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Abstract. We consider the second-order projection schemes for the time-dependent nat-
ural convection problem. By the projection method, the natural convection problem is
decoupled into two linear subproblems, and each subproblem is solved more easily than
the original one. The error analysis is accomplished by interpreting the second-order time
discretization of a perturbed system which approximates the time-dependent natural con-
vection problem, and the rigorous error analysis of the projection schemes is presented.
Our main results of the second order projection schemes for the time-dependent natural
convection problem are that the convergence for the velocity and temperature are strongly
second order in time while that for the pressure is strongly first order in time.
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1. INTRODUCTION

The aim of this paper is to establish the convergence of the second-order projection
schemes in time for the time-dependent natural convection problem. One major diffi-
culty for the numerical simulation of the incompressible flows is that the velocity and
the pressure are coupled by the incompressibility constraint. However, the projection
method is an efficient numerical scheme for the incompressible flows, we can refer
to the ground breaking works of Chorin [3] and Temam [18]. The most attractive
feature of the projection method is that, at each time step, one only needs to solve
a sequence of decoupled elliptic equations for different variables; as a consequence,
the computational scale is reduced and a lot of CPU time is saved. For example, we
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can refer to [1], [2], [10], [13], [14], [16], [20] for the Navier-Stokes equations. Due
to the efficiency of the projection schemes, we consider the second order projection
schemes in this paper for the following time-dependent natural convection problem.

u —vAu+ (u-V)u+ Vp=—k2j0 +f in Q x (0,77,
diva =0 in Q x (0,71,
(1.1) 0 —AwAf+u-Vl=g in Q x (0,71,
u=0,6=0 on I' x (0,71,
u(x,0) = ug, 0(z,0) =6y on 2 x {0},

where  C R? is a bounded domain assumed to have a Lipschitz continuous bound-
ary I'. Further, u = (u1, uz2)T is the fluid velocity, p is the pressure,  is the temper-
ature, v > 0 is the viscosity, k is the Groshoff number, A = Pr—!, Pr is the Prandtl
number, j = (1,0)T is the vector of gravitational acceleration, T > 0 is the final
time, f and ¢ are forcing functions.

The natural convection problem (1.1) is an important system which not only con-
tains the incompressibility and strong nonlinearity, but also includes the coupling
between the energy equation and the equations governing the fluid motion. Since
this system not only comprises the velocity and pressure but also includes the tem-
perature filed, finding the numerical solutions of problem (1.1) becomes a difficult
task. Many authors have worked on this problem. Let us mention for example, the
standard Galerkin finite element method (FEM) [9], [15], the projection-based stabi-
lized mixed FEM [4], variational multiscale method [5], [21], [24], and the references
therein. Here, we need to point out that all these numerical schemes for problem (1.1)
are coupled. It means that we need to find the variables u, p, and 6 of (1.1) simulta-
neously, therefore, a large nonlinear algebra system is formed. Generally speaking, it
is expensive to find the numerical solutions of the coupled nonlinear system directly
by the standard Galerkin FEM. In order to overcome this difficulty, Zhang and his
co-authors considered the decoupled schemes for the natural convection problem in
[22], [23], [25], and some meaningful results have been established. Recently, Qian
and Zhang in [11], [12] considered the first order and higher order projection schemes
for the time-dependent natural convection problem.

By the projection schemes, problem (1.1) is decoupled into two small linear sub-
problems, and each subproblem is solved more easily than the original one. For
instance, the following modified projection schemes are analyzed in [11]:

ﬁ”"‘l —u™®
At
(1.2) utr =0,
9n+1 —_gn

At

~ VAT (0 V)R 4 Ve = k20 f(t),

— WA+ (u" - V)T = g(teaa),
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and
un+1 _ ﬁ”"‘l

At
(1.3) V- u"t! = 0,

l.ln—’_1 . ﬁ|p = 0,

+aV(¢"T —¢") =0,

where At > 0 is the time step, ¢, = nAt, ¢¥ is an approximation of p°, @i is the
normal vector to I and a7 > 1.
Set
H={uecl*)?*V-u=0, u-ilr =0},

and denote by Py the orthogonal projector from L?(£2)? onto H, i.e.,
(1.4) (u—Pyu,v)=0 YueY =L*Q)? vel

We can readily check that (1.3) is equivalent to u”*! = Pgu™*!, which explains why
we call (1.2)—(1.3) the projection schemes. In [11], we developed the classical pro-
jection schemes and the modified projection schemes for the time-dependent natural
convection problem (1.1). For the classical schemes, we established the convergence
of weakly first order for the velocity and temperature and of weakly order % for the
pressure. For the modified schemes, we improved the convergence to strongly first
order for the velocity and temperature and weakly first order for the pressure.
Then, in [12], we investigated the higher order projection schemes

ﬁ"'H —u” —na1/2 nt1/9
— vATTTY2 4 (u" - V)anrtl2 4 ven
. = —kv2§0n Y2 4+ £(t,01/0),
( . ) l~ln+1/2|F _ 07
gnt+l _ gn +1/2 +1/2
— AVAG™ + (u" - V)" = g(tnt1/2),
and
un—i—l _ ’ﬁn—i—l
T + OzQV(¢"+1 _ (bn) —_ 07
(1.6) Vourtl =0,

u”‘H : ﬁ|1’* = 0,

where t,1/2 = (n + %)At, qntl/2 — %(ﬁn-ﬁ-l + un), gn+1/2 — %(6n+1 +6™) and
as > +. We also obtained that u™*! in (1.6) is uniquely defined by the relation

5.
u"t! = Pyu"tl. For the higher projection schemes (1.5)—(1.6), we established
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convergence of strongly % order for the velocity and temperature and of weakly one
order for the pressure.

In this paper, instead of the projection schemes (1.2)—(1.3) and (1.5)—(1.6), we
consider the following numerical schemes for the problem (1.1):

Let (u%p% 6% = (u(to),p(to), 0(to)) € Hi(2)? x (H(Q)/R) x HF(Q), find 67

u"t!l and p"*t! satisfying
un+1 _ un
T _ I/AunJrl/Q + (un . v)un+1/2 + vpn
(1.7) = —kv20" 2 4 (b)),
un+1|F — 0’
9n+1 - 0" n+1/2 n n+1/2
and
(1.8) V-u"tt — aAt(Ap™Tt — Ap™) =0,

where u"t1/2 = L(u"t! 4 un), g7+Y/2 = L(9nF! 4 0") and o > 1, R is the space of
real numbers.

From (1.7) we obtain the numerical solutions u"** and §"*!, but u"*! may not
belong to the divergence-free space in such situation. Then we improve and get
(u™t1 pntl) from (1.8). Since p™ and p"*! are two successive iterative solutions,
the difference between Ap™*! and Ap™ tends to zero as n increases, hence we have
V -u"tt = 0 as n increase.

Compared with the other schemes (1.2)—(1.3) and (1.5)—(1.6), the schemes (1.7)-
(1.8) have two advantages: (i) The schemes avoid using the medium a"*! to reduce
the computation time and storage space; (ii) the flexible constant v > 1 is better
than in the other two schemes.

Although the schemes (1.7)—(1.8) do not apply the projection step, we still refer
to (1.7)—(1.8) as the projection schemes because of its similarity with (1.5)—(1.6). As
mentioned before, at each time step, we only need to solve a Helmholtz equation,
a parabolic problem and a Poisson equation. Specially, fast Poisson solvers, if avail-
able, can be used. Furthermore, since the velocity, temperature, and pressure in the
projection schemes are decoupled from each other, the space discretization for the
velocity, the temperature, and the pressure can be chosen independently, and they
need not satisfy the Babuska-Brezzi or inf-sup condition.

The article is organized as follows: In Section 2, we recall some notation and
present some assumptions which enable us to derive some regularity results required
by error analysis. Stabilities of the projection schemes are established in Section 3.
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In Section 4, we establish rigorously the convergence: u”*! and §"*! are strongly
second-order approximations to u(t,11) and (t,41) in L?(Q)? and L?*(Q), respec-
tively, p" ! is strongly first-order approximation to p(t,+1) in Hg(2)/R.

2. PRELIMINARIES

In this section, we recall some notation and basic results which are frequently
used in the sequel. For the mathematical setting of problem (1.1), we introduce the
Hilbert spaces

X =Hg(Q)?2, W=Hj(Q), Z=1L*Q), M =LQ) = {weLQ(Q): /ngda::O}.

The standard Sobolev spaces are adopted, for example, (-,-) and [|-||p are used
to denote the usual inner product and norm in Z or Y. The spaces W and X are
equipped with the usual scalar product (V-, V) and the associated norm ||V-||o. Let
the closed subset V' of X be given by

V={veX V-v=0inQ}.
In order to simplify the description, we set
D(A) = H*(Q)?NV, E(A)=H*(Q)nNW.

Hereafter, we use N, N,C,C1,Cs,C3 to denote generic positive constants which
depend only on Q, v, A\. Furthermore, M is a generic positive constant which may
additionally depend on u®,6°, f.., g0, and «, it may stand for different values at
different places, where foo = sup |f(t)|, goo = sup|g(t)].

20 20

If Q is bounded in some direction then the Poincaré inequality holds:
(2.1) IVlo < C1I¥vllo Vv € X or W
The trilinear terms for all u,v,w € X and 6,7 € W can be defined as follows
b(u,v.w) = (- V)v, w) + S(veivi,w) = §((u- V)v.w) - §((u- V)w.v),
b(u,0,9) = ((u: V)0, 9) + 5(0divu,¢) = 5((u-V)8,9) — 5((u- V)y,0).

It is easy to verify that the trilinear terms b(-, -, -) and b(-, -, -) are skew-symmetric
with respect to their two arguments,

(2.2) b(u,v,v) =0 Vu,veX; bubd=0 VueX,0eW.

Furthermore, we recall some properties of the trilinear forms b(-,-,-) and b(-, -, )
(see [6], [7], [19]).
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Theorem 2.1. The trilinear forms b(-,-,-) and b(-, -, -) satisfy:
(1) In view of H*(Q) — L*(2), we have

b(u, v, w)| < Nulli[[vlsllwlly Vu,v,we X,
[b(u, 0, 9)] < Null[0ll[lv]: YueX, 0,9 €W,

where

b — b(u, o
N=  sup lb(u, v, w)]| W= sup [b(u, 0, 9)
o£uv.wex [[all1][v]1llwll 0zuex,020,pew [ull1l[0]1]1¥]:

(2) The following estimates of trilinear terms b(-,-,-) and b(-,-,-) hold:

b(u, v, w)| < Coflufu][vliz[[wlo, [b(w,8,9)] < Csllull]|0]l2[[¢]o;

forallueV,ve D(A),we X,0e€ E(A),yp e W.

With the above notation, for a given f € L>°(0,7;Y) with ug € D(A) and g €
L>(0,T; Z) with 6y € E(A), based on the backward Euler scheme, the weak form of
the projection and linearized time discrete schemes for problems (1.7)—(1.8) read as
follows: For all (v,q,9) € X x M x W, find (u"*!, p"+1 671 such that

u*t!l — nt1/2 n o, ont1/2 n
(T,v>+u(Vu ,Vv) 4+ b(u",u V) + (Vp™,v)
(2.3) = k2§02 v) + (f(tnt1/2),v),
9n+1 - 0" n+1/2 T (0 An+1/2
(7—¥) + AUV 00 4 B 62 ) = (gt o))
and
(2.4) (V-u"t ) — aAt(Ap™™ — Ap™,q) = 0.

The existence and uniqueness of the numerical solutions of problems (2.3)—(2.4)
are ensured by the classical Lax-Milgram theorem. We present some assumptions
about the initial data and the regularity of the exact solutions. These assumptions
are known to cause nonlocal compatibility conditions on the given data as discussed
in [8] in the case of the Navier-Stokes equation. As has been stated in Theorem 1
of [17], we are not concerned with the behavior of the solutions near the initial time
but confine ourselves to an ideal case.

(A1) ug € H?>(Q)>NV, 0y € H*(Q), f € L>=(0,T; H), g € L>=(0,T; Z),
sup ([[a(@)flx +[10(8)]l1) < M.
te[0,T]
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(A2) sup ([lue(@)llr + 16l + [[pe()]]1) < M.
t€[0,T]

T
(A3) [y ()13 + [16: (O3 + [[aeee (01T + 10eee(D)IF + l[pec(B)1IF) At < M.
Under the assumption (A1), for all T'> 0 and 0 < ¢t < T, the solutions (u,p, §) of
problem (1.1) satisfy (see [16], [19], [22])

(2.5) tes[%pﬂ(l\u(t)llz + e (®)llo + 1012 + [16:(B)]lo + Ip(B)]11) < M.

3. STABILITIES OF THE PROJECTION SCHEMES

In this section, we consider the stabilities of the projection numerical schemes

under some assumptions presented in Section 2.

Theorem 3.1. Under the assumptions of (A1)~(A3), for « > % and all J =

0,1,...,[T/At] — 1, the following inequalities for schemes (2.3)—(2.4) hold:

J J
1
(1= 2o ) I B v YT 2 < sy 07 4 dvar 0723 < s,

n=0 n=0

where s§ = |[u|[§+ 3o A2 (|p! [T+ [IP°[17) + 20T T /v +2C1k* 25T/ A, s < [10V[[5+
CYTg%./(\v).

Proof. We derive from (1.8) that
(3.1) V- (" 4 u") - aAt(Ap"T — ApmTh) = 0.

Consider the inner product of (1.7) with 2Atu™*/2 and 2At"*+1/2 respectively.
Further, take the inner product of (3.1) with Atp™, and sum up these relations.
Thanks to (2.2) and the algebraic relations

(3.2) (a—0b,2a)= |a|2 — |b|2 +la— b|2, (a —b,2b) = |a|2 — |b|2 —la— b|27
(a—b,a+b)=la* - [b?,
we derive that

[ HE = [lu™ 1§ + 2vAtl[um 212 + oA (VprH — Vpr ot VpT)
(3.3) = 2At(£(tpq1/2), u"H/2) — 2k 2 At (5072 unt/2),
107FH[G — 10713 + 20w AL|0"+12][F = 2A8(g(tnt1/2),0"F/2).

305



Using the inequality (3.2), we find

(3.4) (Vp"tt —vp~ !, vp")
= (Vp"t' = Vp", Vp") + (Vp" — Vp" 1, Vp")
1, . . 0 e n n
5(||P FHE ="M A+ ™ =R T = ).

For the right-hand side terms of (3.3) we have

(3.5) | =2k 2 AL(§O T2 uTY2)| < 2k 2 AL)|07 2o Ju T 2o
At
< (a2 4 203k A0 23,

ROty 2), 02| < 2ALE (s /2)lola™ 2 o

vAt 202 At
< THUHHNH% + %

X

Hf(tn+1/2)|\(2),

|2At(g(tn+1/2), 9n+1/2)| < 2At|g(t n+1/2)H0”9n+1/2H0

C2A¢
Av

< Az/At||9"+1/2||% llg(t n+1/2)”0

By the above inequalities together with (3.3) and summing (3.3) for n from 1 to J,

we get
aAt? J
(3.6) w3+ T(Hp‘”ll\? +lp717) + vAt ) a2
n=1
aAt? aAt?
< a3 + 5=+ 11 + Tupm— dl
202 At
+ 207Ky 3’AtZHW“/QIIZ’ — lef tns1/2)[5s
n=0
C?At
(3.7) ||9"+1H2+AvAtZ||9"+1/2H1<H91Ho 1 Zl\g tnt1/2)ll5-
n=1

Let n = J. Taking the inner product of (1.8) with p/*! — p’  we get

altllp”t —p”||3 = (0T, vp/t — vp)

alt
< " lollp”*! = p7[1 < m”u”lﬂg + TH]DJJr1 -’13,
which gives the inequality
1
(3.8) aA?[|p”th = p7|I} < —[lu” G,
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As a consequence, we have

alAt? J 1 alt?
(3.9) —5 I =71 < G+ =l = eI

1 aAt
< — [ HE + ——lp" 1T + Ip”11)-

Substituting (3.7) and (3.9) into (3.6), we deduce that

n A
(1= &) 7 *3 F oAt R < 13+ 2 1 + )

n=1

)

200K o C2TgRN  202TE2
+ = (et + =) +

J
1671 IE + avAe Y 82 < 161 IF +

n=1

14
CiTg,
v

O

Theorem 3.2. From the projection schemes (1.7)—(1.8) at n = 0, the following
stabilities for numerical solutions (u', p!, ') hold:

[t 1§+ vAtul |3 < 53, (1015 + AvAd0'2 1} < 53, AR |p'|T < 5
where

3Ctk*12s3  3CTAL
s3 = [0l + ==+ = —llf(t )5 +

CAt

3C12At

17113,

s5=6°3 + +— ||9(t1/2)||0a s3 = AL |p°|3 +

Proof. Taking the inner product of (1.7) at n = 0 with 2Atu'/? and 2At9'/?,
by using (3.2), we get

[t 3 = [[u®lIF + 2vAt[ul/2(F = 2A¢(E(t1/2), u'/?)
(3.10) —2k2At(jO1/2, ul/?) — 2A(Vp®, ul/?),

162113 — 116°11F + 2AvAL[01/2][F = 2At(g(t1/2), 0/).
We derive from (3.5) that

. vAt
=2k A6/, w2)| < 2k A0 o2l < V2 a2 4 3O A6,

vAt 3C2 AL
12At(E(t1/2), u'/?)] < 2A8[|£ (L1 y2)|Jo[[u?]lo < Tl\umllf L |[£(t1/2) 15
vAt 3C2At
|—2A¢(Vp%, u'/2)| < 2A¢|p°|[1[[a'/?]]o < Tl\uml\? + ;H °l13,
C2A
128t (g(t1/2),0M2)| < 28t g(t1/2)[10]10"/*[l0 < AvAL|0/2]|F + 1 Hg(t1/2)HO

307



Combining the above inequalities with (3.10), we find that

: 3C2At
a1 — 1’|l + vAtu'/)|? < 3CTR2 At|6Y2)5 + =

3C12At
+ R

Hf(tl/Q)HO

12°113, 1161113 - H‘-‘)OH?) + AvAL0Y2| 13
CQAt
< ||g(t1/2)|\0

From (3.8) at J = 0 we obtain
1
(3.11) Aelptflt = AP 1T < A lp" = pT < 5l 5,

The proof of Theorem 3.2 is completed. U

4. ERROR ESTIMATES OF THE PROJECTION SCHEMES
This section is devoted to presenting the convergence of the velocity, temperature,

and pressure for the projection schemes.

In order to simplify the descriptions, for any function w(t) we denote

W(tnt1/2) = %( (tn+1) +w(tn)),
and we also set
E;L = u(tn) - un, Eg = e(tn) - 9n7 qn = p(tn) - pn'

Let us define the truncation errors R;; and Ry by

%t_u(tn) —vAU(tny1/2) + (Atng1/2) - V)u(tngry2) + Vp(tn)

= —]fl/2j§(tn+1/2) + f(tn+1/2) + RZ,

(4.1) V-u(tny1) =0,
W - )\Z/Ag(thrl/Q) + ((tny1/2) - V)g(t"“p)

= g(tnt1/2) + Ry.
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Theorem 4.1. Under the assumptions (A1)—(A3), for all 0 < J < [T'/At] —1 the
following results hold:

J J
IRzllo < MAE, ||Ryllo < MAE, At ||RE3 < MAL?, At [R5 < MAE.

n=0 n=0

Proof. We arrange R as follows:
u(t, —u(t, - - ~ -
Ry = (%t() —vAU(tyy1/2) + (Utpp1/2) - V)U(Ept1/2) + VD(Ent1)2)
+ Wﬁ(tnﬂ/z) ~ £(ts1/2)) + (Vp(tn) = Viltns1/2)
= Rnl + R
We have proved the convergence for R}, and Rj in [12].

For the term R!',, we can easily find

u2)

o = Vp(tn) = Vp(tny12) = =5(Vp(tny1) — Vp(tn)).

Then, setting p(tni1) — p(tn) = Atpe(en), we have

[ Riallo = —Ilp( nt1) = P(tn) |1 = CAtpi(en) + O(AL)]1,

J
(4.2) At Z IRIIZ = CAP S pien) + O(AL)], < MAL.

n=0

We completed the proof. O

Theorem 4.2. Under the assumptions (A1)—(A3) and o >
integer i, there exists a positive constant M such that

4, for every fixed

IELIE + B8 + A%l [T < MALE, (BT + 2]l < MAL.

Proof. From schemes (1.7)—(1.8) and (4.1), we have

En+1 En

"T VAEM 2 1 vt = —k%EyT? + R + NLTY,
(43) En+1 _ En 1/2
and
(4.4) (V-Ept x) = aAU(Vp(tny1) — Vp(tn), V)

— aAH(Vg - Vg, Vy) ¥y € HYQ)/R,
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NLT] = =B(@(tni1/2), Wtns1/2)) + B, u™ /)

3B(u(ty1) — u(t,), u(

(4.5) NLT3 = =B(tys1/2), 0(tys1y2)) + B(u", 0" +H/2)
~AB(u(tns1) = (tn), 0tns1y2)) = BIEL, 0(t,rs2)) — B(u™, By 72,

Taking the inner product of (4.3) with 2AtE3+1/2 and 2AtEg+1/2, we get

1EZH 2 = | ERII3 + 2vAt| Ew 2|3 + AV, EZ Y+ EL)

— 2AH(R, ER V) — 2k At GE) TP BN L 2an(N LT, ERTY?,
1EG 113 — 1 B 113 + 2xvAt| By 23

= 2AH(Ry, Ey %) + 280N LTy, Ej ).

Replacing x by ¢" in (4.4), we obtain
(4.7) (V- Ey™,q") = aAt(Vp(tatr) — Vp(tn), Vq") — aAL(Ve"™ — V", Vq").
Since 2B /2 = EMl + B using (2.2), (3.2) and summing (4.6)—(4.7), we get

|BHY[2 — (|E2|12 + 2vAt|| EDHY/2)2
1
+ 50 AP (g = llg" 13 =l = ")
= — At(Vq", E") + aAt*(Vp(tni1) — Vp(tn), Va™)
- 2]€I/2At(ng+1/2, E17+1/2) - 2Atb(E;lv ﬁ(tn+1/2)a E17+1/2)
+ 2AH(RE, EMTY2) — Atb(u(tng1) — u(tn), Ultny1/2), VT2,
n 1/2
IEg Y2 — |ER 12 + 22 wAt| By 22
— —2A(EL, O(tni1s2), By T2
+20HRY, By T2 — Atb(u(tngr) — utn), 0t 1y2), By T2).

On the other hand, setting § = a— 1, using p(t,+1) —p(tn) = Atp(e,), and replacing
X by ¢"*1 — ¢ in (4.4), we have

(4.9) aAtllg"t — g3 = (B}, V"t = Vg")
+ aAt(Vp(tns1) — Vp(tn), Vg™t — Vg")
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1
a2 =373

a 30
< At(— — —) lg" ™ — ¢ |3 +
35At

alAt

2
_ n+1l _ nj2

+ MAE[|pe(en) I3

B G

n+1HO

We then derive from (4.9) that

4
alAt?|q" Tt — " < 1—+5HE3“||3 + MAEpe(en)lfF.

Hence,
alAt? (1+6/2)alt?
(4.10) THQ”“ -¢"I3 = fl\ff“ - "3
(1 —68/2)alt?
+ fllq’“rl -q"|3
146/2, .,
S T35 IEZHHIS + MA [pe(en)1?
/2)aAt?
+ L OPBE itz 1 ny2),

2

Setting u(tp41) — u(ty,) = Atug(ey), the terms on the right-hand side of (4.8) can
be handled as follows:

|=At(Ey, V") < AtIElollg" |1 < 1B 15 + MAE||q" I3,

QAP (Y (p(tns1) = p(tn)), Va™)| < aALP|[p(tnsr) = p(ta) 1 g™ 1
< MAH |pi(en) | + MAL||g™ 3,
|—2k?AtGE) T2 B < 2k At By T2 o) ERY
1)
8(1+ )
c_ 0
T 16(1 4 9)

IEZHY2|2 + MA | By 12

)

En+1 2

n +1/2
|E2(2 + MA?| By 212,

5
8(1+6)|

1B 115+ MAE | Ry|I5,

2A6(Ry, B2 < 28| Ry ol L2 l0 < [ELH2IE + MAC| RS

<9
T 16(1 4 9)

)

En+1 2
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(~2A(EL, Wt /2), BL T3] < 2058 B3 [6(tg1/2) 2] B2 o

5
1B Y208 + MAC| B,

<
8(1+4)" ¢
g §
<— \E"Y2 4+ ——||E™||2 + MA#?||E™|?
16(1—}—5)” u o+ 16(14—(5)” wullo + 1 E 17,

|—Atb(u(tn+1) — l.l(tn)7 ﬁ(tn+1/2), E3+1/2)|
< Cortlultnin) = alta) 1 [t 2) 20 B 2o

)
< g B A e
)
< ————= B + ———= [1EL 5 + MA |y (e,)|1?
S B0+ o gy 1B + MA us(en) T

280(Rg, B2 < 280 Rgloll B2 < 511552018 + MAC| Ry1E

< 1B + Sl ERIR + MAC| YR,
|~ 2AMB(E 6t /2). By ) < 208 B 118t 1/2) 1201252 o

< 1B + MARIELE < SIEF R + BRI + MARELS,
[~ AD((tn 1) = ultn), Bt j2), By )|

< Cahtultnsr) = u(ta) |16t /2) 2l 252 o

1, mi1/2 1 1,
< SIETV2 R + MA Jun(en)} < GBI + SIEFIE + MAH us(en) 3.

Combining the above inequalities and (4.10) with (4.8), we obtain
0 SaAt?
4(1+9) 4
< M||ER|§ + MAL|lq" |7 + MALP|REG + MAL?| B}
(4.11) +M A |pi(en)|F + MAR| B3+ MAE [ui(en) 3,

1B IS + 20 At B2 )T + llg" 12

1
SIEE TG + 22w At B2

< MBS + MAC|RG | + MACER|T + MAt*[ue(en)|17.
First, we present the results of Theorem 4.2 at 7 = 1.
Since EY = Ej = ¢ = 0, thanks to Theorem 4.1, problem (4.11) at n = 0 can be
transformed to
1 1/2
(412) SIE|E + 2xwae| By}
< M| EJ|I§ + MAS|RY|I§ + MAE||Eglff + MAt [ug (o)l
= MA#||Rg||3 + MAtluy(e0) [T < MAL,
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SaAt?
4

(4.13) 1EL I + 20 At E/2(1F +

5 12
m Hq ||1
< M|\ EQ|2 + MA#||¢%)[2 + MAS|RO|Z + MAE| EQ|3
+ MAE|pe(e0) |3 + MAL|| By |2 + MAE |uy(eo)|I?
= MAP(|RY|Z + MA |py(e0) |2 + MAL| E|[2 + MAH|[uy(e0)|2

< MAt.
From (4.12) and the triangle inequality, we get that

IEL(Z + | B2 + At q )3 < MAL,

IELZ < 12EL2)3 + |EY)3 < MA
1/2

IES 12 < 112E,"%2 + | EQ|I3 < MAS

Secondly, assuming that Theorem 4.2 holds for all i < m — 1, we have

1B 2+ |EP Y2 + A2 < MAE,
IEP3 < 2B 32|13 + | EP 2|3 < MAE,
_ 3/2
(4.14) 1EZ Y2 < [12E 212 + | B 22 < MAE.

Finally, we begin to verify that Theorem 4.2 is true at i = m
Letting n = m — 1 in (4.11), under the established conditions of (4.14) and
1B 218 < I 113 + 115" |13, we derive

1 _
SIER IR + 20w ad| EP 213 < MIER— 15 + MAC| Ry 3

+MAR|EPHT + MA |y (e —1)]1F < MAL,

g _ 5aAt
(4.15) 4(1+5)”ET”3+2VA’5||ET V2R + —— g™} < MBS

+MAL g [T + MAZ | RP~HG + MAtQIIEL"’III?
+MAL Ipi(em-1)IIF + MAZ| By 23 + MAH [uy(em-1)|3

< MA.
Hence,
IEZ T < 1B 215 + 1 BT < MAE,
m—1/2 m—
(4.16) 1E5 13 < 2B 213 + | By~ IF < MAF

By the mathematical induction and deduction methods, we complete the proof. [
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Remark 4.1. Assume the initial data (u° p° 0°) for the schemes (1.7)—(1.8)
satisfies

(4.17) [u® — u(to)llo + 116° — 6(to)[lo < CAL?,
[u® — u(to)[|1 +[16° — 0(to) |y < CALY/2,
(4.18) 1p° = p(to)|l1 < CAL.

Then we can get the convergence of strongly second order in time for the velocity
and temperature and of strongly first order in time for the pressure.

Remark 4.2. Assume that we are given initial data (u°, ¢°, 6°) which are the cor-
responding approximations to (u(tp), p(to),0(to)) for the projection schemes (1.2)—
(1.3) and (1.5)—(1.6). If the initial data satisfy (4.17) and

16° — p(to)|l1 < CAL,

or the schemes start with (u®, %) = (u(to), 6(to)) and ||¢° — p(to)||1 < CAt, we can
also achieve the same results as those in Theorem 4.2.
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