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Abstract. We discuss the invariant subspace problem of polynomially bounded operators
on a Banach space and obtain an invariant subspace theorem for polynomially bounded
operators. At the same time, we state two open problems, which are relative propositions of
this invariant subspace theorem. By means of the two relative propositions (if they are true),
together with the result of this paper and the result of C. Ambrozie and V. Miiller (2004) one
can obtain an important conclusion that every polynomially bounded operator on a Banach
space whose spectrum contains the unit circle has a nontrivial invariant closed subspace.
This conclusion can generalize remarkably the famous result that every contraction on
a Hilbert space whose spectrum contains the unit circle has a nontrivial invariant closed
subspace (1988 and 1997).
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1. INTRODUCTION AND PRELIMINARIES

In 1988, Brown, Chevreau and Pearcy in [3] proved that every contraction on
a Hilbert space whose spectrum contains the unit circle has a nontrivial invariant
closed subspace.

By the von Neumann inequality, every contraction on a Hilbert space is a poly-
nomially bounded operator. Conversely, Pisier in [8] showed in 1997 that there are
polynomially bounded operators on a Hilbert space that are not similar to a con-
traction. Thus one tries to generalize the result of Brown, Chevreau and Pearcy,
see [3], to a polynomially bounded operator on a Banach space. To be more specific,
a natural conjecture is as follows:
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Conjecture 1. Every polynomially bounded operator on a Banach space whose
spectrum contains the unit circle has a nontrivial invariant closed subspace.

In 2004, Ambrozie and Miiller in [1] showed that every polynomially bounded
operator of class Cy, on a Banach space whose spectrum contains the unit circle has
a nontrivial invariant closed subspace.

An operator T on a Banach space X is said to be polynomially bounded if there
is a constant k such that

(1.1) (D) < Klipll, peP,

where P denotes the normed space of all polynomials with the norm

Ipll = sup{[p(z)|: z € C, [2] < 1}.

An operator T on a Banach space X is said to be a polynomially bounded operator
of class Cy, if T' is polynomially bounded and lim 7"z = 0 for all x € X. An
operator T" on a Banach space X is said to be an;)olglnomially bounded operator of
class C g if T is polynomially bounded and li_>m T*"x* =0 for all * € X*.

It is well known that there are many poly%ofriially bounded operators of class C' g
that are not polynomially bounded operators of class Cp. (for example, the unilateral
right shift operator).

In this paper, based on [1] we prove that every polynomially bounded operator of
class C on a Banach space whose spectrum contains the unit circle has a nontrivial
invariant closed subspace.

We first recall some basic notions and facts from [1] and others. For the notation
and terminology not explained in the text we refer to [1], [9] and so on.

Let D = {z: z € C, |z| < 1} be the open unit disc in the complex plane C. Let
us denote by A(D) the disc algebra consisting of all functions continuous on D and
analytic on D with the norm || f|| = sup{|f(z)|: z€ D}. Let T ={z: 2 €C, |z| =1}
be the unit circle in the complex plane C. Let C(T) denote the Banach space of all
continuous functions on T with the norm ||f||t = sup{|f(z)|: z € C, |z| = 1}. By
the maximum modulus principle, we have

1l = sup{[f(2)|: 2 € D} =sup{[f(2): 2 €T} =|[fl;

for each f € A(D), and hence P and A(D) can be regarded as subspaces of C(T).
By the Hahn-Banach theorem, every ¢ € P* can be extended without changing the
norm to a functional on C(T), which is still denoted by the same symbol . By the
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Riesz theorem, there is a complex-valued regular Borel measure p on T such that
[l = lleoll; and

(1.2) o(f) = / fdu, fe AD)

Let L'(T) be the Banach space of all complex integrable functions on T with norm
[ £l = (2r)~" J7_|f(e")| dt. For every h € L*(T), define a functional M), on A(D)
by

() =5 [ e S e AD)

Then M}, is a bounded linear functional on A(D), and || M| < ||k|l1- By [1], page 337,
if h =1 then M;(p) = p(0) for every p € P, and so it is easy to see that for every
f € A(D), we have

(1.3) My(f) = £(0).

From now on, by T" we denote a polynomially bounded operator, and k is as
n (1.1). It is well known that for every f € A(D), there is a sequence of polynomials
{pn(2)} such that ||p, — f|| = 0, n = oo. Thus we have

[pn(T)2 = po(T)z|| < kllpn — pmllllz]l = 0, 7 — 00, m — o0

for each = € X, which implies {p,,(T)x} is a convergent sequence in X. Define an
operator f(T): X — X by

(1.4) f(T)z = lim p,(T)z, ze€X.

n—oo

It is easy to see that the definition of f(T") does not depend on the particular choice
of {pn}, and f(T) is a linear operator on X. Moreover, we have

/@)l = tim [po(T)] < lim Klpalllol] = £{7] 2]
for every z € X, and so

(1.5) DI <KL fe AD).

For every x € X, x* € X*, define a functional x ® * on P by

(z®@2z%)(p) = (p(T)z,2%), peP.

Then z ® x* is a bounded linear functional on P, and ||z ® x*|| < k|z||||=*|.



2. MAIN RESULTS

Lemma 1 (parallel with Lemma 7.1 in [1] for the class Cy.). Let T be a polyno-
mially bounded operator of class C'y on a Banach space X. If © € X, x* € X*, then
there is h € L*(T) such that

(r@z* — Mq)(p) = 2%[ /K p(e)n(e™)dt, pe P,

and [|h]|y = |z @ 2" — M.

Proof. Since z®x*— M is a bounded linear functional on P, it follows from (1.2)
that there is a Borel measure p on T such that ||u|| = ||z ® * — M;]|, and

(2.1) (@ — My)(f) = / fdu, fe A(D).

Since x ® z* € P*, it follows that z ® x* can be extended without changing the
norm to a functional on C(T), which is still denoted by the same symbol z ® 2*. On
the other hand, it follows from (1.4) that for every f € A(D) there exists p, € P
such that ||p, — f|| = 0, n — oo, nl;ngo pn(T)x = f(T)x. Therefore we have

(22)  eea ()= lm e (py) = lm P = (D).
Let {f,} be a Montel sequence in A(D), that is, f, € A(D), sup,, || fnll < oo, and
nh—>néo fn(z) =0 for all z € D. We now show that for every € € (0,2k) there exists ng
such that [(f,(T)z, *)| < € for all n > ng. Assume without loss of generality that
[fall <1, 2l < 1, 7)) < 1.
Since T' is a polynomially bounded operator of class C g on X it follows that

lim T*"u* = 0 for all u* € X*, so that there exists a positive integer m such that
n— oo

(| T*™ma*|| < e/(4k).
Let f,(2) = Y cn ;27 be the Taylor expansion of f,. By the Cauchy formula and
=0

J
the Lebesgue domination theorem we have ¢, ; — 0, n — oo, for every j. Hence there

exists ng such that for every n > ng we have |c, ;| < ¢/(2mk), j = 0,1,2,...,m.

m—1 .
For every n > ng, write p,(z) = > ¢, 27, then there exists g, € A(D) such that
=0

m—1
fn(2) = pn(2) + 2"gn(2). Consequently [|p,| < ZO lenjl < €/(2k) and [|lgn]| =
j=



[l f = pnll. Thus by (1.5) we have

[(fn(T)z, z7)]

(@, (T2} < W) "

oD@+ ga (@) 172"

B+ lgnDNT 2 | = lipa(DI + gD 177"
Ellpall + kIl fn = pall

//\ NN
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S Kllpall + k(1 fnll + llpal) 7 <&,
from which and (2.2) we obtain

(2.3) (2@ 2*)(fa) = (fu(T)2,2") =0, n— oc.

On the other hand, it follows from (1.3) and the definition of the Montel sequences
that

Mi(fn) = fn(0) =0, n — occ.
Thus by (2.1) and (2.3) we have

/fnduz (2@ 2" — Mi)(fa) = 0, 1 oo,
T

Therefore p is a Henkin measure. By [9], page 189, Remark 9.2.2 (c¢), u is absolutely
continuous with respect to the Lebesgue measure on T. It follows from (2.1) and the
Radon-Nikodym theorem that there exists h € L!(T) such that for all p € P we have

(x@a™ — M)(p) = /Trpd/ﬁ - /TE p(e")h(e") dt,

2n ) .

and

* 1 " i
|z ®a* = Myl = [|ull = |u|(T) = 2—]1/ [h(e)|dt = [|A]):.

O

Lemma 2. Let T be a polynomially bounded operator of class C g on a Banach
space X. Suppose that o(T) D T and that T has no nontrivial invariant closed
subspace. Let h € L*(T) be nonnegative. If w € X, w* € X*, § > 0, then there
exist vectors u € X, u* € X* such that

(1) llull < 23 RDIAIZ, ] < KRN,

(2) [lweu| <d;

(3) |lu® (u* + w*) — My|| < csl||h|l1, where b > 0, c3 € (0,1) are constants in
Theorem 7.2 of [1].



Proof. Assume without loss of generality that ||h|; # 0. By Theorem 7.2 in [1]

applied to the function ||A[|;||h and the functional ||h||; 1/2

v € X and v* € X* such that ||v|| < 2v2kb, ||[v*]| < 1, and

w*, there are vectors

(2.4) lo @ (70" + [[All; %w*) = My ]l < cs.

Set u = ||B]i/%v, w* = [|B)V/*T™*. So we have |ul| < 2v2kb||A|[Y/?, |ju*] <
I<;Hh|\1/2 and the estimate

* 1/2 *1 *1, % 1 2
lw @ w*| = |h]1}?[lw & T*"v*| < kllw|[|7*"* [||All;/
holds if n is large enough. Moreover, by (2.4) we have
* *M, —-1/2 w*
@ (u* +w) = Mall = [bll o @ (T + BT 0%) = Mypy-spl < callfl.

O

Fix an integer NV such that c3 + tN~! < 1, and a positive constant ¢ such that
I1-N1'1l-cz—nNYH<e<l.

Lemma 3. Let T be a polynomially bounded operator of class C g on a Banach
space X. Suppose that o(T) D T and that T has no nontrivial invariant closed
subspace. If h € L'(T), x € X, 2* € X*, then there exist vectors y € X, y* € X*
such that

(1) lly — |l < 2vZkbA[y/*;

@) lly* — "Il < Klla);

(3) ly®y* - o @a* — My < cllblls,

where b > 0 and ¢ € (0,1) are the constants above.

Proof. From Lemma 2, we derive Lemma 3 as in Theorem 7.4 of [1]. g

Theorem 1. Let T be a polynomially bounded operator of class C g on a Banach
space X. If o(T) D T, then T has a nontrivial invariant closed subspace.

Proof. Using Lemma 1 and Lemma 3, one can prove Theorem 1 as in the proof of
Theorem B of [1]. For the convenience of the reader we state the main ideas. Let b > 0
and ¢ € (0,1) be constants in Lemma 3. Assume that 7" has no nontrivial invariant
closed subspace. Take zo = 0, 2, = 0. Then ||zo®zj§ — M| = 1 = ¢°. By induction,
assume that we have chosen vectors z,, € X, z¥ € X* such that ||z, @z} — M| < ™.
By Lemma 1, there is a vector h,, € L*(T) such that ||h,||1 = ||z, @ 2} — My| < ",
and

(2.5) (o0 @ 25— M1)(p) = o- / T (e ha(et)dt, pe P



By Lemma 3, there are vectors z,11 € X, x},,; € X™ such that

(2.6) 1 — 2l < 2V2 D]l hnlly* < 2V2 be™/?,
(2.7) oty — 2kl < Kllhallt® < ke/?,
and

[Znt1 @ 21 — 20 @ 2y, — Mg, || < cf|nlr < "t

Thus by (2.5) and the definition of M), we obtain

(2.8) [Zn+1 @ 23y — M
= [(@Ent1 @ 25400 — 20 @ 23) + (20 @ 27, — My

= ||@n1 ®Thiy — 0 @) + My, || <=0, n— oo

Moreover, by (2.6) and (2.7) it follows that {z,} and {z}} are Cauchy sequences
in X and X*, respectively. Suppose that z,, — z, ), — z*, n — 0, then we have

[en ® x;, — 2 @27

= sup{||zn @ 23,(p) —z @z (p)[l; [lpll <1}
sup{[(p(T)wn, x3,) — (p(T)xn, 2)| + [(P(T)2n, %) — (p(T)z, 2)[; [lpll < 1}
sup{kl|pll(llznllllz; — 2" + lzn = z[[[l2"[); o] <1} =0, 7 — oo

NN

Thus by (2.8) we can obtain z®x* = M. This shows that (x,2*) = 1, (T"z,z*) = 0,
n = 1,2,... Therefore we have x # 0, z* # 0, and T"x € kerz*, n = 1,2,...
If Tx = 0, then ker T is a nontrivial invariant closed subspace for T'. If Tx # 0, then
M =span{Tx,T?z,...,T"z,...} (C ker x*) is a nontrivial invariant closed subspace
for T. ([

3. SOME REMARKS

Remark 1. If T is a polynomially bounded operator (of class C ) on a Banach
space such that o(T) D T, then it follows from Theorem A of [1] that 7™ has
a nontrivial invariant closed subspace (see also [1], page 344), but it is well known
that it is impossible for the conclusion of Theorem 1 to follow from Theorem A of [1]
(see [1], [2], [4], [5], [6], [7] and so on).

In fact, it is well known there are much differences between the properties of
invariant subspaces of an operator A and its adjoint operator A*. For example, if M
is a nontrivial invariant closed subspace of an operator A, then M is a nontrivial
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invariant closed subspace of A*; conversely, if N is a nontrivial invariant closed
subspace of A* then *N is an invariant closed subspace of A, but *N may be
trivial (if N is w*-dense).

In particular, Jiang in [5] gave an example on a Banach space in which the opera-
tor A* has a nontrivial invariant closed subspace, but A has no nontrivial invariant
closed subspace.

Remark 2. Let T be a polynomially bounded operator on a Banach space X. Set
M = {x € X: nan;OT"x = O}, N = {x* e X*: nlLrI;OT*”x* = 0}, then M and +N
are invariant closed subspaces for T. Moreover, if {0} # M # X, it is clear that T
has a nontrivial invariant closed subspace.

Ambrozie and Miiller tried to show in [1] that every polynomially bounded oper-
ator T on a Banach space whose spectrum contains the unit circle has a nontrivial
invariant closed subspace (i.e. Conjecture 1). As pointed in [1], one can reduce
the invariant subspace problem of (general) polynomially bounded operators (whose
spectrum contains the unit circle) in a standard way. To be more specific, to prove
Conjecture 1 it suffices to show the following propositions:

Proposition 1. When M = X, T has a nontrivial invariant closed subspace.
Proposition 2. When N = X*, T has a nontrivial invariant closed subspace.

Proposition 3. When {0} # N # X*, T has a nontrivial invariant closed sub-
space.

Proposition 4. When M = {0} and N = {0}, T has a nontrivial invariant closed
subspace.

In [1], Ambrozie and Miiller proved Proposition 1 (it is the main result of [1]). In
this paper, we proved Proposition 2. But Proposition 3 and Proposition 4 remain
open so far.

By the way, in Proposition 3 it is clear that *N # {0}. To prove Proposition 3
it therefore suffices to prove *N # X. On Proposition 4, Ambrozie and Miiller [1]
proved that 7 has a nontrivial invariant closed subspace when X is a (general) Ba-
nach space (see also [4], Theorem 4.2.9), therefore T has a nontrivial invariant closed
subspace when X is a reflexive Banach space. But we need to prove in Proposition 4
that T has a nontrivial invariant closed subspace when X is a (general) Banach
space.

Acknowledgement. The authors wish to thank Professor M. Liu for helpful
discussions.
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