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KYBERNETIKA — VOLUME 50 (2014), NUMBER 6, PAGES 896-913

FUNCTIONALS OF SPATIAL POINT PROCESSES
HAVING A DENSITY WITH RESPECT
TO THE POISSON PROCESS

VIKTOR BENES AND MARKETA ZIKMUNDOVA

U-statistics of spatial point processes given by a density with respect to a Poisson process
are investigated. In the first half of the paper general relations are derived for the moments
of the functionals using kernels from the Wiener—It6 chaos expansion. In the second half we
obtain more explicit results for a system of U-statistics of some parametric models in stochastic
geometry. In the logarithmic form functionals are connected to Gibbs models. There is an
inequality between moments of Poisson and non-Poisson functionals in this case, and we have
a version of the central limit theorem in the Poisson case.
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Classification: 60G55, 60D05

1. INTRODUCTION

Recently the investigation of functionals of Poisson point processes using differences and
Wiener-It6 chaos expansion has been developed, cf. [4]. In [10] central limit theorems
for U-statistics of Poisson processes were derived based on Malliavin calculus and the
Stein method. The Wiener chaos theory involves both Gaussian and Poisson multiple
integrals [§]. In the present paper we study functionals of non-Poisson point processes
given by a density w.r.t. a Poisson process. Specially U-statistics are of interest and
general formulas for their moments are given based on conditional intensities. The
paper yields an alternative approach to the moment evaluation given by [2] where it
is based on Georgii-Nguyen-Zessin formula. The product of a functional and a density
is further studied in a logarithmic form using the characterization theorem for Gibbs
processes from [I]. There is an inequality between moments of Poisson and non-Poisson
functionals in this case, and we have a version of central limit theorem in the Poisson
case.

In the second part of the paper parametric models for point processes of interacting
particles [0] are investigated as a special case of the general theory. We concentrate on
lower-dimensional particles, namely interacting segments in the plane and plates in the
three-dimensional space and their natural U-statistics. Mixed moments are presented in
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a closed form either detailed or a shortened one. Limitations on the parameter space are
indicated. Finally in the Poisson case using results from [5] the central limit theorem
for a vector of U-statistics of the model is discussed.

2. MOMENTS OF FUNCTIONALS OF POINT PROCESSES HAVING A DENSITY

Consider a bounded Borel set B C R? with Lebesgue measure |B| > 0 and a measurable
space (N, ) of integer-valued finite measures on B. N is the smallest o-algebra which
makes the mappings x — x(A) measurable for all Borel sets A C B and all x € N.
A random element having a.s. values in (N, ) is called a finite point process. Let
a Poisson point process n on B have finite intensity measure A with no atoms and
distribution P, on N. We consider a finite point process p on B given by a density p
w.rt. P, i.e. with distribution P,

dP,(z) = p(z) dP(x), « € N, (1)

where p : N — R is measurable satisfying

/ p(z) dPy(z) = 1
N

For a measurable map F' : N — R, F(u) is a random variable. As described in [,
p-61, integer-valued finite measures can be represented in this context by n-tuples of
points corresponding to their support (n is variable). Sometimes we will apply this
representation without using its explicit notation from [I]. We deal with L, spaces,
1 < p < 400, of functions on various measure spaces. From we have formula

Lemma 2.1. Let for fixed m € N it holds F' € L,,(P,), Gn(xz) = F™(z)p(x). Then
the mth moment

EF™ (1) = EGm(n), (2)

specially for m = 1,2 we have
EF(u) =EG1(n), warF(u) =EG2(n) — [EG:1(n)]*. (3)
Proof. It holds EF™(pu me z)dP,(z) = me( )p(z) dP,(z) = EG,n(n), spe-
cially EF () = EG1(n), varF( ) =EF(u)? — (EF(u))?. a

For a functional F, y € B, one defines the difference operator D, F' for a point process
1 as a random variable

DyF(p) = F(u+0y) — F(u),

where §, is a Dirac measure at the point y. Inductively for n > 2 and (y1,...,yn) € B"
we define a function

n 1 n—1
Dyh Y F Dleym 7ynF
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where D} = D,,, D°F = F. Operator D},
functions T#F on B™ are defined as

_yn 18 sSymmetric in yq,...,Yn and symmetric

TTI:F(ylv cee 7y7l) = ]ED;l,,ynF(u)a

n € N, T§' F = EF (), whenever the expectations exist. We write T, F" for T)JF.
For the functionals of a Poisson process Theorem 1.1 in [4] says that given F,F €
L*(P,) it holds

E[F()F(n)] = EFGEF() + 3 — (T F T, Py, (1)

where (-, -),, is the scalar product in Ly(A").

2.1. Explicit formulas for U-statistics
A U-statistic of order k € N of a finite point process p is a functional defined by

F(p’): Z f('rla"'vxk)7 (5)

(xlv“vﬂk')ell/;

where f : B¥ — R is a function symmetric w.r.t. to the permutations of its variables,
f € Li(A\F). Here u’; is the set of k-tuples of different points of p. We say that F is
driven by f. By the Sliviyak—Mecke theorem [I1] we have

EF(n):/B.../Bf(xl,...,xk)/\(d(xl,...,xk)),

where we write A(d(z1,...,2%)) instead of A(dzq)...A(dzg). This notation is used
throughout the whole paper. Following [10] for F' € Ly(P,) using (4) it holds

varF(n) =3 <’;)2 (6)

i=1

x/Bi (/Bki f(yl,...,yi,xl,...,xk_i)/\(d(xl,...,mk_i)))g)\(d(yl,...,yi)).

It is then derived that for U-statistic of order k it holds

k!

Dy, F(u) = = Z k_nf(yl,...,yn,xl,...,xk_n) (7)

(@1, T —n ) EP

forn <k, Dy ., F=0forn>k Thus

k!

ToF (Y1, Yn) = =)

/Bk_n Fyt, e yns @1y ooy Th—n) M d(21, ..o TE—n)), (8)

n<k, T,F(y1,...,yn) =0,n > k.
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Let p be a finite point process with density p satisfying
p(x) > 0= p(i) >0 (9)
for all & C x. For the (Papangelou) conditional intensity of p, see [I], it holds
U
)\*(u,x):M, reN,ue B, ué¢ux,
p(z)

here probability P(u € p) = 0. For p(z) = 0 we put A*(u,z) = 0. For n > 1 we use
analogously a.s.
p(xU{uy,...,un})

MNo(ut,y ..., Un, ) = ,
(s w?) p(z)
Ui, ..., U, € B distinct, the conditional intensity of nth order of u, A\j = 1. We observe
that A} is symmetric in the variables uj,...,u,. A point process p with conditional
intensity A* has intensity function

p(u) = EA"(u, p) (10)

when ) is a restriction of the Lebesgue measure.
Lemma 2.2. Let p € Ly(P,), n € N, then A"-a.e. it holds
Top(rseey) = S (=" BN, (g5, j € T} ), (1)
Jc{1,...,n}

where |J| is the cardinality of J.

Proof. Under the assumption p € Ly(P,) it follows from (@) that T,,p € L2(A\") and
since D,y p1) = S g gu .y (=1 1Ip(n U {uy, j € 7)), cf. B, we have

,,,,,

Toup(yrs---,yn) =EDy, ., p(n)

A"-a.e. and follows. O

Theorem 2.3. Let F; be U-statistics of order k;, j = 1,...,m, such that

H Fj € Lo(Py)
j=1

and the density p € Ly(P,). Then it holds

m

[[Ew| =& J[Fim Z

Jj=1 Jj=1

3‘»—\

HFjaTnp>na (12)
7j=1

where ¢ = 7" | k;.
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Proof. Using formula (4]) with Ep(n) = 1 we claim that

T, [[F=0n>q (13)
j=1

For two U-statistics F, G of order k,[ driven by f, g, respectively, we have

Dy,FG(n) = Z flz,. .. xp) Z 9(z1,. .., 21)
(@1,0,m5) E(NUY) (21,2) €(UY)L,
- Z flxy,.. o o) Z g(z1,. .., 21).
(Ilv“'awk)eni (217---721)67];

Only terms where y is among variables (either in one or both sums) in the first product
on the right side do not cancel with any term in the second product. Thus for the second
difference there is one place less for variables (since y is fixed). After k + [ differences
all places are occupied and Dlycl-tlu,yk-#L is independent of the Poisson process. Therefore

the (k4 1+ 1)st difference is zero and holds for a product of two functionals. From
the same reasoning with more than two U-statistics follows. |

Theorem 2.4. For a U-statistic F' € Ly(P,) of order k and density p € Ly(F,) it holds

EF(u) = L flz, .z BN (21, oy, )] (A (21, .0 28)). (14)

Proof. Denote C} the set of all combinations ¢ = {c1,...,¢;} of distinct numbers

from {1,...,n}. We put and into with m = 1 and obtain
k
1 k!
EF(u) =Y —
(1) nzz;)n! / (k—n)!

x/k Fis o s yns 1y ) Nd(21, - - Thp))
Bk—n

XY (D" BN e Ve, AW - Yn))
Jj=0

ceCy
k k
=3y (h) (19
Jj=0n=j
X /Bk Z E/\;(ycw' <. 7ycj7/’[’)f(y1’ N ’yk))‘(d(ylv cee 7yk))'

ecCy
The cardinality of C7* is () and the identity
k

S (2)() o

n=j
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holds, see [3], p. 39, identity 11. Thus for each fixed j < k it follows that the inner sum
over n in vanishes, while the remaining value j = k yields the result. O

For a function h € L;(A\*) not necessarily symmetric, the symmetrization
1
Sh)(x1,...,zx) = o Z h(xgy, -, Tq),
" qET;,

where 7 is the set of all permutations of indices 1, ...k, is a symmetric function. We
observe that

Z h($17...7.')3k): Z S(h)($17,xk) (16)
(ml,...,a:k)elﬂ; (ml,‘..,wk)e;ti

is a U-statistic of order k.

Lemma 2.5. Let m € N, F; be U-statistics of orders k; driven by functions f;, re-
Spectlvely7 i=1,...,m, k1 > ky > --- > ky,. Then there exist functions h, j,.. . j.
RF1+2%000 [07 oo), Ji —0,...,k:“ 1—2, ,m, such that

117w (17)
i=1
> Ay, > Pkt gz oo (T -5 Ty 55 5
J25--50m (ml, axlc1+z7”2h)eﬂl;l+z Lo i
where we sum over j; =0,...,k;, i=2,...,m and
(K kil(ks +g2)! o (k1 + D00, j )!
Aj2:jm=H<.>k T e e (18)
oo \JI (k1 + g2 = ko) (k1 + j2 + 3 — k3)! o (k4 2000 Ji — km)!
Proof. We proceed by induction in the number of functions n = 2,...,m. For n = 2

and U-statistics Fy, Fy of orders ki, ko driven by f1, fa, respectively, k1 > ko, we have

ko
PPy = 3 (ﬁ) oy — = (19)

Jj2=0

X Z f2(m1a'~'7xk2)f1(x17"'7'rk:2—j25'rk:2+1;'"amkl-"—jz)v
k1t+i2

(ﬁlv 7$k1+32)€}1«
since the product Fy F of U-statistics is a sum of ko+1 terms, which are sums (over ko472
distinct points from p) of products fa(x1,..., Tk, ) f1(y1,. .., Yk, ), where ko — jo variables
appear simultaneously in both lists of variables of the product, jo = 0,1,..., ks. Their
first occurrence is independent of the order (since all orders are present in the inner sum
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of (19)) while their second occurrence is dependent on the order. Therefore coefficients
at the inner sums are equal to

k2 k1 > . )
ko — ! =0,1,...,kq,
(jz) <k1 — kg + 2 ( 2 J2) J2 1

hkl,j(xlv e 7$k1+j) = fZ(ml, e 7xk2)fl(xl7 vy Thy—jy Tho41y- - 'a‘rk1+j)

and denoting

leads to the result for n = 2. We can use the symmetrization argument (|16]) to claim
that the inner sum is a U-statistic for each j, =0, ..., ko. Further let (17) and
hold for n — 1, and n = 3, ..., m be fixed. We consider the product

n—1

i=1

We have k,, < ky + Z?:_;ji for any j; = 0,...,k;, i = 2,...,n — 1, so using the same
argument as above in the case n = 2 to any term in the outer sum of H?;ll F;(n) when
multiplied by F,,(x) the induction step is finished. Here

Py jooosin (YLs s Yy 557, 1)

= fa(Uts - Uk )Pk iy (YL - s Uhns— s YL+ s Yk 4300 5, )-
O

Remark 1. Lemma 2.5 shows how to compute coefficients at the terms of the product
explicitly. Instead of trying to express functions hg, j,,...;,, by means of functions f; we
can use a compact expression given by diagrams [5] [§]. Define k = k; + --- + k,,, and
blocks

Jiz{jlkl—F""Fki—l <j§k‘1+~"+k‘i}, t=1,....,m.

.....

all partitions of {1,...,k}) be the set of all partitions o € I} such that |[J N J'| <1 for
all J € m and all J' € o. Here |J| is the cardinality of a block J € . For a partition
o € I,  k, we define the function (®;7‘:1fj)g : Bl?l = R by replacing all variables
of the tensor product ®JL,f; that belong to the same block of o by a new common
variable, |o| is the number of blocks in 0. Under the assumptions of Lemma [2.5] we have

HFz(:U) = Z Z (@1 fi)jo(T1, -+, 20))- (20)

i=1 o€y, .

lo]

ckmo(T1,e,T) 0| )ER

Indeed, we have >, . Aj,.;, = card[][, , .m >2; =1,m = 1; which is proved
by induction in m, for m = 1 we have card Hk,l = 1. Induction step m — 1 — m follows
since for a new block J,, € m with cardinality k,, and 0 < j,, < k,, the factor (’;m)
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yields the number of combinations of j,, blocks J of partitions o € [[,  , with[J| =1
(subsets of .J,,) and the factor

(k1 + 52050 i)
(kl + EZ’;Q ]z - km)!

contributes to the number of partitions o € [] k1., When the remaining Ky, — jr, items
in J,, participate in blocks with |J| > 2.

Theorem 2.6. Let m € N, [[I", F; € Lo(P,), p € Lo(P,), where F; are U-statistics of
orders k; driven by nonnegative functions f;, respectively, i = 1,...,m. Then

m

E[[Rw= 5 [ @R 1)

Uenkl.“km

XEA, (21, 2o )N A2, - - - 2o )))-

Proof. In formula each term

> (@21 fi)jo)(x1, - -+, T|o)) (22)

— 3 SU(®i1f)jo)) (@1, -5 7)0))

($1,~~7I\a\)eu‘;‘

is a U-statistic by symmetrization. If we square formula with n instead of u, the
expectation of right hand side is finite, which sums only nonnegative terms and involves
squares of the inner sums of . Therefore each corresponding functional belongs
to Lo(F,), we can apply Theorem to all inner sums of from which the result
follows. |

Remark 2. Specially we have for m = 2 :

&2 (ks k!
enrel =3 () i 3

X /Bk » h;ﬁ’j(ml, . 7$k1+j)E[)\Zl+g‘($17 vy Tl g M)])\(d(l’l, . 7-77k1+j>)-
1+3

Formula has an analogous structure (including higher-order conditional intensities)
as the formula in Proposition 3.1 in [2] (derived from Georgii-Nguyen-Zessin formula),
where the integrated functions have a simpler form. While this cited paper has a more
general background, our present paper is directed to explicit results for U-statistics and
applications in stochastic geometry.
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The assumptions of the above Theorems can be verified using formula for the expec-
tation of a nonnegative functional of a Poisson process, see [7], p. 15:

E[F(n)] :e*MB)Z%/B.../BF(ul,...,un)A(d(ul,...,un)). (24)
n=0 "

Example 2.7. Consider k =1, C' C B measurable and U-statistic

F(p) =Y fy)=wC), fu) = lyeo.

yep

Let >0, 0 <~ <1, r > 0 be parameters, p a Strauss point process [I] on B C R?
bounded with density

p(l‘) = aﬁn(z),}/s(z)’ S(x) = Z 1[HzfyH§r]a (25)
{y,z}e€a

w.r.t. the Poisson point process with Lebesgue intensity measure A\, « is the normalizing
constant, n(z) the number of points in z. Here conditional intensities

N (u,z) = By N5 (g1, ya, ) = B2y v —valisr 4 o)+t (2,o)

where t(u,x) = Ey@ 1{jju—y||<r]- The assumptions of Theorems and are verified

using , since e.g. p?(x) < o?327(*) and ZZOZO @Lﬂ < o0, analogously for F2, 4.
Thus we obtain

Eu(C) = 8 /C E[y/ )\ (dy),
E[u(C)?) = 8 /C E[y/ )]\ (dy)

+32 / fylmyl—yz\\sr]Eht(yl7u)+t(y2,u)])\(d(y17 y2)).
C<2

Example 2.8. The special case of Strauss process with v = 1 in 7 A restriction of
Lebesgue measure, is Poisson process 73 with deterministic constant conditional inten-
sities Af(u,mg) = 8", n=1,2,... and constant intensity function 3, cf. . An easy
exercise is to verify that formula @ for 73 is a special case of .

2.2. Functionals in logaritmic form

In Lemma 2.1l we used the relation
EF™(p) = E[F™(n)p(n)], m=1,2,...,

where 77 is a Poisson process and p a point process with probability density p w.r.t. 7.
Consider a functional on N

H,, =log(F"p) =mlogF +logp, m=1,2,... (26)
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under the assumption H,, € L1(P,). From Jensen inequality we have
log EF™ (p) > EHyp (). (27)

According to Theorem 4.3 in [I] A\*(u,z), z € N, u € B, is a conditional intensity of
a point process u satisfying @D if and only if it can be expressed in the form

N (ua) =exp | Vi(w)+ > Va(wy)+ D> Va(wynys)+...|, ()

ye (y1.y2)€x

where Vj, : B¥ — R U {—o0} is called the potential of order k. Then the density is that
of a Gibbs process

pl)=exp [Vo+Y Vil + Y. Valy,po)+..- |- (29)

yez (y1.y2)€22

Consequently

logp(z) =Vo+ > Vi) + > Valyr,me) + ...

yex (yl,yz)EI;Cz

is a sum of a constant and U-statistics.
Assume that there is only a finite number [ of sums on the right side of and
further that

F(n) =exp Z flay,... zp) | - (30)

k
(1,005 zk)€n¢

Then log F' is a U-statistic of order k and H,, is a finite sum of U-statistics.

3. STOCHASTIC GEOMETRY FUNCTIONALS

Let B C R!, 1 € N be a bounded Borel set with positive Lebesgue measure, X a germ-
grain process [11] of germs z € B and compact grains K, C R!, typically z € K. For
a realization x of the germ-grain process denote U, the union of all grains. Consider a
probability density [7]

p(a) = ¢ L exp(vG(UL)), (31)

of X w.r.t. a given reference Poisson point process 7. Here v = (v1,...,14) is a vector
of real parameters, ¢, a normalizing constant, G(U,) € R? is a vector of geometrical
characteristics of U,. In the exponent of there is the inner (scalar) product in
R?. The largest set of v such that exponential family density is well defined is
{v € R? : Elexp(vG(U,))] < oo}, see [7]. For a vector of geometrical characteristics
G(Uz) = (G1(Ug), ..., Gr(Uy)),r € N denote

Dy GU) =Dy . Gi(Uy),....Dy . G(Uy)"

Y1,--Ym Yi,.. Y1,

the vector of mth differences.
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Theorem 3.1. Consider the probability density . Then for the corresponding Pa-
pangelou conditional intensity A}, of order m € N and € N it holds

A5 (Yms sy, @) = eV@mGWU) g g (32)
with
QmG(UI) = D;ﬁ,...,ymG(Um)
m—1
+ Z Dyil,---,yim,lG(Uz) tot Z quG(Um)a
i1, 0tm—1€{1,...,m} 1<i<m

where the indices in the sums must be different.

Proof. We have for x € N

Pr@ UYL - Ym}) vy DG

>‘:<n Yiy- oy Ym, T) =
(1 ) p,,(x)

We need to prove that
QmGU,) =GUz U{y1,...,ym}) — G(Uy). (33)

For m = 1 we have

vG(UzU{y})
* € v(G(U —G((U vDIG(U vQ1G(U,
Al(y’q;) = 7@1’6:( 5 —e (G(UzU{y}) (Uz)) _ e yG( %) e Q1G( )

Now assume that the formula holds for m — 1 and we shall prove it for m. Firstly
split @G (Uy) :
QuG(Us) = D, G(Us)+ (34)

m—1
+Y D2, GU.)+ >, Di.,. GU.)+--+Dy ., GU,)
j=1

1<i<j<m—1

G(U,).

----- Ym—1

m—1
+> Dy GU.)+ Y. D2, GU.)+-+ Dyt
j=1

1<i<j<m—1

From the assumption the third line of is equal to Q,,—1G(U,) and further
QmG(Ua) = G(Ux U {Z/h ce 7ym—1}) - G(Uz) + D;MG(Ux)

o (Sopewn s ¥ ph,ewa s s0pt, 60)
P 1<i<jEm—1
=GU, V{1, ym-1}) — G(Uz) + D, G(Uy)
+D,, (GUz U{y1,...,ym-1}) — G(Us))
=GU, U{y1, - ym—1}) = G(U:) + Dy, G(Uz) + G(Us U{y1, .-, ym})

7G(UI U {yla cee 7ym—1}) - D;MG(UI) = G(U’E U {yl, B yM}) - G(UI)



Functionals of spatial point processes having a density 907

3.1. Particular models

The intensity of the reference process depends on a specific model, see [6] for interacting
discs. Here we consider process of interacting segments in R? or interacting plates in R?
where we study natural U-statistics. Consider first B C R?,

Y = B x (0,b] x [0,7), (35)

where b > 0 is an upper bound for the segment length. The Poisson process n on Y has
intensity measure A,

Ad(z,7,9)) = p(2)dzQ(dr)V(d¢), (36)
where z denotes the location of the segment centre, r the segment length and ¢ its axial
orientation, @),V are probability measures, V nondegenerate, p a bounded intensity
function of germs on B. The segment process p has the density with v = (v, 12),
we assume vo < 0 to guarantee that p is a probability density. Further

G(Uz) = (L(Uz), N(Us)), (37)

where L is the total length of all segments and N the total number of intersections
between segments. Thus if [ is the length of an individual segment

L(U,) =Y 1(s) (38)

seEn
is U-statistic of the first order and
1
N(Uy) = 5 Z Lisnt20] (39)
(s,t)EnZ

is U-statistic of the second order.
Similarly we consider B C R? and a Poisson process 7 in

Y = B x (0,b] x S?, (40)

where b > 0 is an upper bound for the plate radius and S? is the unit hemisphere in R3,
with intensity measure A on Y

Ad(z,7,0)) = p(2)dzQ(dr)V (d¢)

where z denotes the location of circular plate centre, r the radius of the plate and ¢ its
normal orientation. The point process u of circular plates has the density w.r.t. 7
with v = (v1,v2,v3), we assume vo < 0, v3 < 0. Further

where S is the total area of plates, L the total length of intersection lines and N the
total number of intersection points of triplets of plates. Let A be the area of a single
plate, [ the length of a single intersection segment, we define

SU) =Y A6, LU)=5 3 Usnt)

seun (s,t)e;ﬂ#
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which are U-statistics of the first, second order, respectively, and

NU) == > stz

(s,tu)ep

is U-statistic of the third order.

In the following we obtain formulas for the moments of these functionals defined for
segment and plate processes. Consider the plate process, for x € N, y,y; €Y, y,y; ¢ «
we have

DyS(Uz) Aly)
DyN(Us) 2 2o(s,t) a2, Lsntnyz£0)
0
Dy, ,,G(Ux) = I(y1 N y2) :
Zsex 1[sﬂymyz#0]
0
3
Dyl,yzaysG(UI) = 0 )

1 [y1Ny2Ny3#0]

higher order differences are equal to zero. Denote £,(y) = exp(vD,G(U,,)),
gu(yla Y2) = eXP(V(DylG(Uu) + Dy2G(UM) + Dzl,ng(Uu))),
Eu(yt, -, ym) = exp(vQy,), m = 3,... where

Qn=Y D, GU)+ Y. D GU)+ > Di, G,
=1

1<i<j<m 1<i<j<i<m

From Theorem we obtain the following.

Corollary 3.2. For n € N we have for the plate process p with density (31f), vy <
0, v3 <0, the conditional intensity of order n

AWy Yns ) = Eu(yi, - Yn) a.s.

Theorem 3.3. Let u be the process of circular plates on Y with density ,
vy <0, v3 <0. Then
BS(W,) = | ElEmIAWA).
1
BLW) = 5 [ | B mliln )\, e).

1
EN(UH) = 6/}/“3 E[g/t(yhy27yS)]l[ylﬁyzﬁys;ﬁ@])‘(d(yhy27y3))7

BIS(U.)] = [ | B, 1)l A1) Al )
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+ / E[E, ()] A(y)*\(dy),
Y

E[L(U,)?] = i/w E[€u(y1, Y2, Y3, ya)ll(y1 Ny2)l(ys N ya) A (d(y1, - - -5 ya))

+ /Y3 E[€u(y1, Y2, y3)1l(y1 N y2)l(ys Ny1)A(d(y1, y2,Y3))

| Bl i 17520,

N =

+
1
E[N(U 2 = oz / . E[g#(yla s ayﬁ)]l[ylﬂyzﬁywﬁ@]1[y4ﬁysﬁy67&®])‘(d(y17 cee ayG))

1

+1 /Y5 E yl’ T ’y5)]1[ylﬁyzﬂy37ﬁ®]1[y4ﬂy5ﬂy1¢®]/\(d(y1, ceey y5))
1

+§ . ElE.(y1,- -+ ya) 1y nyarys20) Lyanyenya 201 A(A (Y1, - - -5 ya))

+6 /Y3 ]E[gu(yh Y2, y3)]1[ylﬁy2ﬂy37ﬁ@]>‘(d(y17 Y2, 1113))

Proof. We verify assumptions of Theorems[2.4 and [2.6] from which the formulas follow.
For x € N with n(z) = n we have upper bounds

S(U,) < wbn, L(Us) < 26@, N(U,) < (g)
Since 15 < 0, v3 < 0 we have
p?(z) < const.exp(2vywb*n(z)),

and from ([24)

exp(2v17b*n) < +oo.

NE
>
=

3

n!
n=0

Concerning the powers of U-statistics S(U,), L(U), N(U,) an analogous estimate of

is finite. O

From Theorem one can also obtain explicit formulas for mixed moments of U-
statistics, e. g.

E[L(U,)N(U,)| = *LsE[Eﬂ(yl,yz,yg)]l(m N Y2) Ly nyonys 20 Md (Y1, Y2, ¥3))

yla o 7y4)]l(y1 N y2)1[y1ﬂy3ﬁy4;ﬁ@])‘(d(yla o 73/4))

En(yrs -5 us)l (Y N y2) L ysnyanys 2 A (Y, -, ys5))-
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Higher-order moments can be briefly formulated by formula (21)), e. g.
1
ESU)LULNUL)] = 5 > . ‘(S(') ®U(-N") ® 1pn20)0|
o€l 2,3 7

XE}‘T{T‘ (21, .., x|0|;u))\|”|(d(m1, e Tg))-

Explicitely, some terms in this expression can be joined and there remain ten terms, the
coefficients of which can be obtained from .
We obtain similar results for the segment process u in R? with U-statistics G(U,) in

(37). Here we have for y,y; € Y , v,y ¢ x, x €N

l(y) ) 2 ( 0 )
D,G(U,) = , D2 G(U,) = .
yGUs) (Zsexl[sny;ém 02 (U) Ly nya 0]

Define analogously &, (y) = exp(vDy,G(UyL)), Eu(y1s---Ym) = exp(vQm), m € N

Qm =) D, GU)+ Y D2 GU,.

i=1 1<i<j<m

Observe as in Corollary 1 that a.s.

Eu(yrs - ym) = A (Y15 ym), m €N
Corollary 3.4. Let u be the segment process on Y with density , V9 < 0, then
for U-statistics and we have

EL(U,) = /Y ELE, (1)](1)A(dy),

1
]EN(UM) = 5 \/YQ E[Eﬂ(ylay?)}l[ylﬂyz#@]A(d(ylay2))7

E[L(U,)?) = /Y E[E, (4)]1(y)*A(dy)
+ / EL&, (1. 42) (50 L(2) M1, 92)),
y2

BN = 5 | ElEumn, 1)l N, )
+/Y3E[gu(y1,y27ys)]l[ymy#w]1[y3ny1;ew]/\(d(y1,yz,ys))
R BT I AT AR}
The proof is as in Theorem [3.3

The assumptions on the parameter vector v correspond to non-attractive interactions
among objects (plates or segments).
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3.2. Geometric functionals in logaritmic form

Here we deal with
H,,(n) =mlog F(n) +logp(n), m=1,2,...

in having in mind that the process p with density p w.r.t. 7 is related by means of
logEF™ () > EH,,(n). Now consider the density where

logp(x) = —loge, +v1S(Uy) + vo L(U,) + v3N(Uy)

which is a finite Gibbsian form, cf. (29) with = 3 non-constant terms. For F(z)
consider one of the three choices: F(x) = eSWs)  eL(Uz)  oN(Uz) accordingly we write
HY HZ2 H? respectively:

Hiz(n) = —loge, + (m+11)S(Uy) + v2L(Uy) + v3N(Uy)
Hy(n) = —loge, +uiS(Uy) + (m+va)L(Uy) + 3N (Uy)
Hpy(n) = —loge, +v18(Uy) +12L(Uy) + (m + v3)N(Uy).

In order to study the statistics HZ, we need to investigate multivariate behavior of a
vector of U-statistics, e.g. for the process of plates in R?

(S(Uy), L(Uy), N(Uny)).
Generally for [ > 1 andi=1,...,1let k; € N, f& € L;(\*) be symmetric functions,
F(Z)(W): Z f(i)(xla"'vxki)‘
(11,-4.,%1)67&
Consider Poisson processes 1, with intensity measures A, = aA, a > 0. Following [5]
U-statistics ‘ ‘
Féz)(na): Z f(l)(xla"'vmki)

(w17~~~,Iki)€7I§;
are transformed to
F0 = g=Gi=3)(F0) _EF®). (41)
The asymptotic covariances are

Cij = lim cov(F9, FW)) = /TlF(i)(x)TlF(j)(x))\(dx), i,je{l,...,1}. (42)

a—0o0
The convergence under the distance between [-dimensional random vectors X, Y

d3(X,Y) = sup [Eg(X) — Eg(Y)],
geEH

where H is the system of functions h € C3(R!) with

9%h 0%h
max  sup |A| <1, max sup | (z)
1<y <ip<l g ept | 0%, 04,

—| <1
1<iy <ia<is<l yep Ga:il@xizaxi3| -
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implies convergence in distribution. Based on the multi-dimensional Malliavin-Stein
inequality derived in [9] for the distance d3 of a random vector from a centered Gaussian
random vector X with covariance matrix C' = (Cyj)i j=1,...1, [5] show that under the
assumption

/|T1F(i)|3d/\ <o iz1,... 1 (43)
there exists a constant ¢ such that

ds(F),..., F"),X) <ca™%, a> 1. (44)

Example 3.5. Consider the Poisson segment process on Y’ with intensity measure

A and the U-statistics and . In
Chy = / 1(s)2A(ds), Cas = / M{s 50t 0))2A(de),
Y Y

Cia =2 /Y Uy)A({s 5Ny # OPAy).

The assumption (43)) transforms to conditions:

/ 1(s)3\(ds) < o0, / M{s;s Ny # 013\ (dy) < oo.
Y Y

The finiteness of the intensity A in and the boundedness of the segments guaran-

tee that all integrals are finite. Thus for the random vector (Fél),ﬁ‘éz)) obtained by

transform of
(L(Uy,), N(Uy,))

both the central limit theorem and the Berry-Esseen type inequality hold.
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