, = Sy — Sk_1, Dy, Q%" and let y*¥ be the same as in
Lemma 3. For the convenience, let

A={=(k,nv): kel r€l, v=1,...,N(k,7)},

and Qy, yx are used to denote the associated Q¥ and y*.
Then the discrete para-product 7, for b € BMO(X) is defined by

mo () (@) = Y (@) Di(w, yx) Dr(b) (y2) Sk (f) (yn)

AEA

and

™ (f)(@) = Z 1(Qx)Sk (2, yx)Di(0) (yx) Di. () (wa),

AEA
where / is the same as in Proposition 2.

Note that for b € BMO(X), m is a Calderén-Zygmund operator on X. Then for
b€ BMO(X) and g € 60'6770(/\?), by Proposition 2 we have

(T(1).g) = <Z u(QnDk(:c,ymmé)(yx)sk(l)(yn,@

AEA

_ <Z u(QnDk(:c,ymm@)(ymyn@ — (b,9).

AEA

Therefore, we have m,(1) = b. Similarly, we can get 7}(1) = 0. Then using an
idea of the proof of the T'1 theorem given by David and Journé, one can decompose
a Calderén-Zygmund singular integral operator T' into

T =T+ 71 + T,
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where T is a Calderén-Zygmund singular integral operator. Moreover, note that
(T1,9) = (T1,9) + (mr1(1),9) + (7F-1(1),9) = (T1,9) + (T1,g),

so we have T1 = 0. And similarly we get T*1 = 0. Moreover, if T' is bounded on
L2(X), then T1 and T*1 are bounded on BMO(X) and T, wr; and e, are all
bounded on L?(X).

Note that Theorem B implies that T is bounded on H? (X ), since L? boundedness
of T implies its weak boundedness. Therefore, to prove Theorem 1 we only need
to show that 7, is bounded on HP(X), to prove Theorem 2 we only need to show
that 7} and m, are bounded from H?(X) to LP(X) for all 1/(1+¢) < p < 1 and
b € BMO(X).

Lemma 7. Let b € BMO(X). Then m, is bounded on H?(X), ©} and m, are
bounded from H?(X) to LP(X) for all 1/(1+¢) <p < 1.

Proof. We first show that m, is bounded on HP(X) for all 1/(14+¢) <p <1
and b € BMO(X).

By the Littlewood-Paley characterization of HP(X') in Proposition 1, we only need
to prove that

p

< Cpll £l

p

.z 'Dm(f))(ywm<->}1/2

A=(k,7,v)EA

Using the almost orthogonality, we get

1/2.p
S 1oumtmmie.
AEA P
2 1/2p
- {Z Dk< S Q) D ey yx D (D) () S (f)(yx)) (12) m(-)}
XEA NEN P
1/2p
o|{ = DeBus e,
NEN p
Set
O = {a: € X: sup|Se(f)(2))* > 21}
k
and
B = {Q' is a dyadic cube in X': u(Q'NYy) > %M(Q') and p(Q'NQy1) < %M(Q')}.
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Then by Remark 5, i.e., the maximal characterization of the Hardy space given
in [5], we get

> 2%u() < | f |5
l

Then

Z D (0) (yn ) Swr (F) (wn ) Pxa ()

NeN

=3 Y De®)wae)Sk(Hye)Pxe (),

k1 QeBiQcQ,Qen

where @ are maximal dyadic cubes in B; and y¢ is any point in @’. This leads to
the estimate

S Dk O wa)Se () () Pxan ()}

NeEN p

Y| T TmOuesi e Pet)

! QeB,"'Q'cq@,QeB, ¥ P

where the inequality (a + )P < aP + 0P for 0 < p < 1 is used. Using the Holder
inequality to control the L” norm by the L? norm for functions with compact support,
we get

> S {De (0)(ya ) Sk () e ) Pxer ()}

QCcQ.QeB ¥ P
_ p/2
<@ (X L)y Oe) s (D))
Q'cO.QeB K
This yields
p
SN S > D 0) o) ISk () we)Pxer ()}
! QeB, 'QcQ,QeB, ¥ P
p/2
X @Y S D@ e s (el
L Qen Q' CcQ.Qen ¥
1-p/2 p/2
Z(Z @) (X TuQIDe@e)Pse )]
QEB, Q' CcQ,QeB ¥
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Note that if Q" € By, then

Qlcﬁl:{xEX: MXQI,(;C)>%}

and since y¢ is any fixed point in Q' € By, where u(Q' NQ11) < pu(Q')/2 so we can
take yor € Quy1, then | Sk (f)(yor)| < 21, Therefore,

p/2
S S w@) Dk B o) PISk (f ><Q/>|2>

QCQ.QeB ¥
p/2
cor( X S u@)De el
Q'cQ.QeB ¥
p/2
< CZ“’( > u(@)) < C2Pp()P? < 2P p(y)P/?
QeB;

where we have used the fact that b € BMO and a result concerning the Carleson
measure ([5], page 118, Theorem 4.13)

SN @)D (0) (o) ? < Cu(Q).
QcQ ¥

Substituting all these estimates into the above inequality we get

S Dk ) )Se () () Pxan ()17

N eN p
_ 1-p/2
< Z( > Cu(Q)) 2 ()2

L Qe

0221;; )1-p/2 (QI)P/2<CZ2“’ () < ClIf g
1

This shows that 7, is bounded on HP(X).
We now prove that 7 is bounded from HP(X) to LP(X). A similar result for m,
can be obtained by the same method. We first note that 7} is bounded on L?, thus

|7r;:f|g<ZZH Y w@Sk(5@)De(b)(w) D(F) ()

! QeB, QcQ.eB,

p

Set

QlZ{J?GXZ {ZZle (vo)I*xo(x )}1/2>2l}
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and

—_

= {Q is a dyadic cube in X': pu(Q N Q) > %M(Q) and p(Q N Q4q1) < —u(Q)},

N}

using the Holder inequality yields

ZZH S @Skl y0)Du(b) (ya) Du(f) (ya)

! QeB, QcQ,QeB

p

gc’u 1 P/2(

SN u@Sk(ye)Dr(b)(yo) Di(£) Q)

I QcQ.Qes

2\p/2
)

Therefore,we have

ZZH S Q)Sk(-¥o)D(b) (yo) Du(f)(va)

QeB; QCQ,QeB;

<CZZ 1;0/2

p

(’ > w(@Q)Sk( yQ)Di(b) (yQ) Di () (yq)

2\p/2
)

I Qes QCQ.QeB;
~\\P/? _ 2\p/2
<eX(Tu@) (| T w@scaobounnue)| ) -
I "Qem QCQ,QeB 2

We claim that

H > H@S 1) DDk wa)| < CF (@),

QCQ,QeB

which implies

p
Iy 115 < C2% () < C Z IDE(H Q) Pxa ()}

p

< Ol 5

To show the claim, we use the duality argument to get

> 1(@Q)Sk (- yQ) Dk (b) (yo) Dr (£) (yq)

QeB,

2

X sup
llRll2<1

(X QS0P ) ) De( o) 1)
QEB;
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< sup Y pl(@)Sk(h)(y@) Di(b) (yQ) Di(f) (ya)

Ikl <1 o,
) 1/2 , 1/2
< ”hlm(ge% QIS ) PID 8) (v ? (g; HQIDL (P wa)F)
1/2
<o(% M<Q>|Dk<f><yQ>|2) ,
QEB;

where the last inequality follows from the fact that b € BMO(X) and from the
Carleson measure estimate. To complete the proof of the claim, we have

o2u@) > [ Z\QM{ZZIDk )P xe (@) b (o)

>3 3 W@IDH()wa)

QeB,

This finishes the proof of Lemma 7. (I
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