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Abstract. The numerical range of an n X n matrix is determined by an n degree hy-
perbolic ternary form. Helton-Vinnikov confirmed conversely that an n degree hyperbolic
ternary form admits a symmetric determinantal representation. We determine the types of
Riemann theta functions appearing in the Helton-Vinnikov formula for the real symmet-
ric determinantal representation of hyperbolic forms for the genus g = 1. We reformulate
the Fiedler-Helton-Vinnikov formulae for the genus g = 0,1, and present an elementary
computation of the reformulation. Several examples are provided for computing the real
symmetric matrices using the reformulation.
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1. INTRODUCTION
Let T be an n x n complex matrix. The numerical range of T is defined as the set
W(T) ={{'T¢: £eC, =1}

The range W(T) is a convex set due to the famous Toeplitz-Hausdorff theorem.
Kippenhahn [12] characterized W (T') as the convex hull of the real affine part of the
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dual projective curve of Fp(z,y,z) = 0, where the real ternary form associated with
T is given by
Fr(z,y, z) = det(aR(T) + yS(T') + 2z1,),

and R(T) = (T +T%)/2, XT) = (T — T*)/(2i). Obviously, the equation
Pr(z0,90,2) = 0 in 2z has only real roots for any (zg,y0) € R? and Fr(0,0,1) # 0.
The form Fp(z,y,z) possessing this real roots property is called hyperbolic with
respect to e = (0,0, 1). Lax in [13] conjectured that an arbitrary ternary hyperbolic
form F(x,vy,z) with respect to e = (e, e2,e3) € R?, e # 0, admits a determinantal

representation, i.e.,
F(z,y,z) = cdet(a My + yMs + zM3)

for some real symmetric matrices My, Mo, M3 with positive definiteness of ey M7 +
eaMsy + esMs, and ¢ # 0. Independently, Fiedler in [8] made a similar conjecture
under a relaxing condition that My, Ms, M3 are Hermitian instead. Fiedler in [7]
proved that the Lax conjecture is true provied that F(z,y, z) = 0 is a rational curve.
Recently, Helton and Vinnikov in [10] confirmed that the Lax conjecture is true by
using Riemann’s theta functions. Based on the confirmation of the Lax conjecture,
the authors of this paper in [4] proved that the c-numerical range of an n X n matrix
T is reduced to the classical numerical range of an m x m matrix A, such that
W.(T) = W(A) for some m < n!, and Helton and Spitkovsky in [9] proved that any
matrix 7' has a symmetric matrix S satisfying W(T') = W(S5).

The construction of real symmetric matrices from the Helton-Vinnikov theorem
has attracted attention in studying the numerical range of matrices. One case, for
instance, ask, whether the complex symmetric matrix S obtained by the Helton-
Vinnikov formula from Fpr(z,y,z) is unitarily similar to a given matrix 7. This
question motivated us to compute explicitly the real symmetric matrices of the de-
terminantal representation. In Section 2, we reformulate the formulae in [7], [10]
for real symmetric matrices of the determinantal representations of hyperbolic forms
with genus g = 0 or 1. Notice that the entries of the symmetric matrices M; in the
Lax conjecture have to be real. The Riemann theta functions in the Helton-Vinnikov
formula may produce imaginary symmetric matrices. We determine the types of Rie-
mann theta functions which lead to real symmetric expressions in the elliptic curve
case. In Sections 3 and 4, we present concrete examples of 3 x 3 and 4 x 4 matrices,
and compute the real symmetric matrices using the reformulation which illustrate the
means of the Helton-Vinnikov formula for studying the numerical range of matrices.
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2. MAIN THEOREMS

Let F(z,y,z) be an irreducible ternary form of degree n > 3. A point Py =
(20, Yo, 20) of the complex projective curve

Ve(F) = {[z,y, 2] € CP?: F(z,y,2) =0}

is called a singular point if

oF oF oF
%(ﬂvo,yo,zo) = a—y(ﬂﬁmyo,zo) = g(ﬂvo,ymzo) =0.

We sometimes abbreviate the complex projective curve Ve (F') as F(x,y,z) = 0. For
a singular point Py = (x0, Yo, 20), 20 7 0, consider two functions

[(X,)Y)=F(xo+ X,y0 +Y,20), [fr(X,Y)=Fy(xo+ X,50+Y,20).

The Taylor series of these functions define an ideal (f, fy) of the ring C[[X,Y]] of
formal power series in X, Y. We define

I(Py) = %(dim(%) —m+ s),

where m is the multiplicity of Py and s is the number of irreducible analytic branches
of the curve Vc(F') near (xo,yo,20). The number 6(Fp) is always a non-negative
integer (cf. [14]). The genus of the curve F(z,y,z) = 0 is given by

o(F) = 5= 1) —2) = S 5(8),

j=1

where Py, ..., Py are singular points of the curve F(x,y,z) = 0. An irreducible curve
is called a rational curve or an elliptic curve if its genus is g = 0 or g = 1, respectively.
A rational curve has a rational function parametrization, and an elliptic curve can
be parametrized by an elliptic function and its derivative (cf. [17]).

In the formulation of the Helton-Vinnikov theorem, the following two objects play
a crucial role:

(i) The Riemann theta functions on a complex torus C9/T", where I' is a lattice
in C9.

(ii) The Abel-Jacobi map ¢ of an irreducible algebraic curve with genus g to its
corresponding Abel-Jacobi variety C9 /T
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An accurate numerical computation method of the Riemann theta functions for g > 1
and a program to calculate a basis of I" for an algebraic curve can be found in [5]
and [6], respectively. In this paper, we mainly deal with two cases: g = 0 and
g = 1. The first reason is that the general theory of Abel functions and Riemann
theta functions for g > 2 is rather complicated. In contrast to this, for ¢ = 1, the
complex torus CY9/T" has an abelian fundamental group, and the Riemann functions
have a single main variable. Shortly, the case ¢ = 1 is more treatable. The second
reason is more important from the viewpoint of developing the theory of numerical
range. In [3], the authors of this paper proved that any irreducible curve V¢ (F)
associated with a weighted shift matrix has genus g > 1, and in [1], they showed
that the j-invariant of an irreducible elliptic curve associated with a 3 x 3 or 4 x 4
matrix is real and greater than or equal to 1. There are many tools for computing
Riemann theta functions on a Riemann surface with g = 1. We used Mathematica
(cf. [18]) to implement the numerical computations.

In the rest of this paper, we assume a real ternary form F(z,y,z) of degree n
satisfying the following conditions:
(F1) F(x,y,z) is hyperbolic with respect to e = (0,0,1) and F(0,0,1) = 1.
(F2) F(z,y,z) is irreducible.
(F3) The n real intersection points of the complex projective curve F(z,y,z) = 0

and the line x = 0 are distinct non-singular points @1, .. ., @, with coordinates
Q; =(0,1,—p5,), where 3; # 0.

According to the determinantal representation theorem [7], [10], there exist real
symmetric matrices B and C of dimension n such that

(2.1) F(z,y,z) = det(zl, + yB + zC),

where B = diag(f1,...,08,), and the diagonal entries ¢;; of the real symmetric
matrix C' are given by

2.2 Cov = 6#
( ) 27 ]Fy(071;_/83)
The crucial problem is the construction of the off-diagonal entries of C. If g = 0,1,
we denote by Q;- the point on the parameter space (the real line for ¢ = 0, the

complex torus for g = 1) corresponding to @;. In the expression (2.1), if we replace
C by

C= diag(nlanQa s 7777L) Cdiag(nlan27 s 777n)a

(m,n2,...,mn = £1), we have another determinantal representation
F(z,y, z) = det(z1, + yB + zC).
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The choice of the sign pattern of the off-diagonal entries of C' is determined for the
case g = 0, and is open for g = 1. We reformulate Fiedler formula ([7], Theorem 1),
for the determinantal representation if g = 0.

Theorem 2.1. Let F(t,z,y) be a ternary form of degree n satisfying conditions
(F1)—(F3). Assume the genus of the complex projective curve F(z,y,z) = 0 is 0.
Then the off-diagonal entries of C' in the determinantal representation (2.1) are given
by

Br — B !
Q.- Q; ¢ (a(f) @) a(f) @)

(2.3) Cjk =€

?

where (5) (s)
u(s v(s
T 1(5) ’U)(S)7 Yy 2(5) ’U)(S)

are real rational functions parametrizing the affine part F(z,y,1) = 0, and ¢ €

{+1, =1} satisfies e u'(Q};)v(Q}) > 0 for all j.

Proof. It is shown in [7], Theorem 1, that we can choose € € {+1,—1} such
that e v/ (Q’)v(Q}) > 0 for all j. Further, we compute that

! ! o(@,) o(@)

A(E)@)  d(2)(@))  w(Q)v(Q)) —u(@)v' (@) (@)

and hence the formula (2.3) essentially coincides with the formula obtained in [7],
Theorem 1. O

The formulation in Theorem 2.1 is just a slight modification of Fiedler formula.
This reformulation is be consistent with the formula pattern in Theorem 2.4 for the
case g = 1.

The Helton-Vinnikov Formula in [10], Theorem 2.2 (see also [15], Theorem 6), for
a hyperbolic form with genus g reads as follows:

Theorem 2.2. Let F(x,y, z) be a ternary form of degree n satisfying conditions
(F1)—(F3). Assume the genus of the complex projective curve F(z,y,z) = 0isg > 1.
Then the off-diagonal entries of C' in the determinantal representation (2.1) are given
by

e = Br — B; 0[](0(Qk) — 0(Q5), 5) 1 ’
000](0)  E(p(Qr), »(Qy)) \/d(f)(gg;)\/d(ﬁ)(@;c)
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where 6[0](-,-) is a Riemann theta function with an even characteristic ¢, E(-,-) is
the prime form on the Jacobi-variety given as a constant multiple of a Riemann theta
function 0[¢](-,-) with an odd characteristic €, the two Riemann theta functions are
defined for (z,5) € C9 x H,4, the matrix S is determined by the curve Ve (F), ¢ is
the Abel-Jacobi map from V¢ (F') into the Jacobian variety, and Q; is the point
on the Riemann surface corresponding to ();. Symbol H, denotes the set of the
g X g Riemann matrices, i.e., symmetric matrices whose imaginary parts are positive
definite.

The Helton-Vinnikov formula in Theorem 2.2 involves computing the Riemann
theta functions and Abel-Jacobi maps. The Riemann theta functions are explicit,
but the non-explicitness arises because of the complexity in computation when the
genus satisfies g > 2. For instance, we have a quartic curve with integral coefficients
and g = 2 for which the computation of the Riemann matrix S is not possible by
the usual software. We restrict our attention to the case g = 1, and reformulate
Theorem 2.2 using Riemann theta functions with a single main variable, and the
Weierstrass canonical forms of non-singular cubic curves.

Let F(t,x,y) be a ternary form satisfying conditions (F1)—(F3) with genus g = 1,
i.e., Ve(F) is an elliptic curve. Then there is a real birational transformation ® for
which ®(Vc(F)) is a non-singular cubic curve of the Weierstrass standard form

Y?2Z =4X3 — g2 X?Z — 323

for some real constants g, g3 such that g3 — 27¢% > 0. The complex affine algebraic
curve Y2 = 4X? — g, X — g3 is parametrized as

X =P(s: g2,93), Y =P'(s: g2,93),

where P(s: g2,93) and P’(s: g2, gs3) are the Weierstrass P-functions and its deriva-
tive with parameters go, g3 satisfying the differential equation

e
(E) =4P?(s: g2,93) — g2P(s: g2,93) — g3.

The meromorphic function P(s: go,g3) on the Gaussian plane C has two linearly
independent half-periods w; and ws in the sense that

P(s+2wi: g2,93) = P(s: g2,93) and P(s+2w2: g2,93) = P(s: g2,93),

where w; is a positive real number and wy is a purely imaginary number with
S(wz) > 0 (cf. [1]). The 7-invariant of the curve Ve (F') is defined by 7 = wo/wy.
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The real affine part F(z,y,1) = 0 of the curve V¢ (F') is then parametrized as

(2.4) {(z,y,1) = (R1(P(u), P'(u)),R2(P,P'(u)),1): S(u) =0, 0< R(u) < 2w or
S(u) = S(wz), 0 < RN(u) < 2w}

by real rational functions Ry, Ry of P and P’ over the torus T. This parametrization
s+ (z,y,1) is the inverse of the Abel-Jacobi map ¢: Ve(F) — Jac(X).

Denote by H the upper half-plane H = {z € C: $(z) > 0}. The Riemann theta
function is the holomorphic function on C x ‘H defined by the exponential series

O(u,7) = Z exp(mi(m?7 + 2mu)),
meZ

which is quasi-periodic with respect to the lattice Z + 77 C C:
O(u+m + n,7) = exp(ni(—2nu — n>7)) O(u, T)

for all integers m,n. We consider four Riemann theta functions 0[¢](u) with charac-
teristics € defined as

0le](u, 7) = exp(mi(a*T + 2au + 2ab))0(u + Ta + b, T)
for ¢ = a + 7b with

=00, (50). (02).(3.1)

Using the parameter ¢ = exp(in7), we have

O(u,[q]) = 0(u,7) = Z " exp(2mmniu).
meZ

The four Riemann theta functions are also denoted as

0, la]) = 65, 5] 0. 7) =204 3 g sin(2m 4 1)),
m=0
02(u, [q]) = 9[%7 0} (u,7) = 2¢*/* Z g™ cos((2m + 1)),
m=0

03(u, [q]) = 0]0,0])(u,7) = O(u,7) =1+2 Z " cos(2mnu),

m=1

0.(u, [q]) = 9[0, %} (u,7) =142 3 (~1)"g™ cos(2mmu).
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For references on the Weierstrass P-functions and Riemann theta functions, one may
see, for instance, [11], [17].

Theorem 2.3. The four Riemann theta functions 05, § = 1,2,3,4, are quasi-
periodic, and the elliptic functions 0s5/61, 6 = 2,3,4 have respective double periods
1,27 (6§ =2), 2,27 (6 =3), 2, 7 (6 =4). Moreover, the function 04/6, takes on real
values on the real part of the Jacobian variety, and the functions 02 /01, 05/6; take on
real values or purely imaginary values depending on the two connected components
of the real part of the Jacobi variety.

Proof. Direct computations show that

O1(u+1,[q) = =01 (u,[a]), O1(u+7,]g)) = —¢ " exp(—2miu)b:(u, [q]),
O2(u+1,[q]) = —02(u, [q]), Oa(u+7,[g)) = ¢~ " exp(—2miu)bs(u, [g]),
O3(u+1,[q)) = 0s(u,[q]),  Os(u+T7,[g)) = ¢~ " exp(—2miu)b3(u, [g]),
O1(u+1,[q)) = 0a(u,[a]),  Oa(u+7,[g)) = —¢~ " exp(—2miu)ba(u, [g]).

Thus the functions 05/61, 6 = 2, 3,4, are elliptic functions with double periods 1, 27
(60=2),2,217 (6 =3),2, 7 (6 =4).

Suppose that 7 is a purely imaginary number. Then the four functions 6s(u, [¢])
take on real values on the real line. On the line I(z) = 3(7)/2, we have

55 =
and 9_2(u+ I) _ _iH_B(U) H_B(u —+ Z) = —iH—Q(U)
0, 2 0" "7 601 2 ba

for any u € R. Hence, 02/61, 05/601 take on either real or purely imaginary values on
the real part of the Jacobi variety. O

Using the notation of Theorem 2.3, we reformulate the Helton-Vinnikov Formula
in [10], Theorem 2.2, (cf. [15], Theorem 6) for ¢ = 1, and determine the types of
Riemann theta functions which lead to real symmetric determinantal representations.

Theorem 2.4. Let F(t,z,y) be a ternary form of degree n satisfying conditions
(F1)—(F3). Assume the genus of the complex projective curve F(z,y,z) = 0 is 1,
and v = Ri(P(u),P'(u)), y = R2(P,P'(u)) parametrize the elliptic curve Ve¢(F')
in (2.4). Let Q; = ¢(Q;) be the point of the torus T corresponding to the point
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Qj € Ve(F). For 6 = 2,3, the matrix C in the determinantal representation (2.1) is
real symmetric, and its off-diagonal entries are given by

@25) oy = P800 )96((62’ Q))/2w1)
) ik 2w105(0)  61((Q} — Q})/2w1) \/d ()@, \/d

Proof. We use a non-normalized Jacobi variety C/(2Zw; + 2Zw,) in place of
the normalized Jacobi variety C/(Z+7Z) for 7 = wa/wy. According to this frame, we
easily use the Weierstrass P-function to express the inverse of the Abel-Jacobi map .
By this parameter change, a new factor 1/(2w;) appears in the formulation (2.5).
For g = 1, the Riemann theta function with an odd characteristic is uniquely given
by 61(-). As the prime form E(-,-), it generates the term 6, ((Q}, — Q%)(2w:1)~*)/67(0)
n (2.5). The Riemann theta function 6[0](-) with an even characteristic appearing
n (2.5), is given by 60,63 or 6,.

We claim that 6 = 4 produces an imaginary C in (2.1). For a real parameter 6,
we consider the equation F'(—cosf,—sinf,z) = 0 in z. By the hyperbolicity of
F(z,y,z), this equation has n real roots z;(6) counting multiplicities. In particular,
for # = —n/2, the n distinct real roots are Q; = (0,1,—4;), j = 1,2,...,n. By the
Helton-Vinnikov theorem and Rellich’s theorem, the roots z;(#) of the equation de-
pend analytically on 6. Every real point of the curve Ve (F') is joined to some (). By
a birational transformation, each point ); is mapped to Q; on a non-singular cubic
curve, and the curve z;(6) is mapped to the real part of the cubic curve consisting
of a pseudo line and an oval. The image of z;(#) covers the real part of the cubic
curve except for a finite number of points. There are j # k for which Q; lies on the
pseudo line and @}, lies on the oval. We use the same symbol Q; for the point on the
non-normalized torus C/(2w;C + 2ws7) corresponding to the point Q' on the cubic
curve. Then J(Q}) = 0 and I(Q}) = J(ws2), and thus \/d(x/y)(Qg)\/d(x/y)(Q%)
is purely imaginary. Hence, the entries ¢;; in (2.5) are real if and only if the ratio
05((Q), — Q) (2w1) 1) /601 ((Q}, — Q)(2w1) ™) of a purely imaginary value. This hap-
pens only for § = 2,3, by Theorem 2.3, since I(Q}, — Q;) = Q(w2). The case § =4
results in complex entries of C. O

Remarks. 1. Applying the formulae mentioned in the proof of Theorem 2.3, we
find that the function 5/6; on the normalized torus C/(Z 4+ 77Z) is defined up to
multiplicative constants +1.

2. For g = 1, the advantage of the formulation (2.5) is that the torus C9/T" is
a one-dimensional analytic manifold which is realized as a complex projective curve
V(@) for some ternary form G using a birational transformation.

3. Plaumann et al. mentioned in [15], page 270, that they do not know why some-
times the off-diagonal entries of C' are wrong by a constant factor when applying
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the Helton-Vinnikov formula. The authors of this paper are not able to fix their
problem, but the formulation in Theorem 2.4 for ¢ = 1 has no such trouble.

4. It is also shown in [15], Theorem 7, that for a smooth curve Ve(f) there are 29
real positive definite representations. We prove in Theorem 2.4 that for an elliptic
curve (g = 1) with singular points (non-smooth), there are 2 = 29 real positive
definite representations.

In Theorems 2.1 and 2.4, we use a parametrization of an irreducible projective al-
gebraic curve F(z,y,z) = 0. An irreducible curve F(x,y, z) = 0 is transformed into
an algebraic curve G(z,y, z) = 0 for which every singular point (zo, yo, 20) 7 (0,0,0)
of G(z,y,z) = 0 has pairwise distinct tangents by successive Cremona transforma-
tions (cf. [16], Theorem 7.4). Such a birational transformation preserves the genus
of the curve. We assume that G(z,y, z) is an irreducible homogeneous polynomial
of degree n, the curve G(z,y,z) = 0 has ordinary multiple points of multiplicities
mi,...,m, and has no singular points other than the ordinary ones. Then the
genus g of G(z,y,z) =0 is given by

1 1<
(2.6) 9=§(n—1)(n—2)—§zmj(mj—1)

(cf. [16]). The number g can be evaluated by the function ‘genus’ of algcurves
package in Maple. For g = 0, the method of constructing a parametrization of the
curve G(x,y,z) = 0 as = u(s), y = v(s), z = w(s) of degree at most n is given
in [16], pages 67—68. For g = 1, the curve G(x,y,z) = 0 is transformed into the
Weierstrass canonical form

—?z442° — gox2® — g3 =0
with g3 — 27¢3 # 0. The affine curve G(z,y,1) = 0 is then expressed as
T = Rl(Pap/)v Y= R2(P7Pl)

by some rational functions R;, Rs of two variables (cf. [16], page 72, [17], pages
489-493). The Riemann theta functions 0s(u, [¢]), § = 1,2, 3,4, can be numerically
computed using Mathematica function ‘EllipticTheta [d, nu, g]” (cf. [18]).
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3. COMPUTING RATIONAL CURVES

We explain the formula in Theorem 2.1 by practical computation on an algebraic
curve with genus g = 0. Consider a typical roulette curve defined by a trigonometric
polynomial

() = exp(2i0) + %exp(—i@).

The determinantal representation of this curve has been studied in [2]. We apply
Theorem 2.1 to find the real symmetric matrices B and C. By using a parameter
s = tan(0)/2, this roulette curve is parametrized as

where

u(s) = é(s + 65+ 3)(s* — 65+ 3),
v(s) = —3(782 —3)s,
w(s) = (s> +1)%,

and the roulette curve as an affine curve F(x,y,1) = 0 is parametrized as

Ll(m,s):—(52+1)2x+5(s + 654 3)(s* —6s+3) =0,

4
La(y,s) = —(s* + 1)%y — 3(752 —3)s=0.

By taking the resultant of L;(z, s) and Lo (y, s) with respect to s, we obtain the equa-
tion F(z,y,1) = 0 of the roulette curve which, in homogeneous form, is expressed

as
15,625 20,000 550
P _ 9 2, 2\2 _3 99U 2, 4
(@,y,2) = —55=(@* +¢°)* = == (2% = Bay’z) — o= (2" +9%)2" + 2
Solving the equation F'(0,1,—f;) = 0, we find that the matrix B is given by

B:diag(g( 3+ 2v6), ——(3+2f) (3+2f) ——( 3+2\/6)).

The corresponding points Q; = s of the real line are characterized as

(s> +65s+3)(s>—65+3)=0, — =——.
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It follows that
We conclude by (2.3) that the matrix C' and its entries are

—C22 Ci2 (13 C14
C12 C22 C23 C13

C = ,
C13 Co3 (€22 C12
€14 C13 Cl2 —C22
where
25v/2 5v/10 _5V5

Cog9 = ——, Clg=———, (3= ——,
22 93 12 93 13 Wi

5 5
c1a = ———=\/73+28V6, ca3 = ——=1/73 — 28V6.
14 9\/6 23 9\/6

4. COMPUTING ELLIPTIC CURVES

In the paper [1], the so-called j-invariant of an irreducible elliptic curve associated
with the following 4 x 4 matrix is explicitly formulated. The 4 x 4 cyclic weighted

shift matrix is

0 aa 0 O
0 0 a2 O

S = ,
0 0 0 a
ag 0 0 O

where a; = v2k(1 — s2)/(1 + s2), az = V2k(2s)/(1 +s%) for 0 < k, 0 < s < V/2.
Then

(82 +1)* Fs (2,9, 2) = (s> +1)*2* —2k2(s* + 1) (2 +9%) 22 + 16k s% (s — 1) (22 +9) 2.

This form is hyperbolic with respect to (0,0, 1), and has two ordinary double points
at (0,1,0) and (1,0,0). Accordingly, by the genus formula (2.6), g(Fs) = 1.

The curve Fs(x,y, z) = 0 intersects the line x = 0 at four distinct points (0, 1, — ;)
with

B = VIS =B, By = VI
1= 1+82, 2 = 1 3 — 1+82,

Then the diagonal matrix is B = diag(f1, 52, 3, 84). The quartic form Fs(z,y, 2)

Ba = —PB3.

has a rather simple symmetric determinantal representation
F(z,y,z) = det(zIy + yB + zA;),

644



where

0 0 a3 Qi4
A1 _ 0 0 a4 Q13
a1z Qia 0 0
Ed14 Q13 0 0
with k(1 +2s — s?) k(1 —2s— s%)
a3 = —————, a4y = ——F—————, e =+1.
V2(1+ 5?) V2(1+ 5?)

For k =1/v/2 and s = 1/5, we have a;3 = el7/26, a14 = 7/26.
Another symmetric determinantal representation is given by

FS(J)) Y, Z) = det(ZI4 + yB + mAQ);

where
0 €aiz  Mais 0
A2 _ Ea12 0 0 —nais
nais 0 0 £Qa34
0 —maiz caz 0
with
2v/2ks(1 — 25 — 52)
a =
P 0 +2s— )1+ 7))
2v/2k+/5(1 — s2)
a =
13 1+25—s2
V2k(1 — s%)(1 — 25 — 52)
azq = —

(1+2s—s2)(1+s2) ~’
e,n = £1. For k = 1/v/2 and s = 1/5, we have a1p = 35/221, azs = —84/221,
a1z — 24/ 30/17

Now, we explain the computation of the formula in Theorem 2.4. To parametrize
the curve Ve (Fs) using elliptic functions, we introduce new variables U, V, W by

z(z — kx + ky)
k )

The inverse of this birational transformation is given by

U=k(@*—y%), V= W = (z+kx—ky)(z+y).

1 1
T = ﬁ(2U2+UV—3UW+W2), y = ﬁ(ZUQ—UV—3UW+W2), 2 =V(W-U).

The quartic curve Fs(z,y,z) = 0 is birationally transformed into the non-singular
cubic curve G(U, V,W) = 0 where

GU, V,W) = (s> + 1)*W3 — 4(s2 + 1)*UW? + (55° + 45° 4 625* 4 45 + 5)U*W
—2(s* — 652 + 1)U — (s? + 1)*'V2W.
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We perform numerical computations for k = 1/1/2,5 = 1/5. The points Q@; on the
curve Fg(z,y,z) = 0 are transformed into the points

5v/2 5v/2 50  5v2 5v/2
[Qﬂ:(lv‘l—afw +5 ) (@)= (L5151 )

12v/2 12v/2 288 122 124/2
Qs] = (1. 1_69+ 5oty ) [Q4]:(’_1_(59_1—3’ - 15)

on the curve

G(U,V,W) =16 (28,561W3 — 114,244UW? + 128,405U>W
— 28,3220 — 28,561V?W) = 0.

By the transformation

128,405 119

U=-U =—
+ 84,966 1692

the cubic curve G(U,V, W) = 0 turns into the Weierstrass canonical form
VAW + 403 — goUW? — gsW? = 0

with
6,780,988,321 556,790,665,176,719

927 601,601,763 © 2T T 76,673,543,092.587 °

Thus the affine algebraic curve Fg(z,y,1) = 0 is parametrized as

1
= R =
= Ba(v) = {5970.951(34.966P (0) — 13.439) P/ ()
% (—5,055,477v/2(84,966P (u) — 128,405)P" (u)
+ 676(42,483P (u) — 42,961)(84,966P (u) — 43,439)),
1

10,110,954(84,966P (u) — 43,439)P’ (u)
x (5,055,477/2(84,966 P (u) — 128,405)P" (u)
+ 676(4,2483P(u) — 42,961)(84,966P (u) — 43,439)).

The half-periods of the Weierstrass P-function are approximately
wy = 1.849,847,0, wy = 0.921,393,5i.

Their ratio 7 = we /w1 is approximately 0.498,091,74i.
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The cubic curve —V?2 + 4U3 — 92[7 — g3 = 0 is parametrized as

U="Pu{g2,95}), V=P (u,{g2 95}

The cubic and the line V = 0 intersect at

(01,0) = (g igzls 0) (U2,0) = (;igézo) (Us,0) = (_ 1864,?966461’ )

These three points correspond respectively to points wi,w; + wa, w2 on the torus
C/(2w1Z + 2ws 7). The points @), are transformed into the points

7,739 65\/5 28,470 16,900v/2 )
84, 966 T 119 ’14,161 14,161 )’

=
(7739 65v2 28,470 16,900\/571)7
o= (

84,966 119 ° 14,161 14,161
249071 156v2 142,584 = 97,344V2 1)
84,966 119 14,161 14,161 )’

s = (249,071 15612 142,584 97,3442 )
+ 7 84,966 119 7 14,161 14,161

on the cubic curve —V2W + 403 — g2(~fW2 —g3=0.

The two points Q3, Q4 lie on the pseudo line of the real part of the cubic curve,
and the two points Ql, Qg lie on the oval of the real part of the cubic curve. Under
the elliptic curve group operation

(P(u1), P’ (u1)) + (P(uz), P'(u2)) = (P(u1 + u2), P’ (u1 + u2)),

the points @j satisfy

128,405 169+/2 )

20+ = 20, = 20 :2~:< ,
Q1 =2Q2 =2Q3 = 2Q4 31,966 ' 119

We also have

2(128,405 169\/5) _ (42,961 0)
84,966 ° 119 /  \42483

Then we find that the point of the torus C/(2w1Z + 2w Z) corresponding to QQJ- is
3/2w:. Each difference Q; — Qi (j # k) satisfies

2(Q; — Qi) =0
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with respect to the elliptic curve group structure. By computing the tangent line
passing through @Q;, Qx, we find that

Q2 — Q1= Qs — Q3 = (U3,0),
Q3 — Q2= Qs — Q1 = (Us,0),
Qs—Q1=Qs—Qy= ([7370)-

Using these relations, we find that the respective points on the torus C/(2wi Z+2wy7)
and the normalized torus C/(Z + 77) are

3 7 3 7
Q121w1 + wa, lezzwl + wo, Qf?,:zwla QQZZM,
and
3 1 7 1 3 7
//__ - //:_ _ //:_ //:_
@=gt3n Q=g+yn @GB=5 Q=g

Then the even Riemann theta functions 05, 03, 64 on the normalized Jacobi variety
C/(Z + Z7) satisfy the equations

/ / A A ]‘
0:(Q4 — Q1) = 02(Q — Q) = 02(5) =0,
, , 1 7
03(QY — 4/):93(—§+5):0,
1 7
@i-a -3 +5) -0

0(QY — Q) = 0u(Q5 — Q) = 0 () = 0.

The elliptic functions 65/6; over the normalized Jacobi variety take on the following
approximate values at the points Q7 — Q)

Z_j( r_Qr) = z_j( QU= Z_j(_%) = 2428 571 i ~ — i,

Z_j( n_Qny = z_j( r_QY) = Z_j(i% _ —) — 0.411,764,71i ~ =i,
Z_j( r_Qr) = z_fj( Q) = Z_i’(%) — 0.414,778,33,

Z_i( " Q) = z_j( Q) = z_j(_%) — 2.410,926 4i,

Z_j( "y = z_;i( Q) = ‘9_‘11(%) — 1.007,318.8,

Z_‘ll( r_QUy = Z_‘ll(_% - g) — 0.992,734,38,

%( Q) = %(% _ g) — 0.992,734,38.
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The numerical values of 6 (0), 82(0), 83(0), 04(0) are given respectively by
3.693,259,2, 1.411,753,8, 1.422,086,2, 0.585,564,89.

The values d(R1/R2)(Q) are given numerically by

d(%)(@’l) = d(%)(@é) = —d(%)(@é) = —d(%)(@@ — 1.414.213.6.
We then find that both the values
.(0) 0.(0)
2w 62(0 \/d R1 @Q)) \/d Q/ T 2w 65(0 \/d Q/ \/d

are approximated by —0.500,000,000 i.
Now, for the main diagonals of C, it can be easily deduced from (2.2) that ¢1; =

Coo = c33 = c44 = 0 for 6 = 2,3,4. We have the equations

) 7 7
Bs-br=3-—3=13 P—F=-BG:-0)=-13
B~ = —%—% o BB = (B B) = 1o,

and

>

()@ -an = (2)@i-an. s=231

(5)@i - @) ==s() @5 - @4,

where e = e3 =1, ¢; = —1, and
o @0 - () ol >
= JaEy @ fa(E) @ = Ja (B i@ fa(B

For § = 2,3, we have that co3 = —cy4, Co4 = —c13.
Suppose that § = 2. Then

>

Q4 — Q) = 6:(Q% ~ Q) =0

and c12 = ¢34 = 0. This implies that coy = —c13, c23 = —c13, and
i 02, ., PR 71T 17
013—2><(53 51)><61( 3 1)*2X13>< 7 = o
i 02, ., PN ( 17) Tio7
Cl4 = 9 X (64 61) X 01( 4 Ql) - 9 X 13 X 17 - 26
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The formula (2.5) then produces a real symmetric matrix

7 7

0 0 26 26

7 17

o0 0 -% 3%

-3 - 0 0
26 26
7 17

26 26 0 0

admitting the representation Fs(x Y, z) =
Suppose that 6 = 3. Then 03(Q
the relations

= det(zL;—l—yB—i—xC).
QH) = 93( /2/) =0 and C14 = C23 = 0. By
03 03

G Q- Q) = (@ - Q)

Yty @y a(m)i@n = va () @nfa(it) @ = —va

we have

and

Ci2 = —52 b €34 = 3034
Ba— B3 12
Numerical computation, yields that
SO

2w1 93 (0) 91

~ —0.205,882,35,
\/d (B1)(Qp) \/d
which is approximately —7/34, and thus

7 13 7 84
c34 = (Ba—B3) X 57 = 57 X

34 247 34 221
We also have

01(0) 93( 3’ 1)

2w1 93 (O) x Q//

\/d a0 \/d ~ —1.196,704,7,

which is approximately —26+/30/119, and the value leads to

26/30 2+/30
613—(/83—/51)><(— 119 )— T
The formula (2.5) produces another real symmetric matrix

35 V/30

0 221 2797 0
35 0 0 2130

C = 21 7
_2v/30 0 0 84

17 - o 221

2¢/
0 17 221 0

satisfying the representation F(z,y, z) = det(zIy + yB + zC).
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