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Abstract. Let A be a unital Banach algebra over C, and suppose that the nonzero
spectral values of a and b € A are discrete sets which cluster at 0 € C, if anywhere. We
develop a plane geometric formula for the spectral semidistance of a and b which depends
on the two spectra, and the orthogonality relationships between the corresponding sets
of Riesz projections associated with the nonzero spectral values. Extending a result of
Brits and Raubenheimer, we further show that a and b are quasinilpotent equivalent if and
only if all the Riesz projections, p(«,a) and p(a,b), correspond. For certain important
classes of decomposable operators (compact, Riesz, etc.), the proposed formula reduces
the involvement of the underlying Banach space X in the computation of the spectral
semidistance, and appears to be a useful alternative to Vasilescu’s geometric formula (which
requires the knowledge of the local spectra of the operators at each 0 # z € X). The
apparent advantage gained through the use of a global spectral parameter in the formula
aside, various methods of complex analysis can then be employed to deal with the spectral
projections; we give examples illustrating the usefulness of the main results.

Keywords: asymptotically intertwined; Riesz projection; spectral semidistance; quasinil-
potent equivalent

MSC 2010: 46H05, 47A05, 47A10

1. INTRODUCTION

Let A denote a complex Banach algebra with identity 1. For a,b € A associate
operators Lq, Ry, and Cyp, acting on A, by the relations

Lox =ax, Rpyr=uab, and Copr = (L, — Rp)xr for each z € A.

Since L, and R, commute, it is easy to show that

Colyr = Z(—l)k (Z) a"Fxb*  for each z € A,
k=0
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with the convention that if 0 # a € A, then a” = 1. Using the particular value
x =1, define p: A x A— R by

(1.1) o(a,b) = limsup [|C}, /",
and then define

(1.2) p(a,b) = sup{e(a,b), o(b, a)}.

If X is a Banach space, and A = £(X) is the Banach algebra of bounded linear
operators from X into X, then the number o(S,T) is a well-established quantity
called the local spectral radius [5], page 235, of the commutator Cgr € L(A) at I.
The number p(S,T) is called the spectral distance [5], page 251, of the operators
S and T. Furthermore, the pair (S,T) is said to be asymptotically intertwined [5],
page 248, by the identity I, if o(S,T) = 0. If each of the pairs (S,T) and (T, .S)
is asymptotically intertwined by the identity operator (i.e., p(S,T') = 0), then S
and T are called quasinilpotent equivalent [5], page 253. A first generalization in
the framework of Banach algebras on topics related to the commutator appeared in
Section II1.4 of the monograph [8]. In the paper [7], p is called the spectral semidis-
tance, which is perhaps a little more appropriate in view of the fact that p is only
a semimetric [5], Proposition 3.4.9. One may think of the spectral semidistance as
a noncommutative generalization of the distance induced by the spectral radius when
a and b do commute. Again, if p(a,b) = 0, then a and b are said to be quasinilpotent
equivalent. A good source of results on the topic of spectral (semi)distance is Laursen
and Neumann’s recent monograph [5]; the reader may also want to look at [2]-[4],
[7], [9], [10]. We should mention the following simple but useful property of ¢ and p
which appears explicitly in [2], Lemma 2.2: If ¢, and ¢, are quasinilpotent elements
of A commuting with a and b, respectively, then o(a,b) = o(a + ¢a, b + q»)-

The results in the present paper are related to Vasilescu’s geometric formula [10]
for the spectral semidistance of decomposable operators S,T € £(X):

p(S,T) = sup{max{dist(\, or(z)),dist (1, 05(z))}: #0, A € 05(x), p € or(z)},

where og(x) and or(x) are the local spectra of S and T, respectively, at € X.
The usual spectrum of a € A will be denoted by o(a, A), the “nonzero” spectrum,
o(a, A) \ {0}, by ¢’(a, A), and the spectral radius of a € A by r,(a, A). Whenever
there is no ambiguity we shall omit the A in ¢ and r,.
If € A and « € C is not an accumulation point of o(a), then let T'y, be a small
circle, disjoint from o(a), and isolating a from the remaining spectrum of a. We
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denote by

pla, a) L/F (A1 —a)"tdA

- 2mi

the Riesz projection associated with a and o. If a ¢ o(a), then, by Cauchy’s theorem,
p(a, a) = 0. For Riesz projections p(aq,a) and p(ag,a), with a1 # as, the functional
calculus implies that p(aq,a)p(ae,a) = p(asz, a)p(ar,a) = 0.

We recall the following well-known “spectral decomposition” (see [1], page 21)
from the theory of Banach algebras:

Lemma 1.1. Suppose a € A has o(a) = {A1,...,\n}. Then a has the represen-
tation

a=Ap1+...+Xpp +7q,

where p; = p(\i,a), > p; = 1, and r, is a quasinilpotent element belonging to the
bicommutant of a.

It is worthwhile to mention here an interesting connection which relates ¢ to the
growth characteristics of a certain entire map from C into A: Let f be an entire
A-valued function. Then f has an everywhere convergent power series expansion

f(>‘) = Z an A",
n=0

with coefficients a,, belonging to A. Define a function M;(r) = sup [|f(A)], r > 0.
[Al<r
The function f is said to be of finite order if there exist K > 0 and R > 0 such that

M(r) < "™ holds for all r > R. The infimum of the set of positive real numbers K
such that the preceding inequality holds is called the order of f, denoted by wy. If
wy =1 then f is said to be of exponential order. Suppose f is entire, and of finite
order w := wy. Then f is said to be of finite type if there exist L > 0 and R > 0
such that M (r) < e*" holds for all » > R. The infimum of the set of positive real
numbers L such that the preceding inequality holds is called the type of f, denoted
by 7¢. It it known (see the monograph [6], page 41) that the order and type are
given by the formulas

. nlogn 1 . "
wf:hmnsupm and Tf:@hmsup(n\'/ﬂanﬂw‘f).

Concerning the formula for 7¢, we remark that if f is of order 0 and finite type, then
it follows directly from the definition, together with Liouville’s theorem, that f must
be constant.
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Let a,b € A, and define
f: A ere™ NeC.

The corresponding series expansion, valid for all A € C, is given by

> AnCn1
f) =ere ™ = Z 7‘:’17 .
— !

Since ||f(\)| < eUlel+IDIA for all X € C, it is immediate from the definition that

f is of order at most one. Suppose we know that f is of exponential order (i.e.,

wy = 1). Recall now, using Stirling’s formula, that 1imn(1/n!) Vn _ e, from which
n

we subsequently obtain

1 1\1/n
Tf = o lim sup (n(;) HC;L,IHU”) = o(a,b).

n

To start with, we give a brief argument, using these ideas, which quickly leads to (an
improvement of) the main result in Section 4 of [2].

Theorem 1.2. If o(a) and o(b) are finite, then g(a,b) = 0 if and only if a —
re = b — 1y, where v, and r, are quasinilpotent elements commuting with a and b,
respectively.

Proof. The reverse implication is trivial as in [2]. With Lemma 1.1 we can

n k _
write a —rq = > Ajpj and b—1, = Y Bjq;. Denote @ = a —rq, b = b — 13, and
j=1 j=1

_ = k
define f(\) =e*@e~*. Since Y p; =1 and Y ¢; = 1, and using the orthogonality,

n
Jj=1 J=1

we have
n k
(1.3)  f(\) = {1 +) (M - 1)pj} [1 + (e - 1)qj] =3 iy,
Jj=1 Jj=1 7

Fix any i € {1,...,n}, j € {1,...,k} such that p;¢; # 0, and define
9i.;(\) = pif(\)gj = e P pq,.

Let us assume \; # §;. If we notice, using Stirling’s formula, that lim nlogn/logn! =
n

1, then the coefficient formula for the order applied to the representation g; ;(\) =
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e(’\i’ﬂi))‘piqj shows that g; ; is of exponential order. But now, on the one hand, using
the submultiplicative norm inequality, the representation

9i4( Z

gives the type of g; ; as o(@,b) = o(a,b) = 0, and on the other hand, the repre-
sentation g; j(\) = e =Fi)Ap,q; says the type is equal to |\; — ;| # 0. From this
contradiction we may conclude that for each pair i, j, either p;g; = 0 or A\; = B;.
It then follows from (1.3) that f is constant, so f(\) = e*@e~* = 1 for all A € C.
Differentiation finally gives @ = b. O

2. GEOMETRY OF o

To obtain the main result, Theorem 2.5, we first need to establish the formula in
the case where o(a) and o(b) are finite sets. As in the proof of Theorem 1.2, using

n k
Lemma 1.1, we can write a = Y \ip; +r, and b= ) fjq; + 1. Setting@=a —r,
i=1 j=1

and b = b — 1y, we obtain the following:

Lemma 2.1. Suppose o(a) and o(b) are finite. Then there exists a finite-
dimensional Banach space X C A such that o(a,b) = ro(Lg — Ry, L(X)).

Proof. Let X denote the normed space spanned by the set

Y ={pi¢i:ie{l,...,n}, je{l,....k}, re{0,1}, t € {0,1}}.

It is elementary that Lz and Ry belong to £(X). Without loss of generality we may
assume that Y constitutes a linearly independent set of vectors. Since X has finite
dimension, there exist K1, Ko > 0 such that if z is a linear combination of elements
in Y with coefficients o, . . .,~s, then

Ki(hol+ -+ 1)) < ll=ll < Ka(lyol + -+ |s))-
Obviously we may take K5 as
Ky = supd lpi gyl + 1 i € {L,...,n}, 5 € {1k} }.
So for x € X given by, say,

T =51+ v1p1 +vq +v3p191 + .- + VsPnGk,
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it follows that
Clhr = [CT5 1 + np[CT5 4+ 722(CT5a + - - + 75l CF 5 g,
and thus

w5l < (ol + Pralllpall + Pelllall + -+ Psllpal lael) 1CZ5L

2(|’Yo|+|’71|+|’Y2|+~~~+|’Ys|)|| 1||
K zllezsa.

//\ N

Taking the supremum over all « of norm 1, we see that
1G] < KoK Oy
holds for each m. So it follows that

ro(Lg — Ry, L(X)) = hmsup ([ 1/m < lim sup ||C’gj’31||1/m = o(a,b).
m

il
On the other hand, it follows trivially from ||C” 1|| ||Cm7|| that 0(@,b) < 7o (Lg —

Ry, £(X)), and hence o(@,b) = r,(Lq Rb,ﬁ( )) But of course o(a@, b) = o(a, b).

Theorem 2.2. Suppose o(a) and o(b) are finite with o(a) = {A1,..., A},

o) = {B1,..., Bk} If {p1,...,pn} and {q1,...,qx} are the corresponding Riesz
projections, then

(2.1) o(a,b) = sup{|Xi — B;|: pig; # 0}.

Proof. By Lemma 2.1 we have that

n k
(2.2) o(a,b) = r, <Z AiLp, — > BiRy,, E(X)) .
i=1 i=1

The preceding formula remains valid if we scale down to the commutative unital
subalgebra generated by L,, and R,,. Notice that Y L,, = I, and Y} R, = I. From

this, together with the fact that L,, are mutually érthogonal and Iz%q are mutually
orthogonal, we now have the following: Corresponding to each x belonging to the
character space of the algebra, there exists a unique pair, say L,, and R,,, such that
X(Lp,) =1 = x(Ry,) and x(Lp,) = 0 = x(Ry,;) whenever i # t, j # s. Conversely, if
the product p.qs # 0, then the projection L,, R, # 0 and hence there is x such that
X(Lp, Rq,) = 1. So, for each of the two projections, we have x(L,,) = 1 = x(Ry,).
With these observations, (2.2) gives the formula (2.1). O
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It is not obvious from (1.1) that p is not symmetric (see the comments in [5],
page 251, regarding this matter). However, Theorem 2.2 prescribes the construction
of a, b such that g(a,b) # o(b, a); the formula (2.1) suggests that one should look for
Riesz projections, say p and ¢, such that pg # 0 but gp = 0.

Example 2.3. Let A be the free algebra generated by the alphabet {1,271, 22},
subject to the conditions x% =1, x% = 9, T122 = 0 and xox1 # 0. A is a Banach
algebra with

||Oéo]. + 11 + agxo + Oég(EQiL’lH = Z |Oé]‘|.
J

Now take a = %a:l and b = —%332. Then
Copl= 2—n(x1 +x2) = ||Ca’b1|| = S = o(a,b) = 3

On the other hand,

e =(=3)"[(§)az+ (P)eam bt ([ Jason + (2) ]

1 S/
= ) = 5 > (]) 1= o(ha) =1,

=0

For a more concrete exposition, notice that A in Example 2.3 is isomorphic to
a four-dimensional subalgebra of M3(C), the algebra of 3 x 3 complex matrices.

Theorem 2.4. Suppose o’(a) and o’ (b) are discrete sets which cluster at 0 € C,
if anywhere. If o'(a) = {\1,Ae,...} and o'(b) = {f1,02,...} denote the nonzero
spectral points of a and b, and if {p1,p2,...} and {q1,q2...} are the corresponding
Riesz projections, then g takes at least one of the following values:

(1) o(a,b) = sup{|\; — B;|: piq; # 0}, or
(ii) o(a,b) = |A;| for some i € N, or
(i) o(a,b) = |B;| for some i € N.
Moreover, o(a,b) = 0 if and only if the spectra and the corresponding Riesz projec-
tions of a and b coincide.

Proof. We prove the result for the case where both o(a) and o(b) are infinite sets;

n n
the other cases follow similarly: For each n € N, let a,, = > A\;p; and b, = > Biqu,
n n =1 =1
and put po, =1— > pi, gon =1— ) ¢. As o(a), o(b) are assumed to be infinite,
i=1 i=1

we must have pg , # 0, qo,n 7 0. Note that o(a,) = {Xo, A1, ..., An} with Ag = 0 and
similarly o(b,) = {80, 51, ..., Bn} with Sy = 0 (because anpo.n, = 0 and bpqo,n = 0).
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Furthermore, for each n, let I', ,, be a simple closed curve, disjoint from o(a), and
surrounding only the subset {Ap+1, Ant2,...} U {0} C o(a). If we notice that for

a—Zapz—i——/ AAL —a)7td),

and that a, commutes with a, then it follows that o(a—ayn) C {An+1, Ante,...JU{0},
and hence 7, (a —a,) — 0 as n — oco. In the same way it follows that r,(b—b,) — 0.

each n,

Using the triangle inequality for o, together with the fact that o(x,y) = ro(x — )
whenever x and y commute, we then obtain

|0(an,bn) — 0(a,b)| < ro(a —an) +75(b—by),

whence it follows that o(a,b) = lim o(an, b,). We now want to use Theorem 2.2 to
n

calculate g(ay, by, ); this requires the knowledge of the Riesz projections p(\;, a,,) and
p(Bi,by) for i =0,1,...,n: Observe, for A € o(a,,), that

(AL = @)™ :_+Z>\>\ )

So it follows from the Cauchy integral formula and the Cauchy integral theorem that
for each 0 < ¢ < n, p(\i,a,) = p;. A similar argument yields p(8;,b,) = ¢ when
0 < ¢ < n. It is then obvious that p(Ao, an) = po,n and p(Bo,bn) = qo,n. Define, for
each n € N,

Ul,n = {lAz _6_]| Diq; 7é 07 Z7] = 17" 'an}7
U2n:{|A1| pqu,n7é07 i:1,...,n},
US,n:{|6i|: p07nqi7é0; i:17"'an}7

and U, = U Ujn. If we keep n fixed for the moment, writing pg = po.n, 90 = qo,n,

then, by Theorem 2.2, we obtain

(2.3) 0(an, bn) = sup{|Xi — Bj]: pig; #0, i, =0,1,...,n} =supU,.

Notice that U,, # 0, because if Uy ,, = ), then, for instance, p1g; =0for j =1,...,n,
S0 p1gon = p1 # 0, whence |A1| € Uz, C U,. Having established (2.3), we are
now in a position to derive the conclusion of Theorem 2.4. We shall first prove the
statement that o(a,b) = 0 if and only if the spectra and the corresponding Riesz
projections of a and b coincide: For the reverse implication notice that we can take
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ap = by, for each n € N. Thus g(a,b) = lim o(an, b,) = 0. Suppose, conversely, that
o(a,b) = 0. First let us remark that for enach index 7. we can find an index j, such
that p;, g;, # 05 if this was not true, i.e., p;,g; = 0 for all j, then we may infer that
0 # pi, = i, qon for all n > i,. But this means that |\;,| € Uz, C U, for all n > i,,
> 0, contradicting o(a,b) = 0. We

which in turn implies o(a,b) = limsup U,, > |\,
n

therefore have the implication:

(2.4) o(a,b) =0= W = {|\i — Bj|: pig; # 0} #0.

We proceed to prove o(a) = o(b). Since the spectra of both a and b are infinite, the
hypothesis implies 0 € o(a) No(b). For a contradiction, suppose that 0 # \;, € o(a)
but X;, ¢ o(b). Then, as above, we can find an index j. such that p;, q;, # 0. If
n > max{i,, j. } is arbitrary, then |A;, — 8;.] € U1, C U,, from which

o(a,b) =limsup U, > |\, — B;.] = dist(X\;,, 0(b)) >0,

giving the required contradiction. Therefore o(a) C o(b). Similarly o(b) C o(a), a
we have o(a) = o(b). It remains to show that the Riesz projections, p(\;,,a) =: p;,
and p(\;,,b) =: g;,, corresponding to a common nonzero spectral value \;, € o(a) =
o(b), are in fact equal: First observe that sup W = 0; indeed, if for some indices i, j.
we have 0 # |\, — Aj.| € W, then |A;, — A

hence, as before, p(a,b) > 0 which is absurd. If we fix an index i,, then p;.¢; = 0

for all » > max{i,,j.«}, and

whenever j # i,, because otherwise p;, ¢; # 0 implies |\;, —\;| € W, forcing A;, = A,
which is possible only if j = i, (as the points in the spectrum are distinct). Therefore

n

Pi. — Pi.4qi, = Pi.q0,n = Di, <1 - Z qj> for all n > i,.
=1

Now if p;, # pi,qi,, then o(an,b,) = |\, | for all n > i,, which again leads to
o(a,b) = |\i,| > 0. So we conclude that p;, = p;, g;,. A similar argument, using the
sets U3, instead of U, gives ¢;, = pi, qi,, and thus p;, = ¢;,. We have now shown
that o(a,b) = 0 if and only if the spectra and the corresponding Riesz projections of
a and b coincide.

For the remaining part of the statement: If o(a, b) = 0, then (2.4) says W # 0, and,
as we have shown, sup W = 0; hence (i) is valid. Suppose that o(a,b) > 0 and that
supW < limsupU (if W =0, we let supW = 0). If we set 7, = sup(Uz,, UUs ),
then hm supU, = hm Tn, Whence it follows that there exists N € N such that 7,, >
sup W for alln > N In particular, we can build either a sequence (); ,,, ) whose mem-
bers belong to o’(a), or a sequence (f; 5, ) whose members belong to ¢’(b), such that
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[Xijn | = Ty OF |Bjne| = Tny, and 111?1 [Aing | = lirllnsup U, or lilgn 1B, | = lirllnsup U,.
To avoid trivial misunderstanding, the notation indicates that these sequences are
not subsequences of (\;) and (3;), respectively, but rather sequences constructed by
extracting individual members of the sets ¢’(a) and o’(b) (i.e., repetition of terms
may occur). Anyhow, if we assume the existence of the sequence (\; ,,, ) satisfying the
aforementioned properties, then, since limsup U,, > 0, it follows that the sequence
(|Xin,|) must eventually be constant (br(lacause the spectrum of a clusters only at
0 € o(a)). This means there exists an index i, such that 1irrln supU, = |\, | and
hence that o(a,b) = |\,
a similar argument with the sequence (3; ., ) shows that (iii) holds. O

, so (ii) holds. If the sequence ()\; ,, ) cannot be found, then

For elements a,b € A satisfying the hypothesis of Theorem 2.4, it follows that
0(a,b) =0 < o(b,a) = 0, which simplifies the requirement for quasinilpotent equiv-
alence. The proof of Theorem 2.4 also establishes a formula for p: Let us assume the
hypothesis of Theorem 2.4, where both o(a) and o(b) are infinite sets. Define, as in
the proof of Theorem 2.4,

={|Xi — Bjl: pig; # 0}
If W = (), then the proof of Theorem 2.4 shows that for each n, we have o(ay,b,) =
sup{r,(an), 7 (bn)}. Therefore
o(a,b) = hTILn o(an, by) = hTILn sup{rs(an), 7o (bn)} = sup{r,(a),r,(b)}.

Suppose now W # (). If for some index k we have |\x| > sup W, then, since lim ; = 0,
there exists N > 0 such that ppqg; = 0 for all j > N; if this was not ti‘ue, then
some subsequence, say (g;,.), of (¢;) satisfies prg;,, # 0 for each m. But then, by
definition, |\ — f;,.| € W for each m. Letting m — oo, so that §;,, — 0, we
see that sup W > ||, contradlctlng the assurnptlon So for any index k satisfying

|[Ak] > sup W, we have that hm Z Prq; = Z prg; exists in A. Moreover, in the
Jj=1

same way we can prove that if |8x| > sup W, then E pjqk exists in A. Thus, if
j=1

W # (), we may define:

Wy = {|)\k|: [Ag| > sup W Zpkqj #Pk},

Jj=1

Wp = {Iﬂkli Bkl > sup W5 > pjax # Qk}-

Jj=1

The arguments leading to Theorem 2.4 now prove the following formula:
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Theorem 2.5 (global spectral formula for p). With the hypothesis of Theorem 2.4
(where both o(a) and o(b) are infinite sets), we have

( - supW UW\UWgz if W #0,
ola,0) = sup{ro(a),r,(b)} if W =10.

We may remark that if both o(a) and o(b) are finite sets, then the formula in
Theorem 2.2 applies. If one spectrum is infinite (o(a)), and the other finite (o (b)),
then one can easily adjust the formula in Theorem 2.4: Specifically, if o(b) is finite,
then every spectral value has a corresponding Riesz projection and the set W), be-
comes redundant with its role being taken over by an adjusted version of the set W
(where g is the Riesz projection corresponding to Sy = 0). To deal with the cluster
point 0 € o(a) one needs a limiting process, as in the proof of Theorem 2.4, which
necessitates the definition of Wjs.

To illustrate the implementation as well as the practical value of Theorem 2.5,
consider the following:

Example 2.6. With the usual notation, let X be the Banach space L![1,00).
Given f € X, define noncommuting 7,5 € L(X) by

(Tf)(t):% ittelkk+1), keN
and
£ it e [1,2),
(51 = f(t”fgf;k“) iftelkk+1), 1<keN.

It is straightforward to calculate o(T') = {1/k: k € N} U {0}, and o(S) = {1/k?:
k € N} U {0}. Write p(1/k,T) =: P, and p(1/k?,S) =: Qx. If k € N and f € X,
then it follows readily, by Cauchy’s formula, that:

(1) (Pef)(t) = Xk o) () F (1),

(2) Q1= P,

(3) (Qu)(t) = Xy O [f(O) + f(t =k +1)/(1 = k*)] if k # 1.

Then P,Q; = @ if k = [, and P,Q; = 0 if k£ # [. In terms of Theorem 2.5, we
observe that W = {1/k — 1/k*: k € N}, W) = {1/2,1/3}, and Wz = (. Thus
o(T,S) =1/2. Also, the fact that QpP, = P, if k =1 and QxP, = 0 if k # [ implies
that o(S,T) =1/2. So p(T,S) =1/2.

Acknowledgement. The authors would like to express their sincere gratitude to
the referee, whose comments and suggestions contributed significantly towards the
quality of this paper.
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