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Abstract. This paper is about some geometric properties of the gluing of order k in
the category of Sikorski differential spaces, where k is assumed to be an arbitrary natural
number. Differential spaces are one of possible generalizations of the concept of an infinitely
differentiable manifold. It is known that in many (very important) mathematical models,
the manifold structure breaks down. Therefore it is important to introduce a more general
concept. In this paper, in particular, the behaviour of k™ order tangent spaces, their
dimensions, and other geometric properties, are described in the context of the process of
gluing differential spaces. At the end some examples are given. The paper is self-consistent,
i.e., a short review of the differential spaces theory is presented at the beginning.

Keywords: gluing of differential space; higher-order differential geometry; Sikorski differ-
ential space
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1. INTRODUCTION

The concept of a differential space emerged in 1960s and the whole idea can be
summarized in the following way. First of all, the notion a smooth manifold is
presented not in terms of maps and atlases, but rather as an algebra of functions
on a given set [10], [26], [29]. Then the topology and the differential structure is
recovered from this algebra. So, if some properties of this algebra are weakened, one
would obtain a generalized space.

It should be noticed that there are many ways of generalizing the notion of
a smooth manifold and of course, Sikorski’s one, is not the only one. Beside the
concept initially proposed in [36], [35] (which will be studied in this paper), there
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are also some others. Those, which are especially close to the Sikorski differential
spaces are, for example, Spallek’s spaces [41] and Mostow’s spaces [24]. Yet, much
in this direction was done also by Chen [4], Kriegl and Michor [15], Mallios and his
collaborators (Rosinger, Zafiris, Vassiliou, and others) [19], [18], [20], [42], Nestruev
[26], Souriau [40] and others. In [1] the reader should find a brief overview of various
generalizations.

This paper is aimed at differential spaces in the sense of Sikorski [36], [35]. Yet,
this concept was studied extensively by the Polish group mainly in the context of
its applications to the problem of spacetime singularity (see, for example, [11], [13]
and references therein). The usefulness of differential spaces is clearly seen when one
tries to build the differential geometry over “singular” spaces, where the classical
formalism breaks down. Indeed, the efforts of the Polish group gathered around
Heller and Sasin in 1990s were focused on the endeavour to find a suitable category,
which would allow to describe a spacetime together with its singularities as a single
object. On the other hand, Sniatycki and his collaborators used differential spaces
in the geometric quantization, in the problem of reduction of symmetries [38], [37]
and in describing the mechanics on fractals [8].

In the similar period Mallios and his collaborators developed the “abstract differ-
ential geometry” starting from the theory of Banach spaces and topological algebras.
Indeed, Mallios’ differential triads over topological spaces are just another attempt
to build a generalized differential calculus [19], [18].

As this paper is concerned with the gluing procedure, let us mention that the
gluing of smooth manifolds is well known. For example, it is briefly explained in [2].
The general process of gluing in the case of Sikorski differential spaces is described
in [31], [30]. A similar technique, but in the category of Spallek’s differential spaces
is presented in [33]. The last paper is also heavily focused on cosmological models.

Finally, let us mention that the basic concepts of the higher-order differential ge-
ometry in a classical sense can be found, for example, in [43]. Much can also be
found in [3], [5], [21], [23]. For historical reasons, of course, the original paper [27]
should be consulted, and also [28] presents an interesting discussion. More informa-
tion about the basic concepts of the differential spaces theory with some examples
can be found, for example, in the expository paper [6]. The last paper describes also
a certain gluing technique, called therein the generator gluing technique. However,
this method is strictly a global one. Yet, there exists no consistent description of an
arbitrary-order gluing technique of differential spaces.

To keep clarity of the exposition in this paper, we will try to show crucial steps
in such a way that the reader non-familiar with differential spaces should be able to
keep the track. However, for results already known, only references will be given.
This paper is organized in the following way. In Section 2 we define the differential
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spaces and all necessary notions and facts from the higher-order geometry over such
spaces. Next, in Section 3 we describe the main part of this paper, i.e., the gluing
technique of arbitrary order. Finally, in Section 4 we give some examples of the
technique described in Section 3. In particular, theorems proved in Section 3 and
Section 4 are new results. They provide explanations including the behaviour of
a topology, the dimension of a tangent space, and vector fields. We discuss also the
generators of the glued differential space.

2. HIGHER-ORDER GEOMETRY ON DIFFERENTIAL SPACES

Now, let us briefly review the fundamental concepts and definitions of differential
spaces theory. Let M be a nonempty set. Let C' be a family of some real functions
on M,ie, C:={f1,..., fr,-..; fu: M — R for all k}. The weakest topology, for
which all functions from C are continuous, is called the topology induced by C on M,
and it will be denoted by 7¢.

Now, let f be a function defined on a subset A C M, and suppose that we have
already some family C of functions on M (as above, defining the topology on M).
Then we have also the topology on A induced from 7¢, i.e., 74 := {UNA; U € 7¢}.
If for all p € A exist B > p and g € C that f|p = g|p where B € 74, then f is called
a local C-function. In other words, f is a local C-function if at every point p € A
there exists a function g € C' and an open neighbourhood B (with respect to 7¢)
of p, such that f|p = ¢|5.

Definition 2.1. The set of all local C-functions on a given set A C M is denoted
by CA .

The superposition closure of a family of functions C, denoted by sc C, is defined in
the following way: scC :={wo (f1,...,fn); n €N, we C®R"), fi,...,fn€C}.

It is not hard to check (see, for example, [34]) that the following relations hold:
Cla C Cya, (Ca)a = Ca and C C sc(Cy) C (scC)p. As an example for the first
relation, consider C' = C°°(R) and A = (0,1) C R = M. The function z~ restricted
to A is not a restriction of any function from C, but it belongs to Cy4.

Finally, suppose that some family of functions C' is given on a nonempty set M.
Let C be such that: C' = Cj; and C = scC. Then C is called a differential structure
on M.

Definition 2.2. Let M be a nonempty set and let C' be a differential structure
on M. A pair (M, C) is called the Sikorski differential space.

Now, suppose that we have a family of functions Cy defined on M. Then, of course,
C = (scCy)n is a differential structure on M. Such a differential structure is called
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generated by Cy and functions from Cj are called generators. Notice that generators
are not unique. For example, we can always take the whole C as generators, but
in many concrete cases, it is reasonable to consider the smallest possible collection
of generators. If there exists a finite Cy which generates C, then (M, C) is called
finitely generated.

Of course, C' is a sub-algebra of R™. Moreover, for two differential spaces (M, C)
and (N, D), a mapping F': M — N is called smooth, if foF € C for all f € D, and
it is called a diffeomorphism, if it is bijective and both F and F~! are smooth (in
the above sense).

Notice that a differential space (M,C*°(M)) is a smooth (in a classical sense)
manifold. However, we can consider some other differential structures on M. For
example, a pair (M, D), where D consists of all continuous functions on M, is a differ-
ential space. Also we can insert as a generator not only a non-smooth (in a classical
sense) function, but even a non-continuous (with respect to the standard topology)
one. The first modification affects just the differential structure. Therefore, in the
differential spaces category the notion of a smoothness is understood in a more gen-
eral sense (as explained above). The second case changes also the topology of the
space. Therefore, differential spaces provide some general techniques, for which both
manifolds and “singular” spaces are subcases.

Theorem 2.1 below is well-known (see, for example, [6]).

Theorem 2.1. If (M,C) is a Hausdorff differential space, with C = (sc Cy)nm
and Cy = {f1,..., fr}, then F = (f1,..., fx) is a diffeomorphism from (M,C) to
(F(M),C>*(F(M)), where F(M) C R™ and C®(F(M) := (C*®(R*)|p(ar)) riar) =
(sc{milparys - - TPy }) Py, Where T RE > (x1,...,24,...,01) — 2; € R are
the projections fori =1,...,k.

Further, we will also need to consider functions vanishing at a given point and
functions which, together with their derivatives up to order k, vanish at that point.
This is an algebraic counterpart of the notion of tangency of order k. Therefore,
let (M,C) be a differential space, and p € M. Then m, := {f € C; f(p) = 0} is
an ideal. Similarly, let m’; be the k'™ power of the ideal m,. In other words, m’; is
generated by fifa... fr, where fi, fo,..., fr € m,.

Definition 2.3. Let & € N. A linear mapping v: C — R is called the k' order
tangent vector to the differential space (M,C) at the point p € M, if the following
conditions hold:

(1) v(r)y=0forallr e R C C.
(2) v(mi*) = 0. The set of all k™ order tangent vectors to (M,C) at p € M is
denoted by T;“M .
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Let us observe that TI?M possesses a natural structure of a linear space. Moreover,
it is obvious that, for k£ = 1, the above definition is equivalent with the classical one,
i.e., 15° order tangent vectors are exactly R-linear operators, satisfying the Leibniz
rule. Of course, for an arbitrary & € N it is true that m’;“ C m’; and, therefore,
TEM C THM.

Further, we will need to consider a certain linear functional. Namely, let v € TZ?M
be an arbitrary k'" order tangent vector, and define I, ([f]) := v(f) for an arbitrary
femy, and [f] € m,/mF*t!. Tt is clear that I, is a linear functional.

Lemma 2.1. The mapping I: TFM > v — I, € (m,/mkt1)* defined by
I(v) :=ly, is an isomorphism of linear spaces.

Proof. First, notice that I is linear. If [, = 0, then v = 0. Therefore [ is
a monomorphism. Now, let I € (m,/mi*!)* and consider the mapping v;: C' — R
defined by v;(f) = I([f — f(p)]) for an arbitrary f € C. It is easy to notice that

vy € TFM and I(v;) = I. Therefore I is also an epimorphism. O

Corollary 2.1. Let (M, C) be a differential space, k € N and f € C. If v(f) =0
for any v € TYM, then f — f(p) € mE+t.

Proof. If v(f) = 0 for an arbitrary v € T;“M, then for an arbitrary [ €
(mp/mEt1)* it is true that I([f — f(p)]) = w(f) = 0. As aresult, [f — f(p)] =0, so
f—=f(p) € mytt. O

Similarly, as in the classical case, we can introduce the differentials of arbitrary
order of a function f € C. Namely, let v € TIfM, where p € M and k € N. Then
the mapping d’;f: TI?M — R, defined by d’;f(v) = v(f), is called the k'™ order
differential of f at the point p € M.

Notice that for any k € N, a natural differential structure, denoted by T*C, can

be generated on THM := || TFM (see, for example, [25]). In particular, T*C is
pEM

generated by {d*f; f € C}U{fon"; f € C}, where 7*: T*M — M is the natural
projection and d*f: TFM — R is defined by (d*f)(V) =V (f), V € T*M.

Moreover, for 15 order tangent vectors we have a well known (see, for exam-
ple, [32]) formula for computations. In particular, if v: C' — R is a tangent vector
at p (i.e., a linear mapping, satisfying the Leibniz rule), then for an arbitrary n € N
and w € C*°(R™) and a collection of functions fi,..., f, from the generators of the
structure C, the formula

(2.1) Vw0 (i ) = D0 G D)o falp))ol)

holds.
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Notice that equation (2.1) allows to recover the behaviour of tangent vectors on
the superposition closure from the behaviour on the generators. Nevertheless, equa-
tion (2.1) cannot be used, in full generality, to prolong derivations of an algebra to
its superposition closure (see [22] and [9] on this concern), and we do not discuss it
further here. However, we can generalize the above formula for k' order vectors.

Lemma 2.2. Let (M, C) be a differential space generated by Cy, and p € M. If
g € my, is such that d’;g = 0, then there exists an open neighbourhood U > p, and
Ji.o- s fn € Co, wiy. iy, € C°(R™), where n € N and iy,...,ig41 = 1,...,n, such
that

(2'2) 9|U = ( Z fh fh ) "(fik+1 _fik+1(p))wi1---ik+1O(flv---afn))

U1, lhp1=

U

Proof. Since g € m, C C = (scCy)n, there exists an open neighbourhood
Uspand fi,..., fn € Cyp and § € C°(R™), where n € N, such that

(2.3) glv =00 (f1,..., fa)lu

and 0(f1(p), ..., fau(p)) = 0. Of course, 6 € mp(,) € C(R), where F' = (f1,..., fn).
(Because of Theorem 2.1, F is a diffeomorphism from (M, C) to (F(M), C*(F(M)),
with F(M) C R™.) Moreover, locally, 0 = dk(g) = dE(6 o (f1,...,fn)) = dE(0o F) =

F(p)O = 0. Therefore, there exist w;,.. s, € C(R"), i1,...,ip41 = 1,...,n, such
that

n

(2'4) 9(1‘1, s ,J)n) = Z (xil _f’il (p)) s (xik+1 _f’ik+1 (p))wi1~~ik+1 (331, s ,J?n)

115eenstkp1=1

for (x1,...,zn) € R™. Then, equation (2.2) follows from equations (2.3) and (2.4).
O

Lemma 2.3. Let (M, C) be a differential space generated by Cy, (N, D) a differ-
ential space generated by Dy and py € M. Consider an arbitrary function f € C® D
(with f = a® 3, where « € C and 8 € D) such that f € qDN M(pg,q) and d’fpo’q)f =0

for all g € N. Then for an arbitrary qy € N there exist open neighbourhoods
U € 17¢c of pp and V € 7p of qy, and functions fi,...,fn € Co, g1,---,9m € Do
and wi, . i, € C>®(R™"™)  where n,m € N and i1,...,igt1 = 1,...,n + m, such
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that

(2'5) f(p7 Q) = 4 Z (le (p) - f'il (po)) s (fik+1 (p) - fik+1 (po))

X Wiy i s (J1(P)s -5 fu(),91(0), - - - 9m(0)),

where (p,q) € U x V.

Proof. From the assumptions it is clear that f(pp,q) = 0 for all ¢ € N. There
exist open neighbourhoods U 3 pg and V' 3 qg and w € C®(R™"™) f1, ..., fn € Co,

915+, 9m € Do such that f(p,q) = w(f1(p), .., fa(p),91(q), ..., gm(q)) for (p,q) €
UxV. Letusfixpe Uand g€ V. Define : R — R as 6(t) := w(t(f1(p)— f1(po))+

fl(p0)7---7t(fn(p) - fn(pO)) + fn(pO)agl(Q)a"'agm(Q))' It is clear that 9(0) =
f(po,q) =0and (1) = f(p,q). Consequently, f(p,q) = 0(1)—60(0) = fol(dQ/dt) dt =

n

> (filp) = filpo))hi(f1(p), - - - fu(P), 91(q); - - -, gm(q)), where

i=1

1
BelFs ) os Fa ), 01(@) e rgm(@) = | 22 B) — f1(p0))

0 8xi
+ f1i(Po)s -, t(fn(p) = fa(po)) + falpo), 91(q), - - -, gm(q)) dt.

It follows from Corollary 2.1 that f € ) m](€+1 )- It is also obvious that N m?“ )=
jen  Po en (P

k+1
( N m(po,q)) . Now, equation (2.5) can be proved by induction. O
qeEN

We introduce now the notion of smoothness for tangent vector fields of an arbitrary
order.

Amap X: M - ( TZ?M, where k € N, is called a k'™ order tangent vector
pEM

field to (M, C), if X(p) € T;“M for every p € M. Additionally, X is called smooth,
if X f, defined by (X f)(p) := X(p)(f), belongs to C for any f € C. The C-module
of all k' order smooth tangent vector fields to (M, C) will be denoted by X*(M).

Let (M, C) be a differential space and let A C M. (Obviously, we assume A # (.)
Then (A, Ca) is called a differential subspace of (M,C). (See Definition 2.1.) The
embedding of (A,C4) into (M, C) is denoted by t4. We say that X € X*(M) is
tangent to A, if for every p € A there exists v € T} A such that X(p) = (1a).v.
The set of all elements of X*(M) which are smooth k' order vector fields tangent
to A will be denoted by X% (M). Obviously, X% (M) is a C-submodule of the C-mo-
dule X*(M).

Notice that we defined vectors (let us stay with 15* order ones for a moment) in an
algebraic way. Indeed, for smooth manifolds it is well known that there are various
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ways of introducing tangent vectors, for example, as derivations, velocities of curves,
via the cotangent bundle (see, for example, [26]). In the case of a smooth manifold
these notions are equivalent. However, it can be not so for a differential space. Our
aim is to introduce a tangent vector and a smooth vector field in such a way that for
smooth manifolds the classical differential geometry is recovered, and simultaneously
as much as possible the correspondence known for the classical differential geometry
would pass to the differential spaces category. For example, we defined a smooth
vector field in such a way that for 15* order tangent vector fields there is a 1-1 cor-
respondence with derivations of the algebra C (see, for example, [6]). Such a way
guarantees us also that the definition via the cotangent bundle is equivalent [26].
However, denote by ¢:(x) the point on the maximal integral curve through z of
a given derivation, corresponding to the value of ¢. For smooth manifolds ¢;(z) is
a diffeomorphism of some open neighbourhood of 2 onto some open neighbourhood
of pi(x). In the case of a differential space @;(x) can fail to be a local diffeomor-
phism [39].

Theorem 2.2. Let (M,C) be a differential space, ) # A C M, k € N, and
X € X¥(M). Then the following conditions are equivalent:
(1) X € X(M);
(2) for all p € A exists just one Y € X*(A) that X (p) = (14)«pY (p);
(3) fla=0=(Xf)la=0.

Proof. (1)= (2): Let X € X% (M) and define the tangent vector field Y: A —

U TFAby Y(p) := (ta);,) (X (p), p € A. Of course, Y € X¥(A) and it is the unique
pEA
tangent vector field satisfying condition (2).

(2) = (3): Let f € C be such that f|4 = 0. Because of (2), there exists Y € X*(A)
such that (X f)|a =Y (f|a), and, hence, (X f)|a = 0.

(3) = (1): Suppose that X € X*(M) fulfils (3). For every p € A, let v,: Ca — R
be the map v, (f) := X (p)(g), with f € C4 and g € C, where f|yna = gluna for some
open neighbourhood U € 7¢ of p. It is obvious that v, € TF A and X (p) = (t4)wpvp-

O

Theorem 2.3. Let (M,C) be a differential space, A C M and X € X(M). If
Xk = Xo...0X € XK(M) for some k € N, then X € X¥(M) and, moreover,
Xt e xL (M) for every | € N,

Proof. Let f € C be such that f|la = 0. Then it is easy to notice that
XE(fE)a = kKX (f))*|a. Because of Theorem 2.2, X*(f*)|4 = 0. Therefore,
X f|la = 0 for an arbitrary f € C such that f|4 = 0. Consequently, X € X (M).
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It is not hard to check that X'(f) = 0 for an arbitrary [ € N. As a result,
Xtexl(M). O

The next two lemmas (see [25] for their proofs) will also be useful in the sequel.

Lemma 2.4. Let (M,C) be a differential space and k € N. If A, B C M satisfy
the condition (tanB)swpTy (AN B) = (ta)pTFAN (1B)swTH B for every p € AN B,
then X% (M) N X% (M) C X% 5(M).

Lemma 2.5. Let A C M. Then X% (M) = X% (M), where A denotes the (topo-

logical) closure of A in 7¢.

Finally, let X € X(M) be a smooth vector field tangent to (M,C). For any
k € N we define 9¥X: TFM — T*M by (0*X)(V) := V o X. Then 0FX
turns out to be a smooth mapping between the differential spaces (T*M,T"*C)
and (T*H1M, T*1C). Indeed, d**'f o 9*X = d*(X(f)) for every f € C and
Tkl o OF X = k.

3. THE MAIN RESULTS

Let (M,C) and (N, D) be two differential spaces. Let H: (M,C) — (N,D)
be a diffeomorphism, in the category-theoretic sense (morphisms are just smooth
mappings as defined in Section 2). Consider a nonempty subset Ay, C M and its
image Ay: = H(Ajps) under the diffeomorphism H. Let h := H|a,, and let g be
the equivalence relation on the disjoint sum (M U N, C'UD) identifying p € Ay with
h(p) € Ay, with CUD :={a: MUN — R; a|y € C,a|y € D}. For f € C and
g € D we define fUg: MUN — Rby (fUg)|lm = f and (fUg)|ny =g. (See [32]
for more details.)

For our purposes, it suffices to mention that there are at least two known methods
of gluing differential spaces. One is the “global” technique, which works solely with
generators [6]. Another is “local”, i.e., we first introduce a diffeomorphism between
some subspaces, then we identify points with their images, and, finally, we make the
glued space a Hausdorfl one with help of the equivalence relation [31], [30]. Here,
we will exploit the latter, but with the extra assumption that the gluing is of an
arbitrary order.

Definition 3.1. The quotient space ((M U N)/on,(C U D)/op), with (C U
D)/on) = {a € CUD; alaan = aoh}, is called the gluing of the differential
spaces (M, C) and (N, D). It is denoted by (M U, N,C Uy D).
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In other words, for arbitrary f € C and g € D such that f|a,, = goh, the function
from C'Uy, D corresponding to the function flig € C'UD is denoted by f Uy g. Then
CUhD:: {fUhg7 f€C7g€Daf|AM :goh}

Definition 3.2. Let k € N. Then C UY D := {f U, g € C U, D; d’;f =
d];(gOH)vaAM}.

It is clear that C' U} D is just one of the various possible differential structures on
M Uy, N (in the sense of Definition 2.2). The reason why we consider this particular
structure is that it is the most workable one for our purposes.

Of course,

Cu,D>CU,D>CUD>...oCUFD>...

Definition 3.3. The differential space (M U, N, C U¥ D) is called the k*® order
gluing of the differential spaces (M,C) and (N, D). Shortly, we will denote it by
M UFN.

Let mp,: MUN — M U, N be the natural projection and deﬁne bv = To, M,y
in =g Ny M = ine(M), N := in(N), C* := (C U D)7, D¥ := (C Uk D)5 and
A=y, Apy.

Now, we would like to check the relation between the topologies induced by the

differential structures from Definition 3.1 and Definition 3.2. Also, we want to study
the relation between the differential structures before and after the gluing. It is also
interesting to check the behaviour of the tangent vectors of higher-order.

Theorem 3.1. Let (M,C) and (N, D) be two differential spaces, H : (M,C) —
(N, D) a diffeomorphism, and let Apy C M, Ax := H(Apr) be closed. Then, for
any k € N, the following conditions hold:

(1) ToukDp = TCULD;

(2) ip: (M, C) — (M,ak) and iy: (N,D) — (N, D*) are diffeomorphisms;
(3) (in)spTiM = (in)wqTiN fori=1,...,k, p € Ay and q = h(p);

(4) (Ea0)sp T M O (N ) g Ty N = (vt an)sp Tyt AM = (in|ay)wg Ty T AN

Proof. (1): Of course, 7ourp C Tou,p- S0 it is enough to prove that 7ok p O
Tou,p- For any open set W € 7cyu, p there exists V = m,, (7, (U)) € W, where
U € 7¢. Let f € C be such that suppf C U. It is clear that fUy (foH™ 1) € CUF D
and suppf Up, (fo H™') C V C W. So W is also open in the topology of C' UF D

(2): Tt is clear that 7, : (M U N,CUD)— (MU, N,CUF D) is smooth for any

k € N. As a result, ij; and iy are smooth as restrictions of m,,. It is also true that
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fOZ]Q1 =fUp(foH™) 7 amdQOZ]_\,1 = (9o H)Up (g|g) for any f € C and g € D.
Consequently, ZK} and Zf\,l are smooth.

(3): Let w € (in)+qTiN for some ¢ = 1,...,k. Then there exists v € T.N such
that w = (in)«qv. Since H is a diffeomorphism, there exists u € T, M such that
H,pu =v. It is easy to notice that (Ias)«pu = (In)qv-

(4): It is enough to prove that

(en0)spTy T M OV (in ) g Ty TN C (ina|ang)op Ty A
Let v € (ing)spT ™M N (in)sgTF™'N. Then there exists a unique (uas,uy) €
TZ?HM o) T(f‘HN such that v = (ia)spunr = (in)«qun. Moreover, the following
condition is satisfied: f Uy g € C UF D = up(f) = un(g). Let w: Ca,, — R be
defined by w(g) := unm(g|a) for g € Ca,,, where g € C is such that gla,,nv =
glayunu for some open neighbourhood U € 7¢ of p. Since (iar|ay, )spw = (Ear)spUnr,
it turns out that v = (iar)sptins = (Enr|an)spw € (Earlan )epTy T A O

From condition (2) of Theorem 3.1 above it follows that C* = C' and D* = D for
any k € N.

Theorem 3.2. If Ap is a closed boundary set (see, e.g., [17]) in M, then
Xk UF N) = X5 (M UF N).

Proof. Assume that Ay is a closed boundary set in M. Then ]\7\ A and
N\ A are open in M U N and dense in M and N, respectively. Let X € X**1 (M UF
N). Since M \ A is open and N \ A is open, then X € .’{%”%M UF N) and X €
X (M Uj N) and, by Lemma 2.5, X € X! (MU} N) and X € xfg\lA(M Uk N).

\A
Theorem 3.1 and Theorem 2.3 imply X € %%";N(M Uk N) =K MUk N). O

Corollary 3.1. If Ay is a closed boundary set in M, then we have X(M U N) =
XA(M Uf N) and X(M Uf N) is contained both in X53(M Uy N) and X 5(M Uy N).

Proof. It is enough to prove that X(M U¥ N) C Xa(M U N). To this end,
let X € X(M U} N) and consider the k'!' order vector field given by YV := X*+! =
X o...0X (see Theorem 2.3). Theorem 3.2 guarantees that Y € Xx™ (M UF N),
where X € X5 (M U¥ N) in view of Theorem 2.3.

Since Y is tangent to M (or N), hence X is tangent to M (or N, respectively). O

Dual to the sequence of inclusions
Cu,D>CU,DD>CU;D>...2CUFD>...
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is the sequence of smooth mappings

(M U2 N,C U2 D) -

(M U, N,C U, D) % (M UL N, C UL D) -

d d
2 (M UE N, CcUE D) s

Lemma 3.1. If Ay is a closed boundary set in M and X € X(M U} N), then
there exists a unique X € X(M Uy, N) such that X|crp = X.

Proof. Observe that X € X7(M Uy N) and X € Xj5(M Uf N), and X €
XA(M U’fL N) as well. Put Xy, := X|y and Xy := X|n and notice that Xp|a =
Xn|a. Choose Xy € X(M) such that (ip)«Xa = Xar and Xy € X(N) such
that (In).Xn = )~(N, and set X := Xy Up Xn. It can be easily proved that
Xu(f)=X(fu, foH ) forany f € C and Xy (g9) = X(go HUy, g) for any g € D.
It follows that X|curp = X. O

Let XZ(M,N) = {(XM7XN) € '%AM(M) X xAN(N); h*(XM|AM) = XN|AN7

8kXM|A§J =0"Xyo hs|ak }, where Ak = || TFM.
PEANM

Theorem 3.3. If Ay, is a closed boundary set in M, then the following conditions
are satisfied:

(1) Toukp = TCu,D = Tcup/on;

(2) X(M U} N) is contained both in X7(M U} N) and X (M U} N);

(3) X(M U} N) = Xa(M Uf N);

(4) the CUF¥ D-module X A (M U N) is isomorphic to the C'U, D-module X} (M, N).

Proof. Inview of the previously stated results (Theorem 3.1 and Corollary 3.1),
it is enough to prove (4). Let X € X(M U} N) and set X = (i3 )+(X|57),
Xy = (iy")«(X|5)- It is easy to notice that (X, Xn) € XF(M,N). Now, for any
(Yar,Yn) € XF(M, N), define Yy UF Yy 1= Yas Uy, Yn|cukp- Since it is clear that
Y UF Yy € X(M UF N), the sought-for I: XF(M, N) — X(M Uf N) can be defined
as I(YM,YN) =Yy UZ Yn. O
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4. APPLICATION AND PERSPECTIVES

In this section we specialize the techniques described earlier to the case when
Ap = {p} with p € M, Ay := {q}, where ¢ := H(p). In other words, we study the
particular case of the gluing at a point. As before, h := H|a,, and (M U, N,C Uy D)
is the glued differential space. For any f € C' and g € D, set f = fUp foH™!
and g := go H Uy g. Of course, f,ﬁ € C UF D for an arbitrary k € N. Consider
(froo s fovn) = (fr = i) - - (few1 — fo41(p)) Un O with f1,..., frqq € C. It can
be easily noticed that (fi,..., fi+1) € C UF D. These functions play an important
role in generating the differential structure on the glued space, as Theorem 4.1 below
shows.

Theorem 4.1. If C is generated by Cy, then C U} D is generated by {f, fe
C} U {<fi1a cee 7fik+1>; f’iu B fik+1 € CO}

Proof. If fU,g € C U} D, then by Definition 3.2, d’;f = d’;(g o H). As
a consequence of Lemma 2.2 there exists an open neighbourhood U € 7¢ of p and
functions f1,..., fn € Co, with n € N, and w;, i, € C®(R"), with i1,...,ix41 =
1,...,n, such that flg =00 (f1,..., fn)|lu, where § € C>*°(R™), and

n

@or-Dlo=( X GamFa @) Gios s Ot ()

Byt p1=1

U

Now, if V := m, (my, (U)), then

fUhg|V: (00(.]?17"'5.]%)_‘_ Z <fi17"'7fik+1>wil---’ik+1(f~llv"'7f~n))

i1yeenstep1=1 4

O

Now we introduce the notion of the differential basis (see [12]). A function f € C
is called differentiably dependent on g1,...,9, € C at p € M, if there exists an
open neighbourhood U € 7¢ of p and a function w € C*°(R™) such that f|y =
wo (g1,.-.,9n)|u. A collection of functions {f1,..., fn} C C is called differentiably
independent at p, if there is no f;, i = 1,...,n, which is differentiably dependent on
the remaining functions at p. A subset B C C is said to reproduce C at p, if for any
f € C there exist an open neighbourhood U € 7¢ of p, functions g, ..., g, € B and
a function w € C*°(R™) such that fly =wo (g1,...,9n)|u. So, we say that a subset
B C Cis a differential basis of C' at p, if B is differentiably independent at p and B
reproduces C' at p.
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Lemma 4.1 ([12]). The collection { f1,..., fn} C C is differentiably independent
at p if and only if for any w € C*°(R™) and for any open neighbourhood U € 7¢ of p
the following condition is satisfied:

wo (fi,.o s fa)lu=0= (filp),-.., fu(p) =0, 1<i<n.

ow
(9:@

Theorem 4.2 shows how to construct differential bases for glued differential spaces.

Theorem 4.2. If {f1,..., fn} is a differential basis of C' at p, then {fl, ceey fn} U
{{firs-oos finsn); 1 <1 <... < igg1 < n} is a differential basis of C U} D.

Proof. Letvs,...,v, € T,M be linearly independent and such that v;(f;) = d;;
for i,j5 =1,...,n, and set w; := (iar)spvi for i = 1,...,n. Let w € C°(R™*™) and
suppose that

(41) wo(fla"'vfﬂana"'vQ?ﬂ):O
for an open neighbourhood V € TouED of pn, = m,, (p), where g1,...,g9m €
{firs-- s finns 1 <1 < ... <ipg1 <n}. Applying w; to equation (4.1), we obtain

that (5‘0.)/8%)(]71 (Ph)y .-, fn(ph),gl(ph), ceosgm(pr)) = 0 for i = 1,...,n. Now,
define the map wj, i, ,: C UfL D — R by wiy.ipy, (@Up B) :== 00 (f1,..., fn)(P),
where 1 < i3 < ... < igp1 < n, and 6 € C°(R™) is such that (o« — S o H)|y =
0o(f1,..., fn)lvand di(0o(f1,..., fn)) = 0. It can be easily noticed that w;, .., ., €
Tph(M UI;:L N).  Moreover, Wi1~~~ik+1(<fj1 - fjl (p)""’fjk+1 - fjk+1 (p)) = 0, if
{in, ik} # {00k and wiy L (O = 50 P)s -0 Figs = Fia (P)) = 1,
if {i1,...,ik41} = {J1,-- -, Jk+1}- Now, assume that g; = (f;, — f5,(P),-- -, fjres —
Jirs1(p)). Applying w;, 4, , to equation (4.1), we obtain

Ow  ~ ~
P) (fl(ph)aafn(ph)agl(ph)77gm(ph)):0
Ln+j
and the result follows from Lemma 4.1. O

We conclude this paper with some considerations about the “distributivity” of the
Cartesian product with respect to the gluing in the category of differential spaces,
collected in Theorem 4.3 below.

Theorem 4.3. Let (M,C), (N,D) and (L, B) be differential spaces, p € M,
and let H: (M,C) — (N, D) be a diffeomorphism. Let pr;: M x L — L, pry,:
M x L — M and pry: N x L — Nbe the canonical projections and use the notation
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(pm,l) € M x L and (pn,l) € N x L with H(py;) = pn to indicate that pyy € M

andpy € N. If Hy, := H x idy, and Ay := {p} x L, then:

(1) if C is generated by Cy, then (C' x B) Uy (D x B) is generated by {f, fe
Co}U{gs g€ BYU{(f1.-.-, frur)s frr- .. fup1 € Co}, where [ == (fopr,,)Un
(foH 'opry) and g:= (gopry) Un (gopry);

(2) ®*((C U} D) x B) = (C x B) Uy (D x B), where ®: (M x L) Uy, (N x L) —
(M U, N) x L is the diffeomorphism defined by ®([(p,1)]) := ([p],1), where
[(p,1)] € (M x L)Up, (N x L).

Proof. (1): Let fUp g € (C x B) Uy (D x B). It is obvious that f(par,l) =
g(pn,1) and d’(“pM,l)f = d?pZWJ)(g o H) for any I € L. Moreover, it is true that
goH — f € my, ;) for an arbitrary [ € L and d?pM l)(g o H — f) = 0. Because of

Lemma 2.3, go H — f can be written locally as

n

(gOH_f)(pvl): Z (fll(p)_fll(pM))(flk+1(p)_flk+1(pM))

11,0tk +1=1

X wilmik_*_l(fl(p)a R fn(p)agl(l); R 7gm(l))a

where (p,1) € W and W € 7oxp. If U := 7' (m,, (W)), then

( Un )l = (wo@,...,ﬁ@,...,an)

+ Z <fi1""7fik+1>wi1~~~ik+1(f1""7f’ﬂ)§1)"')’g\n)>'w'

il,“‘,ik_*_lzl

2): It can be easily noticed that fo pr o® = [ for any f € C. Moreover,
Mu, N

<fi17---7fik+1> opry, N 0P = (firs--- fips,) for arbitrary fi ..., fi,., € C and
gopr,o® =g for any g € B. Therefore ®*((CUF D) x B) = (Cx B)Uf (Dx B). O

5. FINAL REMARKS

The proposed methods can be useful in the context of jets. For example, consider
the differential space (R™, C°°(R™)), which is simultaneously a smooth manifold. Let
oF

21 .+.Tm

|p be the vectors representing the partial derivatives of k™ order, with respect
to the variables x;,, ..., x;, . It is well known that these vectors are the basis of T;“[R",
which (in view of the just stated remark) can be naturally identified with the k'"
order jet space at p [7], [14], [16]. One would surely like to apply this method to
differential equations, as it is well known that jet spaces form a suitable background
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to study differential equations. Indeed, a “generalized” partial differential equation
is a submanifold in the jet space. Therefore, it could be interesting to prolong
the theory known for manifolds to differential spaces. Unfortunately, differential
equations on differential spaces are not an easy topic and there are serious obstacles
against developing a well-working theory. However, further research will be made
elsewhere to clarify this situation.

Acknowledgement. I am deeply indebted and thankful to Prof. Wiestaw Sasin
for his ideas, recommendations and holistic supervision. Moreover, I am deeply
indebted to Prof. Janusz Grabowski for his support in my scientific activity.

References

[1] A. Batubenge, P.Iglesias-Zemmour, Y. Karshon, J. Watts: Diffeological, Frolicher,
and differential spaces. Preprint (2013). http://www.math.illinois.edu/~jawatts/
papers/reflexive.pdf.

[2] T.Brdcker, K. Jinich: Introduction to Differential Topology. Cambridge University
Press, Cambridge, 1982.

[3] I. Bucataru: Linear connections for systems of higher order differential equations. Hous-
ton J. Math. 31 (2005), 315-332.

[4] K. T. Chen: Iterated path integrals. Bull. Am. Math. Soc. 83 (1977), 831-879.

[6] C.T.J. Dodson, G.N.Galanis: Second order tangent bundles of infinite dimensional
manifolds. J. Geom. Phys. 52 (2004), 127-136.

[6] K. Drachal: Introduction to d-spaces theory. Math. Aeterna & (2013), 753-770.

[7] E. Ebrahim, N. Mhehdi: The tangent bundle of higher order. Proc. of 2nd World Congress
of Nonlinear Analysts, Nonlinear Anal., Theory Methods Appl. 30 (1997), 5003-5007.

[8] M. Epstein, J. Sniatycki: The Koch curve as a smooth manifold. Chaos Solitons Fractals
38 (2008), 334-338.

[9] G-infinity (http://mathoverflow.net/users/22606/g-infinity): Extending deriva-
tions to the superposition closure (version: 2014-10-23). http://mathoverflow.net/q/
182778.

[10] L. Gillman, M. Jerison: Rings of Continuous Functions. Graduate Texts in Mathemat-
ics 43, Springer, Berlin, 1976.

[11] J. Gruszczak, M. Heller, W. Sasin: Quasiregular singularity of a cosmic string. Acta
Cosmologica 18 (1992), 45-55.

[12] M. Heller, P. Multarzynski, W.Sasin, Z. Zekanowski: Local differential dimension of
space-time. Acta Cosmologica 17 (1991), 19-26.

[13] M. Heller, W. Sasin: Origin of classical singularities. Gen. Relativ. Gravitation 31 (1999),
555-570.

[14] I KoldF, P. W. Michor, J. Slovdk: Natural Operations in Differential Geometry. Sprin-
ger, Berlin, 1993.

[15] A. Kriegl, P. W. Michor: The convenient setting of global analysis. Mathematical Sur-
veys and Monographs 53, American Mathematical Society, Providence, 1997.

[16] D. Krupka, M. Krupka: Jets and contact elements. Proceedings of the Seminar on Dif-
ferential Geometry, Opava, Czech Republic, 2000 (D. Krupka, ed.). Mathematical Pub-
lications 2, Silesian University at Opava, Opava, 2000, pp. 39-85.

[17] C. Kuratowski: Topologie. I. Panstwowe Wydawnictwo Naukowe 13, Warszawa, 1958.
(In French.)

1152



[18]
[19]

[20]

[21]

[22]
23]
[24]
[25]
[26]
[27]

[28]
[29]

[30]
[31]
32]
[33]
[34]
[35]
[36]
37]
38
[39]
[40]

[41]
[42]

A. Mallios, E. E. Rosinger: Space-time foam dense singularities and de Rham cohomol-
ogy. Acta Appl. Math. 67 (2001), 59-89.

A. Mallios, E. E. Rosinger: Abstract differential geometry, differential algebras of gener-
alized functions, and de Rham cohomology. Acta Appl. Math. 55 (1999), 231-250.

A. Mallios, E. Zafiris: The homological Kdhler-de Rham differential mechanism I: Appli-
cation in general theory of relativity. Adv. Math. Phys. 2011 (2011), Article ID 191083,
14 pages.

R. Miron: The Geometry of Higher-Order Lagrange Spaces. Applications to Mechanics
and Physics. Fundamental Theories of Physics 82, Kluwer Academic Publishers, Dor-
drecht, 1997.

G. Moreno: On the canonical connection for smooth envelopes. Demonstr. Math. (elec-
tronic only) 47 (2014), 459-464.

A. Morimoto: Liftings of tensor fields and connections to tangent bundles of higher order.
Nagoya Math. J. 40 (1970), 99-120.

M. A. Mostow: The differentiable space structures of Milnor classifying spaces, simplicial
complexes, and geometric realizations. J. Differ. Geom. 14 (1979), 255-293.

P. Multarzyriski, W.Sasin, Z. Zekanowski: Vectors and vector fields of k-th order on
differential spaces. Demonstr. Math. (electronic only) 24 (1991), 557-572.

J. Nestruev: Smooth Manifolds and Observables. Graduate Texts in Mathematics 220,
Springer, New York, 2003.

W. F. Newns, A. G. Walker: Tangent planes to a differentiable manifold. J. Lond. Math.
Soc. 81 (1956), 400-407.

W. F. Pohl: Differential geometry of higher order. Topology I (1962), 169-211.

G. Sardanashvily: Lectures on Differential Geometry of Modules and Rings. Application
to Quantum Theory. Lambert Academic Publishing, Saarbrucken, 2012.

W. Sasin: Gluing of differential spaces. Demonstr. Math. (electronic only) 25 (1992),
361-384.

W. Sasin: Geometrical properties of gluing of differential spaces. Demonstr. Math. (elec-
tronic only) 24 (1991), 635-656

W. Sasin: On equivalence relations on a differential space. Commentat. Math. Univ.
Carol. 29 (1988), 529-539.

W. Sasin, K. Spallek: Gluing of differentiable spaces and applications. Math. Ann. 292
(1992), 85-102.

R. Sikorski: An Introduction to Differential Geometry. Biblioteka matematyczna 42,
Panstwowe Wydawnictwo Naukowe, Warszawa, 1972. (In Polish.)

R. Sikorski: Differential modules. Colloq. Math. 24 (1971), 45-79.

R. Sikorski: Abstract covariant derivative. Colloq. Math. 18 (1967), 251-272.

J. gniatycki: Reduction of symmetries of Dirac structures. J. Fixed Point Theory Appl.
10 (2011), 339-358.

J. Sniatycki: Geometric quantization, reduction and decomposition of group representa-
tions. J. Fixed Point Theory Appl. 8 (2008), 307-315.

J. Sniatycki: Orbits of families of vector fields on subcartesian spaces. Ann. Inst. Fourier
53 (2003), 2257-2296.

J.-M. Souriau: Groupes différentiels. Differential Geometrical Methods in Mathematical
Physics. Proc. Conf. Aix-en-Provence and Salamanca, 1979. Lecture Notes in Math. 836,
Springer, Berlin, 1980, pp. 91-128. (In French.)

K. Spallek: Differenzierbare Réume. Math. Ann. 180 (1969), 269-296. (In German.)

E. Vassiliou: Topological algebras and abstract differential geometry. J. Math. Sci., New
York 95 (1999), 2669-2680.

1153



[43] F. W. Warner: Foundations of Differentiable Manifolds and Lie Groups. Graduate Texts
in Mathematics 94, Springer, New York, 1983.

Author’s address: Krzysztof Drachal, Faculty of Mathematics and Informa-
tion Science, University of Warsaw, ul. Koszykowa 75, 00-662 Warszawa, Poland, e-mail:
k.drachal@mini.pw.edu.pl.

1154



		webmaster@dml.cz
	2020-07-03T21:57:49+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




