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GLOBAL BEHAVIOR OF THE DIFFERENCE EQUATION

ALy —3

wn+1 = bt+cry_1Tn_3

RAAFAT ABO-ZEID

ABSTRACT.
In this paper, we introduce an explicit formula and discuss the global
behavior of solutions of the difference equation

aTn—3

Tyl = n=0,1,...

K
b+ cxpn_1Tn—3
where a, b, ¢ are positive real numbers and the initial conditions x_3, T_ao,
r_1, To are real numbers.

1. INTRODUCTION

Difference equations have played an important role in analysis of mathematical
models of biology, physics and engineering. Recently, there has been a great interest
in studying properties of nonlinear and rational difference equations. One can see
[3, 5L 8, @9, 111, 12} 13} [14] 15} 19] 18] and the references therein.

In [4], the authors discussed the global behavior of the difference equation

Az _9r_1
9
B+ Cxp_2®n_ak

Tn41 = n:O,l,...

where A, B, C are nonnegative real numbers and r, [, k are nonnegative integers
such that [ < k and r < k.
In [2] we have discussed global asymptotic stability of the difference equation

A + Bllfn_l
C + Dz,2 "’
where A, B are nonnegative real numbers and C, D > 0.

We have also discussed in [I] the global behavior of the solutions of the difference
equation

Tnt1 = n=0,1,...

Brp_ok—1
C+D Hf:l Tn—2i

Tn+1 = N TLZO,l,...
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In [I7], D. Simsek et al. introduced the solution of the difference equation
Tn—3
1+xp-1

where z_3, z_9, z_1, 29 € (0, 00).
Also in [16], D. Simsek et al. introduced the solution of the difference equation

Tyl = , n=0,1,...

Ln—5
$n+1:m, n=0,1,...
with positive initial conditions.
R. Karatas et al. [10] discussed the positive solutions and the attractivity of the
difference equation
Tn—5

5 p=0,1,...
1+xn72xn75

Tn+1 =
where the initial conditions are nonnegative real numbers.
In [6], E.M. Elsayed discussed the solutions of the difference equation

Tp—5

— 5 p=0,1,...
*1+zn—2xn—5

Tn+1 =
where the initial conditions are nonzero real numbers with x_sx_o # 1, z_42x_1 # 1
and x_zxg # 1. Also in [7], E.M. Elsayed determined the solutions to some difference
equations. He obtained the solution to the difference equation
Tp—3

=8 p=0,1,...
1+xn—1xn—3

Tp+1 =
where the initial conditions are nonzero positive real numbers.
In this paper, we introduce an explicit formula and discuss the global behavior of
solutions of the difference equation
ATy _3
(11) Tn41 = i

— e n=0,1,...
b+ cxn_1Tn_3

where a, b, c are positive real numbers and the initial conditions x_3, x_o, x_1, xg
are real numbers.

2. SOLUTION OF EQUATION ([1.1))

In this section, we establish the solutions of equation (1.1]).
From equation (1.1)), we can write

(21) Topi1 = aT2n—3

_ Mmes 01,
b+ cron—1%2n—3

aT2n—2

(22) Ton+2 = n = 0, ]., PN

)
b+ cxonTon—2

Using the substitution ys, | = —L—— equation (2.1)) is reduced to the

T2n—-1T2n—3
linear nonhomogeneous difference equation

b c 1
(2.3) Yo+l = —Y2n—1+ —, Y-1= n=201,...
a a

13 ’
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1

Note that for the backward orbits, the product reciprocals vor_1 = T —

satisfy the equation
a c 1 c

v = V1 —7, V1=——=—=, k=0,1,...
2kl = pU2k—1 T 1= s b )
Therefore,
b
Ton—1T2n—3 = ——~—=m o .
Yo
By induction on n we can show that for any n € N, if 29, 129, 3 = —W,

then z_12_3 = —%.

The same argument can be done for equation (2.2) and will be omitted.
Now we are ready to give the following lemma.

Lemma 2.1. The forbidden set F' of equation (L.1) is
F= UZO:O {(umu*lvu*?vuﬂ'ﬂ) cU-3 = _( - @ L)f} U Ufr?:o {(U’Oauflv
czl:()( t) !
. - _ b 1
u—27u—3) FU—2 = ((‘ZZD(%)z)uo}
Clear that the forbidden set F' is a sequence of hyperbolas contained entirely in

the interiors of the 204 and the 4th quadrant of the planes ugu_s and u_ju_3 of
the four dimensional Euclidean space

R* = {(uo,u_1,u_o2,u_3),u_; ER, i =0,1,2,3}.
That is the forbidden set is a sequence of hyperbolas contained entirely in the set
{(up,u—1,u_2,u_3),u—1u_3 < 0} U {(ug, u—1,u_2,u_3),upu—_o < 0} .
We define oy = x_oy;x_gyq, 1 =1,2.

Theorem 2.2. Let x_3,2_5,2_1 and xo be real numbers such that (xg,x_1,2_2,
x_3) & F. If a # b, then the solution {x,}>2 4 of equation (L.1) is

n—1 by\2j
T _(2)7bi+c .
x—SHj:o 2)27+10,+c n=159,...
n—2 b\2j
T (2)702+c B
‘T—2Hj:0 )2t te n=2,6,10,...
(24) Ty = "473 (9)21+191+(‘
z—lnjzo W, n=3,711,...
n—4 b 2j+1
£)2it19,+c N
fUOH] OWa n=4,812,...
—b—ca; o _
where 0; = %, Q=T _94iTgti, and 1 =1,2.

Proof. We can write the given solution as

o (920, +¢ N )02 4 ¢
7(‘1) Tygm42 = T— H (

x = X_
4m+1 3- O(Q)2j+101+07 é2j+19 -|—C
.]: a :
m m
(2)2”191 +c g 2]_‘—19 +c 0.1
Tam+3 = T 1H b » Tam+4 = To H m=9,1,...
by25+2 é 2y+2
izo \a 01 +c ]:0 a 92-‘1-0
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It is easy to check the result when m = 0. Suppose that the result is true for
m > 0.

Then
£)27014c
. B AT4ma1 B ar— 3H] 0( 127710, 1o
4(m+1)+1 — b 2 )2d+1
cT T (£)29614c i+10; 4¢
+ Am~+144m—+3 b"_c"If 3H] 0( )23+191+C IHJ 0( )2J+291+C
2]0
az_3 [T ﬂ

27+191+C

7b+cx_3(Hm ( )2791+C)3€ 1H] OW

2‘701-‘1-0
ax_ 31_[] 0( )2J+101+C

b4 cr_z_3(6) + C)(W)

m 259, 4
az-5((2)* 201 + ) [T} Hiravhee

b
b((2)2m+20, + ¢) + can (61 + ¢)

m m 279 “+c
az-s((2)*" 201 + ) [T} (Hirrvhiee

b((2)2m+20, + ¢) + c(a — b)

by2ig, 4
ea((2)27420) + ) TT}Lo (idvmsn e

BP0+ 9+ - b)

I
8

(22420, +¢) I (2)%0, +c
-3 b

(2230, +¢) g (2)27+10 + ¢

m+1 2]9 +e
rs H 29+10 +c

Similarly we can show that

m—+1 2]9 m+1 b\2j+1

c 2 0 c
Ta(m41)42 = T-2 H 2j+19+ Ta(m+1)4+3 = T—1 7((;)23‘%91 i
(2) +c’ gt () 1+ec

and

T4(m+1)+4 = Z0 BE

This completes the proof.
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3. GLOBAL BEHAVIOR OF EQUATION (|1.1]

In this section, we investigate the global behavior of equation (1.1]) with a # b,
using the explicit formula of its solution.
We can write the solution of equation (1.1]) as
m

Tam+2t+i = T4 2t+i H B(5:t,4) s
j=0
where ((j,t,1) = M t€{0,1} and i € {1,2}
) ( )2]+t+10 _j’_(/ Y ) *
In the following theorem, suppose that «; # “T’b for all i € {1,2}.

Theorem 3.1. Let {z,}52 _5 be a solution of equation (L.1)) such that
(xo,x_1,2_9,2_3) ¢ F. Then the following statements are true.

(1) If a <b, then {x,}22 _4 converges to 0.
(2) If a > b, then {x,}22 _5 converges to a period-4 solution.
Proof.

(1) If a < b, then 3(j,t,i) converges to ¢ < 1 as j — oo, for all £ € {0,1} and
i € {1,2}. So, for every pair (¢,i) € {0,1} x {1,2} we have for a given
0 < e < 1 that, there exists jo(t,7) € N such that, | 5(j,t,4) |< € for all
j > jo(t/i). If we set Jjo = maxp<<1,1<i<2 jo(tﬂ;), then for all t € {0, ].}
and ¢ € {1,2} we get

m

(@amy2eril = [e—arorsil | [[ B ,9)]
§=0
Jo—1
= |z_ay2t44] | Hﬁ]vt i)l | Hﬁ]ﬂf i)

Jj=0 J=Jjo

Jo—1 ,

<lae—agarsil | [T BG,E)em 90T
3=0
As m tends to infinity, the solution {z,}52 5 converges to 0.

(2) Ifa > b, then B3(j,¢,7) — lasj — oo,t € {0,1} and ¢ € {1,2}. This implies
that, for every pair (¢,4) € {0,1} x {1,2} there exists ji(¢,7) € N such that,
B(4,t,1) > 0 for all j > j1(¢, 7). If we set j1 = maxo<i<i,1<i<2 ji(t, %), then
for all t € {0,1} and i € {1,2} we get

m
Tamtoryi = T aroti | | BUED)

=0

Ji—1

=xz_ 4+2t+zH5]ﬂfZ exp(Zln (4,t,9) )

Jj=i1
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We shall test the convergence of the series Z;’;jl |In (B(j,¢,1))].

Since for all ¢ € {0,1} and 7 € {1,2} we have lim;_, |w =3,
using L’Hospital’s rule we obtain
Ing(j +1,¢,49)

W (50,7)
by,
—_—— | = | - < 1.
iseo | B3, t,19) (a>

It follows from the ratio test that the series Z;’i 5, 1 B(j,¢,4)] is convergent.
This ensures that there are four positive real numbers v4;, t € {0,1} and
i € {1,2} such that

Um Zgmiot4i =i, t€{0,1} and i€ {1,2}

where

o0 b 2+t
(7) I, + ¢

jZOW, t e {0,1} and 1€ {1,2}

f“ A [T TR
L]

TV NI
1 AR atne

] I
“‘H““v‘ ‘NUHUUHUUUUUHUUHUUHUUHUUHK
““UU - 0‘“

R

L L L L L L
0 20 40 60 80 100 0 20 40 60 80 100

o

3Tn_3

2T, .
Fic. 1: Tn+1 = =3 Fic. 2: Tn+1 = 1422, 123

3+Tn_1Tn_3

Example 1. Figure 1 shows that if a =2, b =3, ¢ =1 (a < b), then the solution
{zn}52 _5 of equation (L.1)) with initial conditions x_3 =0.2, z_2 =2, z_; = —2
and xy = 0.4 converges to zero.

Example 2. Figure 2 shows that if a =3, b =1, ¢ =2 (a > b), then the solution
{zn}52 _5 of equation (L.1)) with initial conditions x_3 =0.2, z_2 =2, z_; = —2
and xy = 0.4 converges to a period-4 solution.

4. CASEa=b=c¢

In this section, we investigate the behavior of the solution of the difference
equation

Tn—3
4.1 Ty = ——"=2  p=0,1,...
( ) s 1+ Tpn—-1Tn—3
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Lemma 4.1. The forbidden set G of equation (1.1)) is

G= UZOZO {(ug,u,l,u,z,u,3) ‘U-—3 = —(n%rl)r_l UU:ZO {(umu,l,u,g, U_3):
_ 1)1

U—2 = _(m+1)u70}'

Theorem 4.2. Let x_3,x_o,x_1 and xg be real numbers such that

(xo, _1, T_2, x_3) & G. Then the solution {x,}>° 4 of equation (4.1)) is

2 142 _
37*3Hj:40 ﬁ, n=15,9,...
nr2 1+(27)
$72Hj:40 %7 n=2,6,10,...
(4.2) Ty = s
T 14+(2j+ D)o
z1 1120 %, n=3711,...
22 142j4)a
o [1;20 1+(2i7+2)a§ n=4,812...
Proof. The proof is similar to that of Theorem and will be omitted. a

We can write the solution of equation (4.1)) as

m

Tamoeri = T agaeri | | V0, 11),
3=0

where 1(j,t,1) = 1o t €{0,1} and i € {1,2}.

In the following theorem, suppose that «; # 0 for all ¢ € {1,2}.

Theorem 4.3. Let {x,}52 _5 be a solution of equation (4.1) such that
(o, x—1,0_2,2_3) ¢ G. Then {x,}> _5 converges to 0.

Proof. It is clear that v(j,¢,i) — 1 as j — oo, t € {0,1} and ¢ € {1,2}. This
implies that, for every pair (¢,7) € {0,1} x {1, 2} there exists ja(¢,4) € N such that,
’y(j7t,i) > 0 for all j > jg(t,i). If we set jo = maxo<¢<1,1<i<2 jg(t,i), then for all
t €{0,1} and i € {1,2} we get

Tam2tri = T_araeri | | 70t 1)
j=0
J2—1 m 1
= T _442t+i H 7(]7@ 7’) exXp ( - Z In 7(]7t771)> .
J=0 J=J2
0 [e’e} 14+(25+t+1)a; .
We shall show that 3272 In W =3, In w = 00, by conside-
ring the series 3 7 G0y As
1 RN In((1 (27 1 1 (27
L UAGED (et D)/0 @ 0)
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using the limit comparison test, we get >

R. ABO-ZEID

o0

=i, I 0.

_1
v(3,t:1)

Therefore,

j2—1 m 1
Tamyarri = Toaoeri | | V0t 1) exp ( -y In—

Jj=0 J=J2

converges to zero as m — oo. O

=

=

(7
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